
ECON 623
Fall 2011

Pablo Salinas Macario and John Rust
Solutions Final Exam

Do Question 1 and 2 out of 3of the remaining questions below.

1. [200 points] Probability question. A casino uses what it believes to be fairly balanced dice in gam-
bling. The casino is considering introducing a new gamblinggame where a pair of dice are rolled 50 times.
On each roll of the pair of dice, the customer (“roller”) gets1 point if the sum of the numbers on the dice
is even, or 0 points otherwise. After the 50 draws, if the roller has more 40 points or higher, they get a
prize of $100. You are asked to calculate an entry freeE so that each time a casino customer chooses this
game, the casino expects to make a $10 expected profit on the gamble.

A 20 points Can you calculate the entry fee exactly? If so, calculate theexact entry fee that yields the
casino a $10 expected profit each time this gamble is played.

Answer Let S̃ we the total score earned aftern = 50 rolls of the dice. ClearlyS takes on values
(has support equal to) the set{0,1, . . . ,50}. The probability of getting an even sum on the two dice
is intuitively equal top= 1/2 since an even sum can be achieved if the realized values on both of
the dice are both even or both odd, and even and odd outcomes are equally likely with probability
1/2. So the probability that the values on the two dice are both even is 1/4 = (1/2)(1/2) and the
probability that both of the dice have odd-valued outcomes (i.e. 1, 3, or 5) is also 1/4= (1/2)(1/2)
so the probability of an even-valued or odd-valued outcomesfor both of the dice is 1/4+1/4= 1/2.
Alternatively you can simply enumerate the set of possible even outcomes a sum of 2 occurs with
probability 1/36 (since the only draw that a sum of 2 can occur is the draw(1,1) where both dice
have a value of 1), a sum of 4 can occur with probability 3/36= 1/12 (since a sum of four can occur
from a draw of(2,2), (1,3) or (3,1)), and so on. Via this complete enumeration of the possible even-
valued sums on the two dice by summing the corresponding probabilities, we also compute that the
probability of an even sum isp = 1/2. Then if the successive rolls of the two dice are treated as
IID draws, it follows thatS̃ is a binomial random variable with parametersn= 50 andp= 1/2. We
can then compute the probabilityP{S̃≥ 40} = 1−P{S̃≤ 39} = 1.19306658×10−5 using thecdf
command in Matlab, i.e.1-cdf(’bino’,39,50,1/2). Symbolically we have

Pr{S̃≥ 40}=
50

∑
j=40

(

50
.5

)

(.5) j (.5)50− j (1)

and it is also acceptable to numerically evaluate that sum. Using this probability, the expected cost
of this gamble isE{C̃}= 100×Pr{S̃≥ 40}= 100×1.193×10−5 = 1.193×10−3. This amounts to
less than 1/10 of a cent, 0.001193. To earn an expected profit of $10, the casino would have to charge
essentially $10 to play the game, or precisely, $10.001193 in order to offset the small expected cost
of paying out the $100 prize in the very low probability eventthatS̃≥ 40.

B 20 points Suppose Joey Breakaleg, the casino manager, is not so good atprobability theory but
he vaguely recalls that there was something called the “cento limit serum” that had something to
do with a “bar bell curve” from his days back at Wharton, when he as taking classes with Donald
Trump. Can you explain to Joey Breakaleg that he was probablythinking of thecentral limit theorem
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and show how it can be used to approximate the probability that this prize would paid and hence the
entry fee? Compare the CLT approximate probability and implied entry fee to the exact probability
and entry calculated in part A above. How much more or less than $10 in profits per game can the
casino expect to get using the approximated rather than trueprobability of paying out the prize?
(Extra credit: plot the exact CDF of the number of points entered in 50 rolls, and on the same plot,
show the approximate CDF based on the Central Limit Theorem approximation to this distribution:
is the CLT approximation uniformly close to the actual CDF, or are there parts of the distribution
where it is a poor approximation?)

