
ECON 623/2nd HalfAnswers to Problem Set 1John RustFall 2010I. Convergen
e Exer
isesA. Consider the sequen
e {xn} where
xn =

(
1 +

x

n

)n
. (1)Does this sequen
e have a limit? If so, what is the limit (prove your results for full 
redit).Answer Yes, this is nothing but the formula for 
ontinuous 
ompounding of interest with x as theprodu
t of the interest rate and the time the money is held, so the limit is exp{x}. You 
antake logs and use L'H�pital's rule to show this:

log(xn) = n log
(
1 +

x

n

)
=

log(1 + x
n)

1
n

. (2)Note that as n → ∞ the numerator and denominator of the fra
tion on the right hand side ofequation (2) both tend to 0. So we 
an use L�H�pital's rule to �nd the limit by di�erentiatingboth the numerator and denominator and taking the limit of the ratio of these derivatives. Itis not hard, using a little 
al
ulus, to show this limit is x. Thus, if limn→∞ log(xn) = x, thensin
e log is a 
ontinuous fun
tion, it follows that limn→∞ xn = limn→∞ exp{log(xn)} = exp{x}by the Continuous Mapping Theorem.B. Consider the sequen
e of random variables {x̃n} where
x̃n =

(
1 +

x + ũn/n

n

)n

, (3)where {ũn} are IID U(0, 1) random variables. Does this sequen
e 
onverge? If so, in whatsense(s): almost surely?, with probability 1? in probability?, in distribution?, uniformly withprobability 1?Answer The sequen
e {xn} is INID (Independently but Non-Identi
ally Distributed) due to the pres-en
e of the n whi
h 
hanges the distribution of the xn depending on the value of n. Howeverintuitively, for large n, x + ũn/n will be 
lose to x and thus the x̃n should be 
lose to thedeterministi
 sequen
e xn given in part I-A above, and thus we would expe
t this sequen
e
onverges almost surely and in probability to the same limit, exp{x}. We 
an formalize thisby using the same argument using L'H�pital's Rule as above to show that log(x̃n) 
onvergesalmost surely to x. Then the Continuous Mapping Theorem implies that xn = exp{log(xn)}
onverges almost sure to exp{x}, and therefore it also 
onverges in probability to exp{x}and the distribution of x̃n 
onverges to a distribution that pla
es probability 1 on the singlevalue exp{x}, so the sequen
e 
onverges in distribution as well. The notion of �
onvergen
e1



uniformly with probability 1� is not relevant unless we think of x as an argument and thusthink of x̃n(x) as random fun
tions of x. In that 
ase, for ea
h �xed x, the argument aboveindi
ates that x̃n(x) 
onverges pointwise to exp{x}. Now if we restri
t x to lie in a 
ompa
tset, say x ∈ [0, 1] it is not hard to show that the x̃n(x) fun
tions are 
ontinuously di�erentiablefun
tions of x and their derivatives are uniformly bounded by e for all n and all x ∈ [0, 1] withprobability 1 (take the derivative of log(x̃n(x)) with respe
t to x and show it is less than orequal to 1 for all x ∈ [0, 1]). Thus, the 
olle
tion of random fun
tions {x̃n(x)} is sto
hasti
allyequi
ontinuous and by the sto
hasti
 generalization of the As
olí-Arzela Theorem, it followsthat x̃n(x) 
onverges uniformly with probability 1 to exp{x} for x ∈ [0, 1].C. Consider the sequen
e of random variables {x̃n} where
x̃n = ũ, n = 1, 2, . . . (4)where ũ is a U(0, 1) random variable. Does this sequen
e 
onverge? If so, in what sense(s):almost surely?, with probability 1? in probability? in distribution? uniformly with probability1? Are the elements of the {x̃n} IID?Answer It 
onverges almost surely to the random variable ũ. The elements are not IID.D. Consider the sequen
e of random variables {x̃n} where

x̃n = (1/n)ũ + (1 − 1/n)ũn, n = 1, 2, . . . (5)where ũ is a U(0, 1) random variable and {un} are IID U(0, 1) random variables and ũ isindependently distributed from any of the ũn random variables. Is {x̃n} an IID sequen
e? Ifnot, why is it not IID? Compute the 
ovarian
e between ũj and ũj+t. What happens to this
ovarian
e as t → ∞? for �xed j? What happens as j → ∞ for �xed t? Does the sequen
e
{x̃n} 
onverge almost surely? with probability 1? in probability? in distribution? uniformlywith probability 1?Answer {x̃n} is not a IID sequen
e. cov(x̃j , x̃j+t) = cov((1

j u + (1 − 1
j )ũj ,

1
j+t ũ + (1 − 1

j+t)ũj+t) =
1

j(j+t)var(ũ) = 1
12j(j+t) 6= 0 sin
e cov(ũ, ũj) = 0, cov(ũ, ũj+t) = 0, and cov(ũj , ũj+t) = 0.Therefore limj−>∞cov(x̃j , x̃j+t) = 0 and limt−>∞cov(x̃j , x̃j+t) = 0. The sequen
e {x̃n}
onverges in distribution to U(0,1) sin
e 1

n ũ →p 0,ũn →d U(0, 1) and 1
n ũn →p 0.E. For the sequen
e of random variables in part C above, suppose we formed the normalizedquantity

UN =
1√
N

n∑

n=1

(x̃n − 1/2) (6)Would a Central Limit Theorem be appli
able to the sequen
e {UN} and would this 
onvergein distribution to a Gaussian distribution? If not, does {UN} 
onverge in distribution tosomething else, or not 
overge in distribution at all?Answer {UN} does not 
onverge sin
e x̃n is highly dependent. Rewrite UN = 1√
N

∑n
n=1(x̃n − 1/2) =

1√
N

∑n
n=1(ũ − 1/2) =

√
N(ũ − 1/2), then V arUN = NV arũ → ∞ as N → ∞.2



F. Do the same question as in part E. above ex
ept use the sequen
e {x̃n} where x̃n = ũn where
{ũn} is an IID U(0, 1) sequen
e.Answer {UN} 
onverges by CLT sin
e x̃n is IID and Ex̃2

n < ∞. Again UN = 1√
N

∑n
n=1(x̃n − 1/2) =

1√
N

∑n
n=1(ũn − Eũn) →d N(0, V ar(ũn)), where V ar(ũn) = 1

12 .G. Do the same question as in part E. above ex
ept use the sequen
e {x̃n} de�ned in part D.above.Answer Sin
e E(x̃n) = E( 1
n ũ + (1 − 1

n)ũn) = 1
2n + 1

2 − 1
2n = 1

2 , we 
an rewrite UN = 1√
N

∑n
n=1(x̃n −

1/2) = 1√
N

∑n
n=1(x̃n − Ex̃n). We 
an apply a CLT for stationary ergodi
 pro
esses sin
edependen
e de
reases as shown in part E. and UN →d N(0, V ar(x̃n)), where V ar(x̃n) =

V ar( 1
n ũ + (1 − 1

n)ũn) = 1
n2 V ar(ũ) + n2−2n+1

n2 V ar(ũn) → 1
12 .H. Let {FN (x)} be the sequen
e of fun
tions given by

FN (x) =
1

N

N∑

i=1

I{ũi ≤ x} (7)where {ũi} are IID U(0, 1) random variables. Does the sequen
e {FN (x)} 
onverge withprobability 1? almost surely? in probability? in distribution? or uniformly with probability1? If so, spe
ify what it 
onverges to in ea
h 
ase.Answer The sequen
e {FN (x)} 
onverges uniformly with probability 1 over a 
ompa
t / 
onvex set x ∈
[0, 1]. Pr{limN→∞[supx |FN (x) − F (x)|] = 0} = Pr{limN→∞[supx

∣∣ 1
N

∑
I{ũi ≤ x} − x

∣∣] =
0} = 1.I. Let {BN (x)} be a sequen
e where BN (x) is given by

BN (x) =
√

N(FN (x) − x) =
1√
N

N∑

n=1

[I{ũn} − x] (8)Does the sequen
e {BN (x)} 
onverge with probability one? almost surely? in probability? indistribution? or uniformly with probability 1? If you �nd it 
onverges in any of these 
ases,spe
ify what it 
onverges to (i.e. the limiting quantity that this sequen
e 
onverges to andwhether the limiting quantity is deterministi
 or random) to re
eive full 
redit.Answer Sin
e ũn is IID I{ũn} is IID Bernoulli distributed with mean F (x) and varian
e F (x)(1−F (x))su
h that its average FN (x) has EFN (x) = F (x) and V arFN (x) = 1
N F (x)(1 − F (x)). ByCLT BN (x) 
onverges to BN (x) =

√
N(FN (x) − F (x)) →d N(0, F (x)(1 − F (x))). For ũndistributed U(0, 1) we have BN (x) =
√

N(FN (x) − x) →d N(0, x(1 − x)).J. Generate a sample of size N = 1000 from the U(0, 1) and plot the BN (x) for N = 1000 and
x ∈ [0, 1]. Then do the same when N = 100 and N = 10 and plot all three BN fun
tions onthe same graph. What do you noti
e about these fun
tions as N gets larger?3



K. for K non-random points (x1, x2, . . . , xK) where xj ∈ (0, 1) and x1 < x2 < · · · < xK−1 < xK ,what does the K × 1 ve
tor sequen
e {BN} 
onverge to, where
BN = (BN (x1), BN (x2), . . . , BN (xK))′ (9)where the BN (x) fun
tion is de�ned in part I above?Answer Note that the 
ovarian
e of (i, j) element entering into the summands of the B̄N ve
toris[Ix <= xi − F (x − i)][Ix <= xj − F (xj)] and the expe
tation of this, the 
ovarian
e, is

F (min(xi, xj))−F (xi)F (xj). Note that this gives the formula for the diagonal terms that youalready derived as a spe
ial 
ase var(I{x <= xi}−F (xi)) = E([I{x <= xi}−F (xi)][I{x <=
xi}−F (xi)]}) = F (xi)−F (xi)F (xi). This is the 
ovarian
e matrix of the asymptoti
 Normaldistribution for the BN ve
tor and the 
ovarian
e fun
tional for the limiting Brownian Bridgepro
ess. By Kolmogorov's theorem, sin
e the �nite dimensional distributions of B are allGaussian, it follows that the Brownian bridge is a mean 0 Gaussian pro
ess with 
ovarian
efun
tion cov(B(xi), B(xj)) = F (min(xi, xj)) − F (xi)F (xj).L. Suppose the fun
tion f(x|θ) is a) a Borel measurable fun
tion of x ∈ R1 and a 
ontinuouslydi�erentiable fun
tion of θ in a 
ompa
t set Θ ⊂ RK . Suppose {x̃n} are IID random variablesand that f(x|θ) < M for some 
onstant M < ∞ for all x ∈ R1 and all θ ∈ Θ. Consider thequantity fN (θ) given by

fN (θ) =
1

N

N∑

n=1

f(x̃n|θ). (10)Does fN (θ) 
onverge almost surely? with probability 1? in probability? in distribution? uni-formly with probability 1? If your answer to any of the above is yes, spe
ify what the limitingquantity is and whether it is deterministi
 or random. If you �nd it 
onverges uniformly withprobability 1 to something, sket
h a proof for why it 
onverges uniformly with probability 1to this limiting quantity.Answer Sin
e {x̃n} are IID fN (θ) 
onverges almost surely (with probability one) to by SLLN fN (θ) →a.s

Ef(x|θ) =
�

f(x|θ)f(x|θ)dx. Sin
e f(x|θ) 
ontinuously di�erentiable fun
tion of θ in a 
om-pa
t set Θ we have L = supθ∈Θ

∣∣∣∂fN (θ)
∂θ

∣∣∣ ≥ 0. By Taylor expansion: fN (θ′) = fN (θ) +

∂fN (θ)
∂θ

∣∣
θ=θ̃ (θ′−θ) su
h that θ̃ between θ and θ′. Further ∣∣fN (θ′) − fN (θ)

∣∣ =
∣∣∣∂fN (θ)

∂θ

∣∣
θ=θ̃ (θ′ − θ)

∣∣∣ ≤∣∣∣∂fN (θ)
∂θ

∣∣
θ=θ̃

∣∣∣ |θ′ − θ| ≤ L |θ′ − θ|. Hen
e fN (θ) is Lips
hitz 
ontinuous. A Lips
hitz 
ontinu-ous fun
tion de�ned on a 
ompa
t spa
e is equi
ontinuous and by the Arzela-As
oli theoreman equi
ontinous fun
tion de�ned on a 
ompa
t spa
e and bounded 
onverges uniformly withprobability one. Sin
e fN (θ) is bounded, f(x|θ) < M , it 
onverges uniformly w.p.1 to Ef(x|θ).M. Consider the histogram estimator HN (x) of a sequen
e of random variables {x̃n} at a point x

HN (x) =
1

N

N∑

n=1

I{x − 1/N ≤ x̃n ≤ x + 1/N} (11)Does HN (x) 
onverge almost surely? with probability 1? in probability? in distribution? uni-formly with probability 1? If your answer to any of the above is yes, spe
ify what the limiting4



quantity is and whether it is deterministi
 or random. If you �nd it 
onverges uniformly withprobability 1 to something, sket
h a proof for why it 
onverges uniformly with probability 1to this limiting quantity.Answer It 
onverges pointwise to the probability density fun
tion of x̃n: HN (x) →a.s. F (x + 1/N) −
F (x − 1/N) → 0. as N → ∞N. Consider the histogram estimator HN (x) of a sequen
e of random variables {x̃n} at a point x

HN (x) =
1

N

N∑

n=1

I{x − a ≤ x̃n ≤ x + b}, (12)where a and b are two �xed 
onstants. Does HN (x) 
onverge almost surely? with probability1? in probability? in distribution? uniformly with probability 1? If your answer to any of theabove is yes, spe
ify what the limiting quantity is and whether it is deterministi
 or random.If you �nd it 
onverges uniformly with probability 1 to something, sket
h a proof for why it
onverges uniformly with probability 1 to this limiting quantity.Answer We know that 1
N

∑N
n=1 I{x − a ≤ x̃n ≤ x + b} = 1

N

∑N
n=1 I{x̃n ≤ x + b} − 1

N

∑N
n=1 I{x̃n ≤

x−a}. Sin
e 1
N

∑N
n=1 I{x̃n ≤ x+b} →a.s. F (x+b) and 1

N

∑N
n=1 I{x̃n ≤ x−a} →a.s. F (x−a), we have HN (x) →a.s. F (x + b) − F (x − a).O. Consider the sequen
e {fN (θ̂N )} where fN is the fun
tion de�ned in part L above, and θ̂N isgiven by

θ̂N = θ∗ + ũN/N (13)where {ũN} is an IID sequen
e of K × 1 U(0, 1) random ve
tors (i.e. ea
h 
omponent of theve
tor uN is a U(0, 1) random variable and the 
omponent random variables are distributedindependently of ea
h other). Further assume that a point θ∗ ∈ Θ is 
hosen so that withprobability 1, we have θ̂N ∈ Θ for all N . Does {fN (θ̂N )} 
onverge almost surely? withprobability 1? in probability? in distribution? or uniformly with probability 1? If the answersto any of these are yes, spe
ify what the limiting quantity is and sket
h an argument/proof ofhow you 
an show that the limiting quantity is what you 
laim it to be.Answer ∣∣∣fN (θ̂N ) − f(θ∗)
∣∣∣ =

∣∣∣fN (θ̂N ) − f(θ̂N) + f(θ̂N) − f(θ∗)
∣∣∣ ≤

∣∣∣fN (θ̂N ) − f(θ̂N )
∣∣∣+
∣∣∣f(θ̂N) − f(θ∗)

∣∣∣→a.s.

0 sin
e fN (θ) → f(θ) and θ̂N →a.s. θ∗ so that f(θ̂N ) →a.s. f(θ∗). Therefore fN (θ̂N ) 
onvergesuniformly with probability one to f(θ∗).P. Show how your answer to part O above 
hanges if instead we de�ne θ̂N by
θ̂N = argmax

θ∈Θ
fN (θ). (14)What is the limiting quantity in this 
ase?Answer As we proved that fN (θ) 
onverges uniformly with probability one to f(θ) on a 
ompa
t setand if θ̂ →a.s. θ∗ then fN (θ̂N ) → f(θ∗).II. If we have N IID observations, {X1, . . . ,XN} from a an unknown distribution F (x) and we areinterested in estimating its mean, µ =

�
xF (dx).5



A. Is the sample mean
µ̂ =

1

N

N∑

i=1

Xi (15)a non-parametri
 estimator of µ?Answer Yes the sample mean is a non-parametri
 estimator sin
e we do not have to make any assump-tions about the fun
tional form of the distribution F(x) to implement this estimator, and aslong as the distribution has �nite mean and varian
e, the sample mean will be 
onsistentestimator of the true mean, µ =
�

xF (dx).B. Use the law of large numbers and the 
entral limit theorem to determine the asymptoti
 prop-erties of µ̂. Under what 
onditions is µ̂ a 
onsistent estimator of µ? What is the asymptoti
distribution of µ̂?Answer Under the IID assumption, we 
an apply the Law of Large Numbers and the Central LimitTheorem to determine the asymptoti
 properties of µ̂. The LLN implies that µ̂
onverges to
µalmost surely (i.e. with probability 1 as N → ∞), and the CLT implies that

√
N(µ̂ − µ) ⇒ N(0, σ2),where σ2 = var(Xi) =

�
(x − µ)2F (dx). These results will hold as long as µand σ2 are �nite.(Che
k the assumptions required to prove the LLN and CLT).C. Suppose that the true distribution F (x) is a Normal distribution with mean µ and varian
e