Answer We can writeS̃as a sum of 50 independently and identically distributedBernoulli random
variablesB̃i, i = 1, . . . ,50. TheB̃i is defined as

B̃i =

{

1 if the sum of the two dice is even
0 if the sum of the two dice is odd

(2)

clearlyE{B̃i}= p= 1/2 and var(B̃i)= p(1− p) = 1/4, soσ, the standard deviation of̃Bi is σ= 1/2.
So we have

S̃=
50

∑
i=1

B̃i (3)

Now the Central Limit Theorem tells us that ifS̃N is given by

S̃N =
1
N

N

∑
i=1

B̃i (4)

then a standardized version ofS̃N

S̃N −1/2
σ√
N

=
√

N(S̃N −1/2)/(1/2) =⇒ Z̃ ∼ N(0,1) (5)

Taking a blind leap of faith thatN = 50 is “large enough” for the Central Limit Theorem to be a
good approximation to the distribution of the standardizedsum ofIID Bernoulli’s B̃i, we can then
similarly standardizẽSand approximate its CDF by the CDF of the standard normal random variable
Z̃ as follows

S̃−25
√

50/4
∼ Z̃ (6)

Then we are interested in using the Central Limit Theorem approximation to evaluateP{S̃≥ 40},
we can do so as follows

Pr{S̃≥ 40} = Pr{S̃−25≥ 40−25}
= Pr{(S̃−25)/

√

50/4≥ (15/
√

50/4}
≃ Pr{Z̃ ≥ 4.24264}
= 1−Φ(4.24264)

= 1.1045248×10−5

In part A we computed the exact probability thatS̃≥ 40 and found it equals 1.193066× 10−5 so
the approximation error in using the Central Limit Theorem is a 7.4% underestimate of the true
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probability. We conclude that using the Central Limit Theorem seems quite reasonable as it has
an infinitesimal impact on the price you would recommend to Joey Breakaleg to charge for this
gambling game. (Note I evaluated the standard normal CDF above in Matlab using the command
1-cdf(’norm’,4.24264,0,1) and I am trusting that Matlab uses a good numerical method to
approximate the CDF of a standard normal distribution: thisis usually done via theerror function
that is closely related to the standard normal CDF. It goes beyond what I was expecting you to
answer to evaluate numerical errors in algorithms Matlab orother software use to approximate a
standard normal or binomial CDF).

C 20 points Suppose Joey is actually a really bad student of probabilitytheory and cannot even recall
how to apply the central limit theorem here, and he distrustsprobability theory (because “only da
really bad guys — dem Wall Street scamsters — do dat stuff”) but he does trust computer simulations
so he hires you to write a Matlab program that can conduct a monte carlo experiment to estimate the
probability of the payoff and hence the entry fee. But because you fear that Joey might break your
leg if you get your monte carlo calculation wrong, and you realize there will be some Monte carlo
sampling error in your estimate, you set the number of Monte carlo replications used to estimate
this probability to a sufficiently large number so that the probability of an error in the estimated
probability greater (in absolute value) of more than 0.00001 (i.e. 1 in 100,000) is less than 0.001
(i.e. one tenth of 1%). What is the smallest number of Monte Carlo replicationsN that you need to
achieve this degree of accuracy?

Answer Suppose we let̃Si be a computer simulation of a random variable with a binomial(50,1/2)
distribution. If we do a total ofN computer draws from these random variables, we can use the
empirical CDF to evaluate the probability that̃S≥ 40. That is, we can see what fraction of theN
draws of{S̃i} are such that thẽSi ≥ 40. That is, we can estimate the probability via Monte Carlo as

Pr{S̃≥ 40} = 1−Pr{S̃<= 39}
≃ 1− F̂N(39)

whereF̂N is the empirical CDF given by

F̂N(x) =
1
N

N

∑
i=1

I{S̃i ≤ x}. (7)

DefineB̃i(x) = I{S̃i ≤ x}. It follows thatB̃i(x) is a Bernoulli random variable with parameterp(x) =
F(x), whereF(x) is the CDF of the random variablẽSi (which is a binomial distribution in this case).
TheGlivenko-Cantelli Theoremtells us that with probability 1 asN → ∞ we have

sup
x
|FN(x)−F(x)| → 0 (8)