σ2. What is the exa
t �nite sample distribution of µ̂?Answer Sin
e sums of normal random variables are normal, we have
µ̂ ∼ N(0, σ2/N)where the notation is a shor
ut for �distributed as a Normal random variable with mean zeroand varian
e σ2/N .�D. Suppose F (x) is a Cau
hy distribution. Can you determine the exa
t �nite sample distributionof µ̂ in this 
ase? If so (or even if not) 
an you determine whether the sample mean µ̂ is a
onsistent estimator of µ in this 
ase?Answer We 
an use 
harateristi
 fun
tions to show that for ea
h N µ̂has the same distribution as X̃1i.e. it is the same Cau
hy distribution as ea
h of the observations. To see this, note that thedensity of a Cau
hy distribution with lo
ation parameter µ and s
ale parameter σ is

f(x|µ, σ) =
1

πσ
(
1 + (x−µ)2

σ2

) ,and the 
hara
teristi
 fun
tion for a Cau
hy distribution is
ΨX̃1

(t) = E{exp(itX̃)} =

� ∞

−∞


 exp{itx}

πσ
(
1 + (x−µ)2

σ2

)


 dx = exp{iµt − σ |t|}.6



Now using the fa
t that the 
hara
teristi
 fun
tion of a sum of IID random variables is theprodu
t of the individual 
hara
teristi
 fun
tion (i.e.
E{exp(it

N∑

j=1

X̃j)} = ΠN
j=1E{exp(itX̃j)} =

[
ΨX̃(t)

]N
.In this 
ase of the Cau
hy we have the 
hara
teristi
 fun
tion of the sum is

[
φX̃(t)

]N
= exp{iNµt − Nσ |t|}.Dividing the sum by N just amounts re
aling, and you 
an easily work out that if X̃ is a Cau
hywith parameters (µ, σ), then for any s
alar λ we have λX̃ is a Cau
hy with parameters (λµ, λσ)sin
e its 
hara
teristi
 fun
tion is

ΨλX̃(t) = E{exp(itλX̃)} = ΨX̃(λt) = exp{iλµt − λσ |t|}So substituting λ = 1
N ,we �nd that the 
hara
teristi
 fun
tion of µ̂ is

Ψµ̂(t) = ΨX̃(t)whi
h implies that for ea
h N µ̂ is distributed as a Cau
hy with (µ, σ). So the �nite sampledistribution of the sample mean is a Cau
hy with parameters (µ, σ). Clearly this 
annot be a
onsistent estimator for µ sin
e for every N , and even in the limit N → ∞, we have µ̂is alwaysa Cau
hy distribution. A 
onsistent estimator must 
onverge to µwith probability 1, but thisestimator does not 
onverge to anything with probability 1, it is always a Cau
hy randomvariable, and so it only 
onverges in distribution, but not almost surely. Can you determinewhat distribution µ̂ 
onverges to?E. Suppose that instead of trying to estimate µ we are interested in estimating the distribution
F (x) itself. How 
ould we estimate this distribution non-parametri
ally?Answer We 
an estimate F (x) using the empiri
al distribution fun
tion F̂ (x) given by

F̂ (x) =
1

N

N∑

i=1

I{Xi ≤ x}.F. Use the law of large numbers and the 
entral limit theorem to determine the asymptoti
properties of the estimator F̂ (x) given by
F̂ (x) =

1

N

N∑

i=1

I{Xi ≤ x} (16)Under what 
onditions is F̂ (x) a 
onsistent estimator of F (x) and what is its asymptoti
distribution?
7



Answer The 
onditions to establish 
onsisten
y and asymptoti
 normality of the empiri
al distributionare signi�
antly weaker than the 
onditions ne
essary to establish 
onsisten
y and asymptoti
normality of the sample mean. The reason is that the random variables entering the sumde�ning F̂ (x), I{X̃i ≤ x}, are Bernoulli random variables and thus bounded, (in parti
ular,they take only two possible values, 0 and 1), even if the random variables X̃ihave no �nitemoments, su
h as the Cau
hy distribution. The Bi(x) = I{Xi ≤ x}.Clearly we have
E{Bi(x)} = F (x)

var{Bi(x)} = F (x)(1 − F (x)).The latter results follows be
ause for a a Bernoulli random variable whi
h takes on the value
Bi(x) = 1 with probability

p = F (x) = Pr{I{X̃i ≤ x} = 1} = Pr{X̃i ≤ x}.It follows that the mean of the Bernoulli is just p = F (x) and the varian
e of the Bernoulli is
p(1 − p) = F (x)(1 − F (x)), sin
e we have
var(Bi(x)) = E{(Bi(x) − p)2} = E{[B(xi)

2]} − [E{B(xi)}]2 = p(1 − p) = F (x)(1 − F (x)).Thus, F̂ (x) is an unbiased estimator of F (x) and it is asymptoti
ally normal, with asymptoti
varian
e σ2(x) = F (x)(1 − F (x)). In summary, the LLN implies that F̂ (x)
onverges to F (x)with probability 1, and that
√

N [F̂ (x) − F (x)] → N(0, F (x)[1 − F (x)])under very weak 
onditions, whi
h are just that {Xi}IID sample from the distribution F , but
F is not required to have any �nite moments for this to hold.G. Suppose F (x) is known to be a normal distribution, but with an unknown mean µ and varian
e
σ2. What is a reasonable parametri
 estimator of the quantity F (x) at some point x?Answer Sin
e a normal distribution is entirely determined by the two parameters (µ, σ), we 
an es-timate just these two parameters by their �sample analogs� the sample mean and standarddeviation, µ̂ and σ̂, and these estimators turn out to be the same as the maximum likelihoodestimators of these parameters as we will see below. Then the natural �parametri
 estimator�of F (x) would be

F (x,̂ θ) = Φ

(
x − µ̂

σ̂

)where Φ is the standard normal CDF, where θ̂′ = (µ̂, σ̂)′.H. Compare the asymptoti
 varian
e of the estimator of F (x) in part 6 with the estimator youdetermined in part 7. Whi
h of these is a more e�
ient estimator?Answer We would expe
t the parametri
 estimator F (x, θ̂) given above to be more e�
ient thatn thenon-parametri
 estimtor (the empiri
al CDF, F̂ (x)), sin
e the parametri
 estimator uses theadditional prior information that the data are draws from a normal distribution. Thus, we8



would expe
t that the asymptoti
 varian
e of F (x, θ̂) to be lower than the asymptoti
 varian
eof F̂ (x), whi
h is just
Φ

(
x − µ

σ

)[
1 − Φ

(
x − µ

σ

)] (17)in this 
ase (sin
e the true distribution is N(µ, σ) whose CDF is Φ
(x−µ

σ

)). To 
ompute theasymptoti
 distribution of F (x, θ̂) we need to apply the delta theorem. In its general form,it states the following: [Theorem℄ Suppose that √N [θ̂ − θ] → N(0,Σ) and that H(θ) is a
ontinuously di�erentiable fun
tion of θ. Then we have
√

N [H(θ̂) − H(θ)] → N(0,∇H(θ)Σ∇H(θ)′),where ∇H(θ) is the gradient of H(θ) with respe
t to θ.

• Proof. Expand H(θ)in a Taylor series about θ to get
H(θ̂) = H(θ) + ∇H(θ̃)(θ̂ − θ),where θ̃ is a point on the line segment joining θ̂and θ. Sin
e√N(θ̂−θ) 
onverges in distribution,it is easy to see that θ̂itself must 
onverge with probability 1 to θ. So the 
ontinuous mappingtheorem implies that ∇H(θ̃) 
onverges in probability to ∇H(θ̂) as

√
N(H(θ̂) − H(θ)) = ∇H(θ̃)

√
N(θ̂ − θ)the 
ontinuous mapping theorem and the 
ontinuity of ∇H(θ) in θ imply that the right handside of the above equation 
onverges in distribution to

∇H(θ̃)
√

N [θ̂ − θ] → N(0,Ω)where Ωis given by
Ω = ∇H(θ)Σ∇H(θ)′.It follows that √N(H(θ̂)−H(θ)) has the same asymptoti
 distribution, and thus the asymp-toti
 
ovarian
e matrix of H(θ̂) is Ω. Now 
onsider the appli
ation at hand: we have

H(θ) = Φ(x, θ) = Φ
(x−µ

σ

)
, where θ′ = (µ, σ). So in this 
ase ∇H(θ) is given by

∇H(θ)′ =

[ ∂
∂µΦ

(x−µ
σ

)
∂
∂σΦ

(x−µ
σ

)
]

=

[
−1
σ φ

(x−µ
σ

)
−(x−µ)

σ2 φ
(x−µ

σ

)
]

.Now the only remaining issue is to determine theasymptoti
 
ovarian
e matrix Σ of θ̂ = (µ̂, σ̂)′.This is not too hard to do, either dire
tly, by applying the CLT to the formulas for µ̂and σ̂,or by using the fa
t that there are the maximum likelihood estimators of the true parameters
(µ, σ). We know that asymptoti
ally, if θ̂is a maximum likelihood estimator that

√
N(θ̂ − θ) → N(0, [I(θ)]−1),where I(θ) is the information matrix given by

I(θ) = E

{[
∂

∂θ
log f(x̃|θ)

] [
∂

∂θ
log f(x̃|θ)′

]}
.9



In this 
ase, log f(x̃|θ) is given by
log f(x̃|θ) =

−1

2
log(2π) − log(σ) − 1

2

[
x − µ

σ

]2

.Cal
ulating the derivatives of this with respe
t to µ and σ and taking expe
tations, we get
I(θ) =

[
1
σ2 0
0 2

σ2

]so it follows that Σ = [I(θ)]−1 =

[
σ2 0

0 σ2

2

]
. Now, using this formula for Σand the above for

∇H(θ), we 
an derive the �sandwi
h formula� for Ω in this 
ase
Ω = ∇H(θ)Σ∇H(θ)′ = φ

(
x − µ

σ

)2
[
1 +

1

2

(
x − µ

σ

)2
]

. (18)It may not be immediately evident, 
omparing the formulas for the asymptoti
 varian
es ofthe maximum likelihood estimator of F (x) given in the equation (18) above to the formula in(17), whi
h of the two is larger? Intuition would suggest that the MLE should have a smallerasymptoti
 varian
e sin
e it is supposed to be �asymptoti
ally e�
ient� and makes use of allavailable prior information, whi
h in this 
ase is the fa
t that the data {X̃i} are normallydistributed. The empiri
al CDF does not require any su
h assumption, and thus does notexploit the prior information that the data are normally distributed. So intuition suggeststhat for any x and for any (µ, σ) the asymptoti
 varian
e of the MLE should be lower thatnthe asymptoti
 varian
e of the empiri
al CDF. To show this, �rst note that x and (µ, σ) enterboth of these asymptoti
 varian
es via the standardized value z given by
z =

x − µ

σ
.Thus, it su�
es to show that φ(z)2[1 + z2/2] < Φ(z) [1 − Φ(z)] for all z. I leave the mathe-mati
al proof of this to you.I. Suppose F (x) is a Cau
hy distribution. Does knowing this fa
t this a�e
t your ability to
onsistently estimate F (x) using either the estimator F̂ (x) in part 6, or some other �parametri
estimator� where you make use of your prior information that F (x) is a Cau
hy distribution?Answer The answer is no. As we dis
ussed in the answer to part 6, the empiri
al CDF F̂ (x) stiallhas the same distribution in the Cau
hy 
ase, even though the mean adn varian
e of Cau
hydistribution do not exist. Furthermore, sin
e the parameters of the Cau
hy are θ = (µ, σ)′thesame parametri
 estimator works in this 
ase, i.e., F (x, θ̂), where θ̂is the maximum likelihoodestimator of θ. One 
an use the delta theorem to 
alu
ulate the asymptoti
 distribution of theparametri
 F (x, θ̂) just as in the normal 
ase, nad hte same reasoning leads to the 
on
lusionthat the parametri
 estimator has lower asymptoti
 
ovarian
e matrix than the non-parametri
estimator.J. Suppose instead of just trying to estimate F (x) at a single point x, we want to estimate itat a ve
tor of points (x1, x2, . . . , xm) (note: the lower 
ase xi are �xed points and should10



be distinguished from the observations whi
h are upper 
ase letters, e.g. Xj). Consider the
m × 1 ve
tor estimator (F̂ (x1), . . . , F̂ (xm)). Using a multivariate version of the 
entral limittheorem, des
ribe the asymptoti
 distribution of this ve
tor estimator of F at these m points
(x1, . . . , xm).Answer We apply a multivariate version of the 
entral limit theorem, sta
king the empri
al CDFestimator at the m points as m×1 ve
tor we denote as F̂ (x), where x is not interpreted as the
(m × 1)ve
tor of points x = (x1, ..., xm) ∈ ℜm. F̂ (x) is now just a normalized sum of ve
torsof indi
ator fun
tions and it is easy to see that

√
N [F̂ (x) − F (x)] → N(0,Σ)where Σ is the (m × m) 
ovarian
e matrix of the ve
tor of indi
ators fun
tions

Σ = var(I(x̃ ≤ x)) = var




I(x̃ ≤ x1)
I(x̃ ≤ x2)

...
I(x̃ ≤ xm−1)
I(x̃ ≤ xm)




.It is easy to see that ith diagonal entry of Σis just F (xi) [1 − F (xi)] sin
e this is just the�marginal� asymptoti
 varian
e of F̂ (xi), the empiri
al CDF evaluated at the single point xiwhi
h we 
al
ulated above. So the only thing to worry about is the 
ovarian
e between twoindi
ators,
Σij = cov(I(x̃ ≤ xi), I(x̃ ≤ xj)).But re
all that the 
ovarian
e of two random variables is de�ned as

cov(X̃, Ỹ ) = E{X̃Ỹ } − E{X̃}E{Ỹ }.We know that for the two Bernoulli's B(xi)B(xj) is just another Bernoulli that takes th value1 if both the events happen, i.e. if x̃ ≤ xiand x̃ ≤ xj. But both of these will happen if andonly if x̃ ≤ min(xi, xj). Thus we 
on
lude that
E{B(xi)B(xj)} = E{I(x̃ ≤ xi)I(x̃ ≤ xj)} = E{x̃ ≤ min(x, xj)}sin
e the produ
t of the two Bernoulli's B(xi)B(xj) is just another Bernoulli that takes thevalue 1 if bother the events happen, i.e. if x̃ ≤ xi and x̃ ≤ xj . But both of these will happenif and if only if x̃ ≤ min(xi, xj). Thus we 
on
lude that

E{B(xi)B(xj)} = E{I(x̃ ≤ xi)I(x̃ ≤ xj)} = E{x̃ ≤ min(x, xj)} = F (min(xi, xj))or
Σij = F (min(xi, xj)) − F (xi)F (xj)).K. Extra 
redit, harder question. Can you write a formula for the exa
t �nite-sample distri-bution of F̂ (x) where x is a single (s
alar) point in the support of F (x)?11



Answer Note that NF̂ (x) is a sum of independent Bernoulli ranfom variables. Sum of N independentBernoulli random variables have a binomial distribution (you 
an show this easily using 
hara
-teristi
 fun
tions, for example). Thus F̂ (x) will take one of the N+1values (0, 1
N , 2

N , ..., N−1
N , 1)with probability given by

Pr{F̂ (x) =
j

N
} =

(
N
j

)
F (x)j [1 − F (x)]N−jIII. Consider parametri
 estimation by the method of maximum likelihood. Consider the general
ase where {X1, . . . ,XN} are N IID observations from a density f(x|θ) where θ is a K × 1 ve
torof unknown parameters to be estimated.A. De�ne in the general 
ase, the maximum likelihood estimator of θ.Answer The likelihood fun
tions is de�ned f(x1, x2, ..., xN |θ) = ΠN

i=1f(xi|θ) = L(θ|x) and the loglikelihood fun
tion is ln L(θ|x) = ΣN
i=1f(xi|θ). The maximum likelihood estimator:
θ̂MLE = argmax

θ
L(θ|x)or equivalently

θ̂MLE = argmax
θ

ln L(θ|x)The FOC are: ∂ lnL(θ̂|x)
∂θ = 0 ⇒∑N

i=1
f ′(xi|θ̂)

f(xi|θ̂)
= 0 ⇒ θ̂.B. Suppose that θ is the 2 × 1 ve
tor θ = (µ, σ) and f(x|θ) is given by

f(x|µ, σ)=
1√
2πσ

exp
{
−(x − µ)2/2σ2

}
, −∞ < x < ∞. (19)Can you provide expli
it formulas for the maximum likeihood estimators of µ and σ in this
ase?Answer For the log likelihood ln L(µ, σ|x) = −N

2 ln(2π) − N
2 ln σ2 − 1

2ΣN
i=1

(xi−µ)2

σ2 the FOCs
∂ ln L

∂µ
=

1

σ2
ΣN

i=1(xi − µ̂) = 0 ⇒ µ̂ =
1

N
ΣN

i=1xi = x̄Nand
∂ ln L

∂σ
= −N

σ̂
+

1

σ̂3
ΣN

i=1(xi − µ̂)2 = 0 ⇒ σ̂ =

√
1

N
ΣN

i=1(xi − x̄N )2.C. Using the law of large numbers and 
entral limit theorem, 
an you des
ribe the asymptoti
properties of the maximum likehood estimator θ̂ in the general 
ase? What �regularity 
ondi-tions� do you need to impose on f(x|θ) in order to establish these properties?Answer Regularity 
onditions: a) The �rst three derivatives of ln f(xi|θ) with respe
t to θ are 
on-tinuous and �nite for almost all xi and for all θ; b) the 
onditions ne
essary to obtain theexpe
tations of the �rst and se
ond derivatives of ln f(xi|θ) are met; 
) For all values of θ,∣∣∂3 ln f(xi|θ)/∂θi∂θj∂θk

∣∣is less than a fun
tion that has a �nite expe
tation. Under regularity
onditions we have: 1) plimθ̂ = θ; 2) θ̂ ∼d N(0, {I(θ)−1}) where I(θ) = −E[∂ ln L/(∂θ∂θ′)]3) θ̂ is asymptoti
ally e�
ient and a
hieves the Cramer-Rao lower bound 4) The maximumlikelihood estimator of γ = c(θ) is c(θ̂) is c(θ) is 
ontinuous and 
ontinuously di�erentiable.12



D. Now 
onsider the spe
i�
 
ase in part 2, where f(x|µ, σ) is the normal distribution with mean
µ and standard deviation σ. Can you be more spe
i�
 about the asymptoti
 distribution inthis 
ase?Answer By WLLN µ̂ → µ and CLT µ̂ → N(µ, σ2