So for sufficiently largeN the empirical CDFF̂(x) will be a uniformly good approximation to the
true CDFF(x). But how big doesN need to be in order to guarantee that our estimate ofPr{S̃≥ 40}
via the empirical CDF, 1−FN(39), is within 0.00001 of the true probability with probability at least
1− .001= .999? We can appeal to the Central Limit Theorem to calculate the value ofN since we
have

√
N





F̂N(x)−F(x)
√

F̂N(x)(1− F̂N(x))



=⇒ Z̃ ∼ N(0,1) (9)
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So we calculate the requisite value ofN as follows. We are interested in choosingN large enough
so that the probability of the event{|Pr{S̃≥ 40}− 1− F̂N(39)| ≤ .00001} is at least 0.999. Call
the desired tolerance 0.00001 δ for short. Then consider the probability statement, we seekN
sufficiently large so that

Pr{|1− F̂N(39)−Pr{S̃≥ 40}| ≤ δ} ≤ 0.999≡ 1− ε (10)

We use the Central Limit Theorem to approximate the probability on the left hand side of the in-
equality above. LetF(x) be the true CDF of a Binomial(50,1/2) random variable. We have

Pr{|1− F̂N(39)−Pr{S̃≥ 40}| ≤ δ} = Pr{|FN(39)−F(39)| ≤ δ}

= Pr

{∣

∣

∣

∣

∣

√
N(F̂N(39)−F(39))

√

F(39)(1−F(39))

∣

∣

∣

∣

∣

≤ δ
√

N
√

F(39)(1−F(39))

}

≃ Pr

{

|Z̃| ≤ δ
√

N
√

F(39)(1−F(39))

}

Now, for a standard Normal random variable we have

Pr{|Z̃| ≤ 3.2905} = Φ(3.2905)−Φ(−3.2905) = 0.999 (11)

(the value 3.2905 was computed in Matlab using the inverse CDF commandicdf asicd(’norm’,
1-0.0005,0,1)). Assume thatN is sufficiently large that the Central Limit Theorem provides a
sufficiently good approximation to the true distribution ofthe normalized random variable

Z̃N =

√
N(F̂N(39)−F(39))

√

F(39)(1−F(39))
(12)

Let ΦN(x) denote the CDF of̃ZN andΦ(x) be the CDF ofZ̃, theN(0,1) standard normal limiting
distribution implied by the Central Limit Theorem. TheBerry Esseen Boundgives us a bound on
how well Φ(x) approximates the actual distribution ofΦN(x)

|ΦN(x)−Φ(x)| ≤ Cρ
σ3

√
N

(13)

whereC is an absolute constant (the best current estimate of the upper bound forC is 0.4785 by
Tyurin (2010), see Wikipedia) andρ is ρ = E{|X̃1|3} andσ2 = var(X̃1), whereX̃1 is first of theN
IID random variables entering the standardized sumZ̃N. In the case at hand, we have

ρ = F(39)(1−F(39))(1−2F(39)) (14)

and

σ3 =
(

√

F(39)(1−F(39))
)3

(15)

Let us initially assume thatΦ(x) is a sufficiently close approximation toΦN(x) that we don’t have
to worry about the approximation error involved in usingΦ in place ofΦN in our first attempt to
compute the smallest value ofN such that inequality (10) holds (that is, we ignore that the last step
in (11) involves an “approximate equality”≃ instead of an actual equality=, so we may need to
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worry about the degree of approximation error in that last step, and we will check this below using
the Berry-Esseen approximation error bound). Using equations (11) and (11) we find that if we
chooseN large enough so that

3.2905=
δ
√

N
√

F(39)(1−F(39))
(16)

then the probability that using the Monte Carlo probability1− F̂N(39) to estimate 1−F(39) =
Pr{S̃≥ 40} will be within δ = 0.00001 with probability at least 0.999. Solving this equation forN
using thetrue probability F(39) we obtain

N =

[

3.2905
√

F(39)(1−F(39))
δ

]2

= 1291764. (17)

Thus, we would need over 1 million monte carlo replications to be able to estimate the small prob-
ability 1− F(39) = 1.93× 10−5 with the required degree of accurary. Many trials are required
because winning the $100 jackpot is a “rare event” and so we need to run many Monte Carlo trials
to be sure of estimating this small probability with sufficient accuracy.