N ) respe
tively σ̂2 →p σ2 and σ̂2 →d N(σ2, 2σ4

N ).E. What if f(x|θ) is a Cau
hy distribution given by
f(x|θ) =

1

π [1 + (x − θ)2]
. (20)Can you write down what the maximum likelihood estimator is for θ and determine its asymp-toti
 properties in this 
ase? In parti
ular, is the maximum likelihood estimator 
onsistentand asymptoti
ally normal?Answer θ̂ = argmax ln L(θ|x) where ln L(θ|x) = ΣN

i=1 ln
(

1
π[1+(xi−θ)2]

)
= −ΣN

i=1 ln
[
π(1 + (xi − θ)2)

].FOC: ∂ ln L(θ)
∂θ = ΣN

i=1
2(xi−θ)

1+(xi−θ)2 = 0. There are multiple roots exist in this equation. When
Ngoes large, typi
ally it is impossible to �nd an analti
al solution. Numeri
al methods shouldbe used. The lo
ation parameter of the Cau
hy distribution satis�es the regularity 
onditionsthe MLE is 
onsistent and asymptoti
ally normal.IV. Consider the one unknown parameter regression model

yt = a∗ + εt (21)where {εt} is an IID U [−1, 1] random variable, i.e. the error terms are uniformly distributed on theinterval [−1, 1]. a∗ is the unknown parameter to be estimated.1. What is the OLS estimator of the parameter a, and what is its asymptoti
 distribution?Answer â = 1
N ΣT

i=1yt, so a ∼a N(a∗, 1
3T )2. What is the maximum likelihood estimator for a and des
ribe its properties. Dis
uss whetherthe maximum likelihood estimator is well-de�ned or not, i.e. whether there is generally aunique value of âmle that maximizes the likelihood. Sket
h what the likelihood looks like inan example 
ase.Answer The likelihood L(a|y1, ..., yT ) = ΠT

i=1f(yi|a) = 1
2T for yt ∈ [−1, 1] and zero otherwise. Thelikelihood is �at and the parameter a is unidenti�ed, the likelihood is only positive for y(T )−1 ≤

a ≤ y(1) + 1, where y(T ) = max(y1, ..., yT )and y(1) = min(y1, ..., yT ).3. Consider the estimator â = max(y1, . . . , yT ) − 1. Is this a 
onsistent estimator of the trueparameter a? Derive the asymptoti
 distribution of this estimator and 
ompare it to the OLSestimator. Is this estimator unbiased? Is it 
onsistent?Answer Pr(â ≤ x) = Pr(max{y1, ..., yT } − 1 ≤ x) = [F (x + 1)]T =
[

1
2(x + 2 − a∗)

]T with support
â ∈ [a∗ − 2, a∗]. To showâ is 
onsistent we need to show

lim
T→∞

Pr(|â − a∗| > ε) = 0.sin
e Pr(|â − a∗| > ε) = 1 − Pr(|â − a∗| ≤ ε) = 1 − [Pr(â − a∗ ≤ ε) − Pr(â − a∗ ≥ −ε)] =

2−Pr(â−a∗ ≤ ε)−Pr(â−a∗ ≤ −ε) = 2−
[
1
2 (a∗ + ε + 2 − a∗)

]T −
[
1
2(a∗ − ε + 2 − a∗)

]T → 0as T → ∞ for ε > 0 therefore â → a∗. 13



4. Derive the asymptoti
 distribution of the estimator suggested in part 3 above. Whi
h estimatoris preferable in terms of asymptoti
 e�
ien
y, the OLS estimator or the estimator in part 3?How do both of these estimators 
ompare to the maximum likelihood estimator?Answer T (â − a∗) →d ex/2 be
ause Pr(T (â − a∗) ≤ x) = Pr(â ≤ x
T + a∗) =

[
F
(

x
T + a∗ + 1

)]T
=

[
1
2

(
2 + x

T

)]T
=
[
1 + x/2

T

]T
→ ex/2 as T → ∞. This MLE is supe
onvergent, but it has adownward bias.V. Derive the asymptoti
 distribution for β̂N based on N observations (yi,Xi), i = 1, . . . , N where

β is the maximum likelihood estimator in the model
yi = Xiβ

∗ + ui (22)where {ui} are IID double expontential random variables, i.e. their density is f(u) = exp{−|u|/σ}/2σfor u ∈ R1. Compare the asymptoti
 distribution of the maximum likelihood estimator for thismodel with the OLS estimate and derive formulas for the asymptoti
 varian
e 
ovarian
e for β inea
h 
ase. Whi
h estimator is more e�
ient?Answer The log likelihood fun
tion when the errors are double exponential is:
ln L(β, σ) = −N ln(2σ) +

1

σ
ΣN

i=1 |yi − Xiβ| .The β̂MLE = argminβΣN
i=1 |yi − Xiβ| with the FOC ΣN

i=1sign
(
yi − Xiβ̂

)
Xi = 0 is the LADestimator with the asymptoti
 distribution

√
N(β̂MLE − β∗) → N

(
0,

(
1

2f(0)

)2(X ′X
N

)−1
)where f(0) = 1/(2σ), so

√
N(β̂MLE − β∗) → N

(
0, σ2

(
X ′X
N

)−1
)while the OLS

√
N(β̂OLS − β∗) → N

(
0, 2σ2

(
X ′X
N

)−1
)

.Therefore MLE more e�
ient.VI. Derive the asymptoti
 distribution of the sample median med(ỹ1, . . . , ỹN ) of N IID randomvariables (ỹ1, . . . , ỹN ) where the density of these random variables, f(y) is symmetri
 about y = 0and satis�es f(0) > 0. Hint: Use the fa
t that the median 
an be de�ned as the 0.5 quantile of theempiri
al distribution fun
tion, FN (med(ỹ1, . . . , ỹN )) = 0.5 where
FN (x) =

1

N

N∑

i=1

I{ỹi ≤ x} (23)14



Let F (y) be the CDF of the ỹ random variables, i.e. the integral of the density fun
tion f . Forany θ ∈ (0, 1) de�ne µθ as the solution to F (µθ) = θ. If the random variable ỹ has a densityand if f(y) > 0, then its CDF is stri
tly in
reasing and hen
e is invertible, so we 
an also de�ne
µθ = F−1(θ), where F−1 is the inverse of the CDF F . Or more generally, even if F has jumps(dis
ontinuities) we 
an de�ne

µθ = inf{y|F (y) ≥ θ}. (24)Via this de�nition we 
an also de�ne the sample quantiles µ̂θ as
µ̂θ = inf{y|FN (y) ≥ θ} (25)and the median med(ỹ1, . . . , ỹN ) is just µ̂θ for θ = 0.5. Clearly, the result I am asking you to proveabout the asymptoti
 distribution is just a spe
ial 
ase of the following theorem that 
hara
terizesthe asymptoti
 distribution of all sample quantiles µθ for θ ∈ (0, 1) (not that we do not in
lude

θ = 0 or θ = 1 sin
e these are known as the sample extremes and the asymptoti
 distribution ofthe sample extremes is generally di�erent � it 
onverges at a di�erent rate than √
N and to anon-normal limiting distribution, generally to one of the three types of extreme value distributions).Theorem: Let (ỹ1, . . . , ỹN ) be IID draws from a CDF F with 
ontinuous density f . If f satis�es

f(µθ) > 0 we have
√

N(µ̂θ − µθ) =
√

N
(
F−1

N (θ) − F−1(θ)
)

=⇒ N(0, σ2) (26)where
σ2 =

θ(1 − θ)

f(µθ)2
(27)To prove this result (whi
h gives you the proof of the asymptoti
 distribution of the sample medianas a spe
ial 
ase) �rst note that as per dis
ussion in the 
lass, The Central Limit Theorem for IIDrandom variables implies that for any x in the support of F we have:

√
N (FN (x) − F (x)) =⇒ N(0, γ2),where γ2 = F (x)[1 − F (x)]. The following lemma, a slightly modi�ed version of a lemma from R.J. Ser�ing, (1980) Approximation Theorems of Mathemati
al Statisti
s Wiley, New York, providessome basi
 properties of the quantile fun
tion F−1(θ):Lemma 1: Let F be a CDF. The quantile fun
tion F−1(θ), θ ∈ (0, 1) is non-de
reasing and left
ontinuous, and satis�es:1. F−1(F (x)) ≤ x, −∞ < x < ∞2. F (F−1(θ)) ≥ θ, 0 < θ < 13. If F is stri
tly in
reasing in a neighborhood of µθ = F−1(θ) we have: F (F−1(θ)) = θ and

F−1(F (µθ)) = µθ.4. F (x) ≥ θ if and only if x ≥ F−1(θ).
15



Let x = µθ = F−1(θ). Using result 3 of Lemma 1 we have:
√

N (FN (µθ) − F (µθ)) =
√

N
(
FN (F−1(θ)) − F (F−1(θ))

)
=⇒ N(0, θ(1 − θ)).Sin
e empiri
al CDF's have jumps of size 1/N (unless more than one of the {X̃i}'s take the samevalue), then we 
an bound the maximum di�eren
e between θ and F (F−1(θ)) in Lemma 1-2 asfollows:Lemma 2: Let (X̃1, . . . , X̃N ) be a random sample from a CDF F and suppose that in this sampleea
h X̃i happens to be distin
t, so that by reindexing we have X̃1 < X̃2 < · · · < X̃N−1 < X̃N . Thenfor all θ ∈ (0, 1) we have:

|FN (F−1
N (θ)) − θ| ≤ 1

N
.Now, using the property of sto
hasti
 equi
ontinuity from the theory of empiri
al pro
esses (see D.Andrews, (1996) Handbook of E
onometri
s (vol. 4) for an a

essible introdu
tion and de�nitionof sto
hasti
 equi
ontinuity), we have the result given above is una�e
ted if we repla
e µθ by a
onsistent estimate µ̂θ:

√
N (FN (µ̂θ) − F (µ̂θ)) =

√
N
(
FN (F−1

N (θ)) − F (F−1
N (θ))

)
=⇒ N(0, θ(1 − θ)).Now note that part 2. of Lemma 1 implies that

√
N
(
FN (F−1

N (θ)) − F (F−1
N (θ))

)
≥

√
N
(
θ − F (F−1

N (θ))
)
.However sin
e the true CDF F has a density, the probability of observing dupli
ate {X̃i}'s is zero,so Lemma 2 implies that with probability 1 we have:

√
N
(
FN (F−1

N (θ)) − F (F−1
N (θ))

)
=

√
N
(
θ − F (F−1

N (θ))
)

+ Op(1/
√

N),whi
h implies that: √
N
(
θ − F (F−1

N (θ))
)

=⇒ N(0, θ(1 − θ)).I have now laid out most of the key elements of the proof. See if you 
an 
omplete the argument toestablish the asymptoti
 distribution (hint: you 
an appeal to the Delta Theorem to establish theasymptoti
 distribution as a nonlinear transformation of a normalized sum of independent randomvariables).VII Suppose f and g are two density fun
tions with a unidimensional argument x. De�ne theKullbe
k-Leibler distan
e between f and g as D(f, g) given by
D(f, g) = −

�
log

(
f(x)

g(x)

)
g(x)dx (28)Show that if f(x) = g(x) for g-almost all x, then D(f, g) = 0. Further, show that � f(x) 6= g(x) fora set of x that has positive probability under the density g, then D(f, g) > 0. Hint: use Jensen'sInequality.[Answer℄D(f, g) = −

�
log
(

f(x)
g(x)

)
g(x)dx = −E

{
log
(

f(x)
g(x)

)}
≥ − log E

{
f(x)
g(x)

}
= − log

� f(x)
g(x)g(x)dx =

− log
�

f(x)dx = − log 1 = 0. If f(x) = g(x) then D(f, g) = −
�

log
(

f(x)
g(x)

)
g(x)dx = −

�
log
(

g(x)
g(x)

)
g(x)dx =�

log(1)g(x)dx = 0. 16



• A. Now suppose that the true data generating pro
ess i.e. the true distribution from whi
h arandom sample of data that we observe, (x1, . . . , xn) has a density g, whi
h is unknown to usas the e
onometri
ian. However suppose we assume that the data generating pro
ess is someparametri
 model, f(x|θ) that depends on a K × 1 ve
tor of parameters θ and we restri
t θ toa 
ompa
t parameter spa
e Θ and assume the usual regularity 
onditions apply (in parti
ularassume that f is a 
ontinuously di�erentiable fun
tion of θ and that log(f(x̃|θ)) has �niteexpe
tation). We say that our assumed model is misspe
i�ed if there is no θ ∈ Θ for whi
h
f(x|θ) = g(x) for g-almost all x (i.e. for any θ ∈ Θ there is a set of x with positive probabilityunder the true data generating distribution g for whi
h f(x|θ) 6= g(x)). Use this result aboveto show that for ea
h θ ∈ Θ we have D(f(·|θ), g(·)) > 0.Answer D(f(x|θ), g(x)) = −

�
log f(x|θ)

g(x) g(x)dx. If the model is misspe
i�ed then for any θ ∈ Θ

f(x|θ) 6= g(x) so that log f(x|θ)
g(x) 6= 0 and ∃x s.t. g(x) > 0 so that D(f(x|θ), g(x)) 6= 0 →

D(f(x|θ), g(x)) > 0

• B. Now show that is the model is misspe
i�ed but if we try to estimate the misspe
i�ed modelby the method of maximum likelihood, the maximum likelihood estimator θ̂N will 
onvergeto a parameter θ∗ ∈ Θ that satis�es
θ∗ = argmin

θ∈Θ
D(f(·|θ), g(·)), (29)i.e. maximum likelihood will 
onverge to the parameter θ∗ that minimizes the Kullbe
k-Leiblerdistan
e between the true data generating pro
ess g and the parametri
 model f(·|θ). Hint:use the results above, or refer to Halbert White, (1982) �Maximum Likelihood Estimation ofMisspe
i�ed Models� E
onometri
a.Answer De�ne the quasi maximum likelihood estimator:

θ̂QMLE = argmax
θ∈Θ

1

N
ΣN

i=1 log f(xi|θ) = argmax
θ∈Θ

lN (θ)Under the assumptions: 1) E log f(xi|θ) exists and is �nite; 2) E log f(xi|θ) 
ontinous on Θ;3) log f(xi|θ) satis�es the ULLN then
1

N
ΣN

i=1 log f(xi|θ) →w.p.1. E[log f(xi|θ)]therefore
θ̂QMLE →w.p.1 argmax E[log f(xi|θ)] = argmax

�
log f(xi|θ)g(x)dxBut −D(f(x|θ), g(x)) =

�
log f(x|θ)

g(x) g(x)dx = E[log f(x|θ)]−E [log g(x)]. Sin
e the latter termis not a fun
tion of θ

θ̂QMLE →w.p.1 argmin D(f(x|θ), g(x)) = θ∗

17



• C. Show that if the model is misspe
i�ed, the asymptoti
 distribution of θ̂N is under veryweak 
onditions normally distributed but with a 
ovarian
e matrix Ω(θ∗) given by
Ω(θ∗) = [H(θ∗)]−1I(θ∗)[H(θ∗)]−1 (30)where
H(θ) = E

{
∂2 log(f(x|θ)/∂θ∂θ′

}
, (31)and

I(θ) = E
{
[∂ log(f(x|θ)/∂θ][∂ log(f(x|θ)/∂θ′]

} (32)Note that I(θ) is the usual Information Matrix of maximum likelihood and the inverse of thisis the Cramer-Rao lower bound.Answer By Taylor expansion of the FOC ∂lN (θ̂QMLE)
∂θ = 0 around θ∗ we have

θ̂QMLE − θ∗ = −
[

∂2lN (θ̃)

∂θ∂θ′

]−1 [
∂lN (θ∗)

∂θ

]where θ̃ between θ̂QMLE and θ∗, then the asymptoti
 distribution is
√

N
(
θ̂QMLE − θ∗

)
= −

[
∂2lN (θ̃)

∂θ∂θ′

]−1 [√
N

∂lN (θ∗)
∂θ

]First show √
N

∂lN (θ∗)
∂θ

→d N(0, I(θ∗)).Next show ∂lN (θ̃)
∂θ∂θ′ →w.p.1. ∂l(θ∗)

∂θ∂θ′ by ULLN , 
ontinuous mapping and using the fa
t that
θ̃ →w.p.1. θ∗. So that

√
N
(
θ̂QMLE − θ∗

)
→d N(0, [H(θ∗)]−1I(θ∗)[H(θ∗)]−1)

• D. Show that when the model is 
orre
tly spe
i�ed that we have
H(θ∗) = −I(θ∗), (33)and therefore the asymptoti
 
ovarian
e matrix of the maximum likelihood estimator is
Ω(θ∗) = I−1(θ∗), (34)the usual Cramér-Rao lower bound formula. Thus, the maximum likelihood esitmator isasymptoti
ally normal even when the model one is estimating is misspe
i�ed, but the maximumlikelihood estimator only asymptoti
ally attains the Cramér-Rao lower bound only when themodel is 
orre
tly spe
i�ed.