We check the Berry-Esseen bounds to see what the worst-case deviation between the approximate
standard normal distributionΦ(x) and the actual finite sample distributionΦN(x) (the latter is a
standardized binomial distribution). We have

0.4785[F(39)(1−F(39)(1−2F(39))]

[
√

F(39)(1−F(39))]3
√

N
= 0.1218 (18)

whenN = 1291764. Thus, to ensure that the Central Limit Theorem provides a sufficiently good
approximation, we need to use considerably more than 1 million Monte Carlo draws. Suppose we
require thatN is sufficiently large so thatΦN(x) is also within 0.00001 ofΦ. ThenN would have to
satisfy

N ≥
[

0.4785[F(39)(1−F(39))(1−2F(39))]

0.000001[
√

F(39)(1−F(39))]3

]2

= 1.919×1014 (19)

This is an astronomically large number, nearly 200 trillionMonte Carlo draws, to guarantee that the
actual normalized CDFΦN is uniformly within 0.00001 of the standard normal CDFΦ. We note
that the Berry-Esseen bounds areworst case boundsand the actual numberN needed to achieve
sufficient accurary may be far less than this number.

Figure 1 illustrates the quality of the approximation ofΦ by plotting the estimatedΦN (both as a
density and as a CDF) via a Monte Carlo study involving 1000 samples of sizeN for N = 10,000,
N = 100,000 andN = 1,000,000, respectively. We see that forN = 10,000 the Central Limit The-
orem works poorly andΦ is a poor approximation to the actual finite sample distribution ΦN. Only
11.1% of the 1000 replications resulted in an empirical distribution for which|F̂N(39)−F(39)| <
0.00001. The approximation improves whenN = 100,000, and then in 69.5% of the 1000 repli-
cationsF̂N(39) was within 0.00001 ofF(39). By the timeN = 1,000,000, the distributionΦN is
reasonably close toΦ, though the step function nature induced by the fact thatΦN is a standardized
binomial distribution is still evident. AtN = 1,000,000 observations, 100% of the 1000 Monte
Carlo replications resulted in̂FN(39) being within 0.00001 ofF(39).
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Figure 1: Central Limit Theorem Approximations for Increasing Sample Sizes N
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It is evident from Figure 1 that the quality of the approximation is better in the tails of the distribution
than in the middle of the distribution, whereΦ is increasing the fastest. Since we are trying to
estimate atail probability in this case, the necessary sample sizeN is far less than the maximum
sample size necessary to provide a uniform approximation toΦN by the normal distributionΦ for
all x, and in the worst case for any possible data generating mechanism. It appears from these
Monte Carlo studies that approximately 1 million Monte Carlo draws is necessary to assure that
with probability at least 0.999, the maximum error in estimatingF(39) will be no greater than
0.00001.

Note that we have calculated these bounds using thetrue probability F(39) but of course this is
the unknown quantity that we are trying to estimate by Monte Carlo in the first place! So there
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is an additional layer of approximation to consider if we do an initial Monte Carlo experiment to
estimateF(39) by FN(39). As we noted in equation (9) we can use the estimated standarddevia-

tion
√

F̂N(39)(1− F̂N(39)) instead of the unknown true standard deviation
√

F(39)(1−F(39)) to

standardize the difference betweenF̂N(39) andF(39) in equation (9). The Central Limit Theorem
will still apply. However there is a serious problem in the tails since unlessN is not very large, it

can happen thatFN(39) = 1 and then the estimated standard deviation
√

F̂N(39)(1− F̂N(39)) will
equal 0 and it will not be possible to standardize the differenceFN(39)−F(39). Thus, in practice,
N must be large enough so thatF̂N(39) < 1. In the example above, whenN = 1,000,000, we found
that F̂N(39) < 1 in every one of the 1000 Monte Carlo replications and the nonparametrically esti-
mated density and CDF from these 1000 replications is very similar to the ones we obtained when
we standardized using the trueF(39).