18



Answer When the model is 
orre
tly spe
i�ed the FOC be
omes:�
∂ log f(x|θ∗)

∂θ
f(x|θ∗)dx = 0and by di�erentiating�

∂2 log f(x|θ∗)
∂θ∂θ′

f(x|θ∗) +
∂ log f(x|θ∗)

∂θ

∂ log f(x|θ∗)
∂θ′

f(x|θ∗)dx = 0or
E

∂2 log f(x|θ∗)
∂θ∂θ′

+ E
∂ log f(x|θ∗)

∂θ

∂ log f(x|θ∗)
∂θ′

= 0so that H(θ∗) + I(θ∗) = 0 ⇒ H(θ∗) = −I(θ∗). Sin
e
Ω(θ∗) = [H(θ∗)]−1I(θ∗)[H(θ∗)]−1 = [−I(θ∗)]−1I(θ∗)[−I(θ∗)]−1 = [I(θ∗)]−1VIII Apply your �ndings in problem VII above to this spe
i�
 problem. Suppose that you aretrying to estimate the single parameter θ in the model

ỹ = θ + ǫ (35)but believe the ǫ is from a Cau
hy distribution with density f(x) = 1/π(1 + x2), for x ∈ R1.However suppose that the true data generating pro
ess is ǫ ∼ N(0, σ2), i.e. the ǫ random variablesare normally distributed with mean 0 and varian
e σ2.A. If you estimate θ by maximum likelihood using the in
orre
t assumption that the error terms
ǫ are from a Cau
hy distribution when they are really from a N(0, σ2) distribition, will yourmaximum likelihood estimator be 
onsistent?Answer The assumed (but in
orre
t) density fun
tion for an observation ỹ is f(y|θ) = 1/π(1+(y−θ)2),so the log likelihood for the Cau
hy model is

LN (y1, . . . , yN |θ) =
1

N

N∑

i=1

log f(yi|θ) = − log(π) − 1

N

N∑

i=1

log
(
1 + (yi − θ)2

)
. (36)Assuming the standard regularity 
onditions for uniform almost sure 
onvergen
e are satisi�ed,

LN (θ) will 
onverge to its expe
tation uniformly with probability 1 as N → ∞. The limit is
E {log f(ỹ|θ)} = − log(π) −

� +∞

−∞
log
(
1 + (y − θ)2

)
φ(y|θ∗, σ2)dy, (37)where φ(y|θ∗, σ2) is a normal density with mean θ∗ and varian
e σ2, whi
h is the true den-sity from whi
h the data are a
tually generated. Due to uniform 
onvergen
e of LN (θ) to

E{log f(ỹ|θ)}, it follows from the uniform 
onvergen
e results we studied in 
lass that θ̂N , themaximum likelihood estimator, and thus the value of θ that maximizes LN (θ) 
onverges to
θo, the value of θ that maximizes E{log f(ỹ|θ)}. We 
an write ỹ = θ∗ + σǫ̃ where ǫ̃ ∼ N(0, 1).Therefore we 
an write

θo = argmax
θ

� +∞

−∞
− log

(
1 + (σǫ + θ∗ − θ)2

)
φ(ǫ|0, 1)dǫ (38)19



Taking derivatives, inter
hanging the derivative operator and the integral operator, we 
anshow that the �rst order 
ondition for θo is
0 =

d

dθ

� +∞

−∞
− log

(
1 + (σǫ + θ∗ − θ)2

)
φ(ǫ|0, 1)dǫ

= 2

� +∞

−∞

σǫ + θ∗ − θ

1 + (σǫ + θ∗ − θ)2
φ(ǫ|0, 1)dǫ. (39)Note that g(ǫ) = σǫ/[1 + (σǫ + θ∗ − θ)2] is an odd fun
tion whereas φ(ǫ|0, 1), the standardnormal density, is an even fun
tion. It follows that� +∞

−∞
g(ǫ)φ(ǫ|0, 1) =

� +∞

−∞

σǫ

1 + (σǫ + θ∗ − θ)2
φ(ǫ|0, 1)dǫ = 0, (40)sin
e the produ
t of an odd and even fun
tion is odd, and the expe
tation exists (sin
e it isnot hard to show that E{|g(ǫ)|} < ∞ using the Lebesgue dominated 
onvergen
e theorem).Thus the �rst order 
ondition for θ0 redu
es to

0 = (θ∗ − θo)

� +∞

−∞

1

1 + (σǫ + θ∗ − θ)2
φ(ǫ|0, 1)dǫ. (41)Sin
e the integral in the expression above 
an be shown to be positive, it follows that theonly solution to the �rst order 
ondition for maximizing E{log f(ỹ|θ)} in θ is the solution

θo = θ∗. That is, even though we are doing maximmum likelihood of a misspe
i�ed modelin this 
ase (sin
e we are assuming that the ỹ are from a Cau
hy distribution 
entered at θwhen they are really from a normal distribution 
entered at θ∗), the misspe
i�
ation does nota�e
t the 
onsisten
y of the maximum likelihood estimator and it still 
onverges to the truevalue θ∗ with probability 1 as N → ∞. This property, i.e. that maximizing a misspe
i�edlikelihood still results in a 
onsistent estimator of the parameters θ∗, holds in 
ertain 
lass ofproblems, espe
ially for lo
ation problems where as in this 
ase we are interested in estimatingparameters that a�e
t the 
entering of the distribution but not other parameters governingthe shape of the distribution. The general term quasi maximum likelihood estimator (QMLE)refers to the 
onsistent estimation of parameters of interest using a likelihood fun
tion that
ould be misspe
i�ed in some respe
ts, but for whi
h we 
an show is still 
onsistent for theparameters of interest θ∗.B. If your misspe
i�ed maximum likelihood estimator is not 
onsistent, what θ∗ does it 
onvergeto asympoti
ally?Answer
θ̂QMLE →w.p.1 argmin D(f(x|θ), g(x)) = θ∗C. Compute the asymptoti
 varian
e of the maximum likelihood estimator in the misspe
i�ed
ase. How does this varian
e 
ompare to the varian
e of the maximum likelihood estimatorif we use the 
orre
t spe
i�
ation for the errors terms, i.e. where OLS is the MLE and theasymptoti
 varian
e of the MLE θ̂N is σ2?20



Answer The asymptoti
 varian
e is: Ω(θ∗) = [H(θ∗)]−1I(θ∗)[H(θ∗)]−1 where
I(θ∗) = E

{
d

dθ
log f(ỹ|θ∗)

}
= 4

� +∞

−∞

[
y − θ∗

1 + (y − θ∗)2

]2

φ(y|θ∗, σ2)dy, (42)and
H(θ∗) = E

{
d2

dθ2
log f(ỹ|θ∗)

}
= −2

� +∞

−∞

[
1 − (y − θ∗)
1 + (y − θ∗)

]
φ(y|θ∗, σ2)dy, (43)where φ(y|θ∗, σ2) is the normal density with mean θ∗ and varian
e σ2, whi
h again, is thetrue distribution that the data are generated by. Using the 
hange of variables (y − θ)/σ = ǫwhere ǫ ∼ N(0, 1) we 
an rewrite I(θ∗) and H(θ∗) as follows

I(θ∗) = 4

� +∞

−∞

[
σǫ

1 + σ2ǫ2

]2

φ(ǫ|0, 1)dǫ, (44)and
H(θ∗) = −2

� +∞

−∞

[
1 − (σǫ)2

[1 + (σǫ)2]2

]
φ(ǫ|0, 1)dǫ. (45)Noti
e that I(θ∗) and H(θ∗) are only fun
tions of σ but not θ∗. We know that by the Cramer-Rao lower bound, maximum likelihood estimation of a 
orre
tly spe
i�ed parametri
 probabil-ity model results in the smallest asymptoti
 
ovarian
e matrix, I−1(θ∗). In the 
ase where thedata are normally distributed with unknown mean θ∗ we know that the maximum likelihoodestimator of θ is just the sample mean, and the asymptoti
 varian
e of √N(Y N − θ∗) is σ2,whi
h equals I−1(θ∗) in this 
ase. However for the problem at hand, where we are estimating

θ using a misspe
i�ed maximum likelihood estimator based on the in
orre
t assumption thatthe data have a Cau
hy distribution, the asymptoti
 
ovarian
e matrix of √N(θ̂N − θ∗) mustbe stri
tly larger than σ2 sin
e the maximum likelihood estimator of the lo
ation parameterof the (misspe
i�ed) Cau
hy probability distribution is a 
onsistent but ine�
ient estimatorof θ∗. Its asymptoti
 
ovarian
e matrix is as noted above, [H(θ∗)]−1I(θ∗)[H(θ∗)]−1. When
σ2 = 1 we 
an 
al
ulate this numeri
ally (using Gaussian quadrature to 
al
ulate H(θ∗) and
I(θ∗)) to get:

H(θ∗) = −0.688547

I(θ∗) = 0.622947 (46)This implies that the asymptoti
 varian
e of √N [θ̂N − θ∗] is given by
[H(θ∗)]−1I(θ∗)[H(θ∗)]−1 = 1.3140, (47)whi
h is over 30% higher than the Cramer-Rao lower bound, σ2 = 1, whi
h would be theasymptoti
 varian
e of the 
orre
tly spe
i�ed maximum likelihood estimation, whi
h is justthe sample mean in this 
ase. Note that if we ignored the misspe
i�
ation of the likelihoodand used the simpler formula for the asymptoti
 varian
e of the MLE, [I(θ∗)]−1, we would geta mu
h higher value of the asymptoti
 varian
e,

[I(θ∗)]−1 = 1.6053. (48)21



This would be an in
orre
t value be
ause it ignores the misspe
i�
ation of the likelihoodfun
tion. Thus, this also illustrates the importan
e of using the White 
orre
tion or �sandwi
hformula� for the asymptoti
 varian
e of the estimator, [H(θ∗)]−1I(θ∗)[H(θ∗)]−1 instead of thesimpler Cramer-Rao lower bound formula [I(θ∗)]−1 whi
h is only valid when the model is
orre
tly spe
i�ed (whi
h is almost never the 
ase). There is a subdire
tory for this problemwhere we put 
opies of the 
ode used to 
al
ulate the integrals in equations (44) and (45)above using it Gaussian qudarature. The Gaussian quadrature rule relies on an J × 1 ve
torof quadrature abs
issae qa and quadrature weights qw, where J is a value you 
an 
hoose (withhigher J resulting in higher a

ura
y). I used the inverse-probability transform method to
al
ulate the integrals, so for example, to 
a
ulate an integral su
h as
E{g(ǫ̃)} =