D 20 points Joey wants to know how many people you expect to select this gamble and wants you to
give him a ball park estimate. Suppose you believe that people coming into the casino are expected
utility maximizers and have logarithmic utility functions. Suppose the alternative to this gambling
game is to play a “1 armed bandit” at a price of 50 cents per pull. The one armed bandit pays out
$100 in quarters with probability 1 in 100,000 (i.e. probability .00001). Which would a person
with $100,000 in net worth prefer: the dice game described above, or play the one armed bandit?
What price does the dice game have to be adjusted to (up or down) in order for this customer to be
indifferent?

Answer The expected utility of a person with logarithmic utility and wealth of $100,000 of playing
the 1-armed bandit once is

E{U1AB}= plog(100000+100− .5)+ (1− p) log(100000− .5) = 11.51292 (20)

using a probability of winning ofp= 0.00001. For the proposed dice game, the expected utility for
this person of playing the game is

E{UDG}= plog(100000+100−10.00193)+(1− p) log(100000−10.00193) = 11.51282 (21)

wherep= 0.0000193. So the expected utility of the 1 armed bandit game ishigher than the dice
game even though the prizes are the same and the the probability of winning the prize is nearly twice
as large in the dice game, the $10 fee of the dice game is too high relative to the 50 cent price of
playing the one armed bandit, and as a result, this customer would choose to play the one armed
bandit over the dice game. The fee for the dice game that makesthis customer indifferent between
playing the dice game and the one armed bandit is the solutionF to the equation

E{U1AB}= plog(100000+100−F)+ (1− p) log(100000−F) (22)

wherep= 0.0000193. Solving this equation using thefsolve function of Matlab, we obtainF =
.500192. Thus, the fee for the dice game would have to be virtually the same as the fee for the one
armed bandit since even though the probability of winning inthe dice game is about twice as high
as in the one armed bandit, the probability of winning eithergame is sufficiently already that the
casino cannot charge hardly anything more for the dice game than the one armed bandit. In fact,
given that prices must be rounded to the nearest cent, the price would have be the same for both,
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50 cents. Then, since the prizes are the same but the dice gamehas a slightly higher probability of
paying out the $100 prize than the one armed bandit, the dice game would be less profitable than
the one armed bandit game for the casino. Somehow the dice game should be modified to change
either the value of the prize or the probability of winning itto provide a better “deal” to the gambler
so that the gambler would be willing to pay more to play the game.

Overall, gambling is a puzzle from the standpoint of traditional economic theory of expected utility
maximization, if we also believe gamblers are rational and risk-averse. Suppose we believe the
casino is risk-neutral expected profit maximizer and it makes its profits on the difference between
the feeF for a gamble less the expected payoffP̃, or Π = F −E{P̃}. A customer with wealthW and
concave utility functionu(W) has a “reservation utility” ofu(W) representing their utility if they do
not go to the casino at all. In order for the customer to want tocome to the casino to do the gamble,
then, we need

E{U(W+ P̃−F)} ≥U(W) (23)

However by Jensen’s Inequality, for a strictly concave utility function such asU(W) = log(W) and
a non-degenerate gambleP̃ (i.e. a gamble that has some risk of different payoffs) we have

U(W+E{P̃}−F)> E{U(W+ P̃−F)} ≥U(W) (24)

But if F > E{P̃} in order to insure positive expected profits for the casino, we have

U(W)>U(W+E{P̃}−F) (25)

Thus, the general conclusion is that an expecte profit maximizing casino could never make money
off of rational, risk-averse, expected utility maximizingcustomers. The casion is subjecting them to
risk and the customers would need a “subsidy” to be willing totake on this risk voluntarily. But that
subsidy would represent an expected loss of doing any gambleto the casino. So casinos must be
making all of their money off of less than fully rational customers, or customers who are risk-loving
or have some other reason (gambling addiction?) for coming to the casino that is inconsistent with
our standard economic model of a rational, risk averse expected utility maximizer.

E 50 points You are assigned to test the fairness of dice using a “dice roller machine”. This is an
automatic machine that mechanically rolls a single die 6000times in a row. If it is fair, we expect
1000 of the draws to be 1’s, 1000 to be 2’s etc. Suppose the actual count for a particular test of a
single die is 1: 991, 2: 975, 3: 997, 4: 1053, 5: 1005 and 6: 979.Can you devise a test of the
hypothesis that this die is fairly balanced? If so, can you reject Ho : this die is fairat the 1% level of
significance using your test and these data?

Answer Use a Chi-squared test to test the null hypothesis.

χ2 =
6

∑
i=1

(Oi −Ei)
2

Ei
= 3.99 (26)

whereEi = 1000 the expected frequency of getting a 1, 2, 3, etc in the 6000 rolls of the die, and
Oi are the observed counts. It can be shown thatχ2 is distributed asymptotically as a Chi-squared
random variable with 5 degrees of freedom. The value of this statistic in this case, 3.99, is at the
45th percentile of this distribution, but in order to rejectthe hypothesis the value ofχ2 would have
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to be greater than the 99th percentile of this distribution,which can be calculated (using the Matlab
icdf command,icdf(’chi2’,.999,5), to be 20.515. Since 3.99 ¡ 20.515, we fail to rejectHo at
the 1% significance level. The die appears to be fair.

The derivation of the asymptotic distribution of theχ2 statistic is as follows. Letp be the 6×1 vector
of the probabilities of the six possible outcomes on the die if it is fairly balanced. Thenpi = 1/6,
i = 1, . . . ,6. Let p̂N be the sample frequencies, or estimated probabilities of these outcomes from the
die-rolling machine, and letp(i)N be theith component of this vector. It can be written as a sample
average of indicator functions, where the indicator function is 1 when the die roll is equal toi and 0
otherwise:

p̂(i)N =
1
N

N

∑
j=1

I{D̃ j = i} (27)

whereD̃ j is the outcome of thejth roll of the die from the rolling machine. Let̃B(i) j = I{D̃ j = i}.
This is a bernoulli random variable with meanpi . Assuming the draws of̃D j areIID then theB̃(i) j

will also beIID random variables as well. As a result we have with probability 1, by the Strong Law
of Large Numbers,

lim
N→∞

pN = p∗. (28)

Here,p∗ is the true probability vector representing the true probabilities of a roll of the die equals
each of the 6 possible values,i = 1, . . . ,6. The Central Limit Theorem implies that

√
N(p̂N − p∗) =⇒ Z̃ ∼ N(0,Ω) (29)

where “=⇒” denotes convergence in distribution to a multivariate normal random vector̃Z with
mean 0 andΩ is thet6×6 covariance matrix.

Ω = NE{(p̂N − p∗)(p̂N − p∗)′}=













p1(1− p1) −p1p2 · · · −p1p5 −p1p6

−p2p1 p2(1− p2) · · · −p2p5 −p2p6

· · · · · · · · · · · · · · ·
−p5p1 −p5p2 · · · p5(1− p5) −p5p6

−p6p1 · · · · · · −p6p5 p6(1− p6)













(30)
Define a diagonal matrixD as

D = diag(p−1/2) =















p−1/2
1 0 0 · · · 0

0 p−1/2
2 · · · 0 0

0 · · · · · · · · · 0

0 0 · · · p−1/2
5 0

0 0 · · · 0 p−1/2
6















(31)

We can write theχ2 statistic as

χ2 = N(p̂N − p)′D2(p̂N − p) (32)

Further we have √
ND(p̂N − p) =⇒ DZ̃ ∼ N(0,DΩD) (33)
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We have
D2Ω = I −Π (34)

whereI is the 6×6 identity matrix andΠ is the 6×6 matrix given by

Π =

















p1 p2 p3 p4 p5 p6

p1 p2 p3 p4 p5 p6

p1 p2 p3 p4 p5 p6

p1 p2 p3 p4 p5 p6

p1 p2 p3 p4 p5 p6

p1 p2 p3 p4 p5 p6

















(35)

It is not hard to show thatI −Π is anidempotentmatrix, i.e.