� +∞

−∞
g(ǫ)φ(ǫ|0, 1)dǫ (49)we �rst do a 
hange of variables u = Φ(ǫ) where ũ will be a U(0, 1) random variable when

ǫ̃ is a N(0, 1) random variable as we dis
ussed in 
lass. Then taking inverses, we 
an write
ǫ = Φ−1(u) and substitute this into the integral above to write it as

E{g(ǫ̃)} =

� +∞

−∞
g(ǫ)φ(ǫ|0, 1)dǫ =

� 1

0
g
(
Φ−1(u)

)
du. (50)Now to 
ompute this latter integral, we employ the quadrature rule. The quadrature ruleapproximates an integral over the [0, 1] interval as a weighted sum� 1

0
h(u)du ≃

J∑

j=1

qw(j)h(qa(j)), (51)where qw(j) and qa(j) are the quadrature weights and abs
issae, respe
tively. Gaussianquadrature is highly a

urate, sin
e it is designed so that with J weights and abs
issae it 
anexa
tly integrate all polynomials of degree 2J − 1 or lower (i.e. the quadrature rule generatesthe 
orre
t answer when the fun
tion h(u) is a polynomial fun
tion of degree 2J −1 or lower).Thus, with J = 15, the value used to make the 
al
ulations above, Gaussian quadrature 
anexa
tly integrate all polynomials of degree 29 or lower. The routine quadpoints.m generatesthese quadrature weights and abs
issae. The main program that 
al
ulates the integrals inequations (44) and (45) above is 
alled 
au
hy-information-hessian.m and it 
alls the built-in Matlab fun
tion norminv to 
ompute Φ−1(u), and it 
alls the fun
tions 
au
hy-hesssian.mand 
au
hy-information.m to evaluate the expe
tations inside the integrals in equations inequations (44) and (45) above.D. Condu
t a Monte Carlo study by assuming that θ∗ = 3 and generating Cau
hy randomvariables and numeri
ally estimating θ with samples of size N = 100. Generate 500 separate,independent samples of size N = 100 and plot the empiri
al distribution of the maximumlikelihood estimates. Is the sample mean of these 500 estimates approximately equal to θ∗ = 3?Do you see eviden
e of a �nite sample bias? Also plot the empiri
al distribution of these 500estimated values of θ̂N and 
ompare them to the theoreti
al normal distribution with the
orre
t asymptoti
 varian
e in this 
orre
tly spe
i�
ied 
ase. Does the empiri
al distribution22



Figure 1: Comparison of the Monte Carlo and Theoreti
al Asymptoti
 Distribution of the Cau
hy MLE
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mat
h up well with the predi
ted normal asymptoti
 distribution of the Maximum likelihoodestimator? Hint: from Wikipedia, the CDF of a Cau
hy is given by
F (x) =

1

π
ar
tan(x/σ) +

1

2
, (52)and the inverse of this is

F−1(p) = σtan(π(p − 1/2)). (53)Answer Figure 1 above 
ompares the kernel-smoothed distribution of the 500 maximum likelihoodestimates of θ from our monte 
arlo study. These were 
omputed by the Matlab program
au
hy-monte-
arlo-study.m whi
h generated 100 observations from the Cau
hy distribu-tion with lo
ation parameter θ∗ = 3 and estimated this parameter by maximum likelihood 500times, ea
h time generating a new data set. The �gure plots the kernel-density estimate of thedistribution of θ̂ and 
ompares it to the theoreti
al normal approximation to this distribution.This latter distribution is θ̂ = θ∗ +
√

I−1(θ∗)ǫ̃ where ǫ̃ ∼ N(0, 1) and I(θ∗) = 0.5, whi
h you
an verify by repeating the 
al
ulations part C, but where the true data generaing pro
ess isa Cau
hy distribution. We see that the normal approximation to the monte 
arlo distribution(i.e. the �nite sample distribution of θ̂) is very good and the two distributions are very 
loseto ea
h other, even with a relatively small number of observations, N = 100. Re
all from thesolution to Problem II-D above, if we tried to esimate θ using the sample mean, this estimatorwould not even be 
onsistent when the true distribution of the data is Cau
hy. It is reassurringthat even though the Cau
hy is a distribution for whi
h no moments (not even the mean!)exist, there is still an estimator for θ that behaves well even in �nite samples. Indeed we seelittle bias in teh maximum likelihood estimates of θ∗ from this monte 
arlo exer
ise.23



E. Repeat part D, but use ǫ's that are drawn from a N(0, 1) distribution. Are the maximumlikelihood estimates signi�
antly biased? Plot the empiri
al distribution of the 500 maximumlikelihood estimates against the �misspe
i�
ation 
onsistent� asymptoti
 normal distributionfor the misspe
i�ed maximum likelihood estimator (i.e. the normal distribution with thevarian
e Ω(θ∗) given in part C of problem VII above). Does the normal distribution provide agood approximation to the empiri
al distribution of your 500 maximum likelihood estimatesof θ? Try doing the same thing but without using the �White 
orre
tion� for the varian
e, i.e.instead of using Ω(θ∗) = [H(θ)]−1I(θ∗)[H(θ)]−1 use Ω(θ∗) = [I(θ∗)]−1. How well does thisnormal distribution approximate the empiri
al distribution of your θ̂N 's?Answer Figure 2 above plots the kernel-smoothed monte 
arlo distrbution of the estimated θ̂'s, whi
hare again estimated by maximum likelihood, but now under the situation where the true datagenerating pro
ess is normal rather than Cau
hy. Thus, we are in a situation where we areestimating a misspe
i�ed model sin
e the distribution of the data are normal rather thanCau
hy, whereas we have written a likelihood fun
tion assuming that the data are distributeda

ording to the Cau
hy distribution. We see that even though the likelihood is misspe
i-�ed, provided we use the 
orre
ted 
ovarian
e matrix to approximate the exa
t �nite sampledistribution of θ̂, the �nite sample distribution of θ̂ is very 
lose to its asymptoti
 normalapproximation, even with only N = 100 observations. It seems like the pri
e in terms ofe�
ien
y loss is very small relative to the bene�t of the robustness of the Cau
hy maximumlikelihood estimator. Unlike the sample mean, whi
h is not even a 
onsistent estimator whenthe data are drawn fom the Cau
hy distribution, the Cau
hy maximum likelihood estimatorbehaves well in small samples regarless of whether the data are drawn from a normal or aCau
hy distribution. Thus if you wanted tobe prote
ted in the worst 
ase where the datareally are Cau
hy, the pri
e in terms of greater ine�
ien
y in the estimator when the dataare not drawn from a Cau
hy distribution does not appear to be high. Then why isn't theCau
hy maximum likelihood estimator used more frequently and in preferen
e to the samplemean?IX. Prove that the 
onditional expe
tation E{ỹ|X̃} is the best predi
tor of a random variable ỹusing any measurable fun
tion of X̃ f(X̃). Hint: you need to show that for any measurablefun
tion f(x)

E
{
[ỹ − f(X̃)]2

}
≥ E

{
[ỹ − E{ỹ|X̃}]2

]
}. (54)Hint: use the Law of Iterated Expe
tations to show that the inequality above holds, and additionallyusing the �orthogonality property� of the residual ǫ̃ given by

ǫ̃ = ỹ − E{ỹ|X̃}. (55)Answer
E
{

[ỹ − f(X̃)]2
}

= E
{
[ỹ − E(ỹ|x̃) + E(ỹ|x̃) − f(X̃)]2

}

= E
{
[ỹ − E(ỹ|x̃)]2 + 2[ỹ − E(ỹ|x̃)][E(ỹ|x̃) − f(X̃)] + [E(ỹ|x̃) − f(X̃)]2

}

= E{[ỹ − E(ỹ|x̃)]2} + 2E{[ỹ − E(ỹ|x̃)][E(ỹ|x̃) − f(X̃)]} + E{[E(ỹ|x̃) − f(X̃)]2}By law of iterated expe
tation the middle term be
omes:
2E{[ỹ − E(ỹ|x̃)][E(ỹ|x̃) − f(X̃)]} = 2E{E[[ỹ − E(ỹ|x̃)][E(ỹ|x̃) − f(X̃)]|X̃ ]}24



Figure 2: Comparison of the Monte Carlo and Theoreti
al Asymptoti
 Distribution of the Cau
hy MLE
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= 2E{[E(ỹ|x̃) − E(ỹ|x̃)][E(ỹ|x̃) − f(X̃)]]} = 2E{0[E(ỹ|x̃) − f(X̃)]]} = 0So E
{

[ỹ − f(X̃)]2
}

= E{[ỹ − E(ỹ|x̃)]2} + E{[E(ỹ|x̃) − f(X̃)]2} ≥ E{[ỹ − E(ỹ|x̃)]2}
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