[I −Π]2 = [I −Π][I −Π] = [I −Π] (36)

Also it is not difficult to show thatΩΠ = 0. This implies thatDΩD is idempotent

[DΩD][DΩD] = DΩD2ΩD = DΩ[I −Π]D = DΩD. (37)

TheJordan decomposition theoremimplies that ifΓ is an idempotent matrix, it can be represented
as

Γ = O∇O (38)

whereO is an orthonormal matrix(i.e. O′O = I ) and ∇ is an idempotent diagonal matrix, i.e.
the diagonal elements of∇ are either 1’s or 0’s. It is not hard to show that ifX̃ ∼ N(0,Γ) andΓ is
idempotent, theñX′X̃ is a Chi-squared random variable with trace(Γ) = rank(Γ) degrees of freedom.
It follows that

√
ND(p̂N − p) converges in distribution toN(0,DΩD). SinceDΩD is idempotent,

we have
χ2 = [

√
ND(p̂N − p)]′[

√
ND(p̂N − p)] =⇒ X̃′X̃ (39)

whereX̃ ∼ N(0,DΩD), so it follows from the Continuous Mapping Theorem that theχ2 statistic
converges in distribution to a Chi-squared distribution with degrees of freedom equal to the trace of
DΩD. It is not hard to show that

trace(DΩD) = trace(I −Π) = 5 (40)

soχ2 is approximately distributed as a Chi-squared random variable with 5 degrees of freedom under
the null hypothesis.

F 70 points The file dice-draws.txt contains the actual results from the 6000 draws of the dice
roller machine on the die tested above. You suspect that there might be a mechanical problem in the
machine so that the rolls produced by this machine are not actually independently distributed draws,
i.e. you suspect some sort ofdependencein the results of successive draws from this machine. Can
you think of a way of testing your suspicion using regressionor some other means? Given whatever
test you think up, test the hypothesisHo : draws from the machine are IID draws from the die. Can
you reject this hypothesis using your test at the 1% significance level? If you find dependence, how
does this affect your conclusions in part E above?
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Answer There are many ways to test for dependence, but an easy way (though perhaps not resulting
in the most powerful test ofHo) is to do anautogression,that is you regress

D̃t = β0+β1D̃t−1+ εt (41)

whereD̃t is the number on the die on rollt of the dice rolling machine. If the dice rolls are indepen-
dent, thenβ1 = 0 andβ0 = E{D̃t}= 3.5, the mean outcome. Using the data indice-draws.txt the
estimated regression coefficients areβ̂0 = 3.47 (standard deviation 0.05) andβ̂1 = 0.01 (standard
deviation 0.0129). Since both of the regression parameter estimates arewithin one standard error
of their values predicted under the null hypothesis of independence in the successive draws of the
dice by the dice rolling machine, we suspect that we cannot reject the null hypothesisHo of inde-
pendence. TranslatingHo to Ho : β0 = 3.5, β1 = 0 we can conduct a chi-squared test of this latter
hypothesis using the statistic

χ2 = (β̂0−3.5 β̂1−0)
[

X′X/σ̂2](β̂0−3.5 β̂1−0)′ (42)

It is not difficult to show that asN → ∞ that the distribution ofχ2 converges to a Chi-squared
distribution with 2 degrees of freedom. Calculating the statistic using the regression results, we get
χ2 = 0.70. The 99th percentile if a Chi-squared distribution with 2degrees of freedom is 9.21, so
we fail to rejectHo at the 1% significance level.

Note that the program I wrote to generate dice draws and thedice-draws.txt file really did have
dependence in successive draws. However the dependence in successive draws was weak and hard to
detect via simple linear regression. I generated successive draws from the multinomial probabilities

Pt( j) =
exp{log(1/6)+δI{D̃t−1 = j}}

∑6
i=1 exp{log(1/6)+δI{D̃t−1 = i}}

(43)

whereδ = 0.02. If δ = 0 thenPt( j) = 1/6 and there is no dependence in successive draws. However
if δ > 0, the chance of drawing a valuej is higher if the previous roll of the die was also equal to
j (so thatI{D̃t−1 = j} = 1) so the data generating mechanism did actually display a small degree
of positive serial correlation in the successive draws of the die, but the regression was unable to
detect it. Motivated students might consider estimating a multinomial logit model of thetransition
probability P(D̃t |D̃t−1) given by the multinomial logit probability above by maximumlikelihood
using thedice-draws.txt data. Then a more powerful test ofHo could be constructed by testing the
hypothesis thatδ= 0. However I did not expect students to consider doing this, since it would require
clairvoyance about the data generating mechanism that I used to generate thedice-draws.txt data.

2. [200 points] Suppose a consumer has an inventory of groceries at home and shopping trips occur when
the consumer want toadjust their desired inventory of groceries upward.Let the desiredadjustmentto the
level of inventories of groceries be given by the regressionequation

yi,t = Xi,tβ+ εi,t (44)

whereyi,t is householdi’s desired adjustment to their stock of groceries in weekt andX contains explana-
tory variables affecting the desired adjustment, including household income, the household’s estimated
current stock of groceries, number of people in the household, with breakouts for number of teenagers in
the household, dummy variables for whether there are significant sales occurring during the week, and so
forth.
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A. 50 points It is natural to assume that ifyi,t < 0, i.e. the household is “overstocked” with groceries
and would actually like to reduce its stock of groceries, that the household might actually throw away
of older stale or spoiled food or groceries, but whenyi,t > 0 then the household would have a motive
to go shopping to replenish its stock of groceries. Assume that the survey we have does not record
when household throws away groceries, so we do not observe cases whereyi,t < 0 and further,
due to positive transaction and hassle costs of going shopping, householdi will not actually go
shopping unlessyi,t > Ki whereKi > 0 is some threshold that must be passed to make it worthwhile
for someone in the household to go out shopping to increase the stock of groceries. If the survey
then only records the(yi,t ,Xi,t) observations for households that have actually gone out shopping
(and thus filled out a diary recording the amount spent,yi,t , as well as any other information that is
changing at the weekly level,Xi,t such as whether there was a significant sale that week, and what
the inventories of groceries were at home that week, etc), will a regression limited to just the data
on the(yi,t ,Xi,t) observations recorded in the consumer diaries and reportedin the survey result in
consistent estimates ofβ and theKi parameters? Please explain your answer as carefully as possible
to receive full credit.

B. 50 points If the length of time we observe a particular householdi is relatively short, say for 4
weeks, but we have a large number of householdsi, sayN households whereN > 1000, do you
think it will be possible to consistently estimate bothβ and theN household-specific thresholdsKi,
i = 1, . . . ,N? If you believe is it possible sketch an estimator and an argument for the consistency of
your estimator. If you think it is not possible, describe as carefully as you can why you think it is
impossible to consistently estimate these parameters by regression or any other means.

C. 50 points Suppose we are willing to make additionaldistributional assumptions.In particular if
you are willing to assume that{εit } are IID N (0,σ2) random variables and that theKi are also
N(µ,γ2) random variables and thatKi andεit are independently distributed for eachi, and that for
any householdi εi,t and εi,s are independently distributed fors 6= t, and finally, that the random

variables(Ki ,{εi,t}t i
t=t i

) are distributed independently of the random variables(K j ,{ε j,t}t j
t=t j

) for any
two householdsi 6= j, can you show how you can use these extra prior assumptions toconstruct a
consistent estimator of the parametersθ = (β,σ2,µ,γ2)?

D. 50 points Suppose the household diary recordsyi,t oneveryweek that the household is in the survey
by asking a member of the household to directly report theirsubjective assessment of their desired
adjustment of groceries yi,t in each weekt. If you had these data, would ordinary linear regression
(OLS) of the grocery inventory adjustment model (44) resultin consistent estimates ofβ and the
{Ki}N

i=1 assuming that we have a relatively large number of households N in our sample but we
assume these households only for 4 consecutive weeks? If youthink OLS might not be able to
consistently estimate all of these 4N + K + 1 parameters (whereK is the number of regression
parametersβ and the extra 1 is for the unknownσ2 = var(εi,t)), can you think of some other estimator
that would be able to at least estimate the parameters(β,σ2), but assuming that you are NOT willing
to impose a normality assumption on the{Ki} or the{εi,t}? If you think it is possible, do you need to
impose any assumptions on the independence of the error terms{εi,t} across householdsi or across
time, t?

3. [200 points] Suppose that you have just landed a job at a top economic consulting firm and that you are
having a disagreement with your boss about an econometric model. You think that the data are generated
by
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y= Xβo+u (45)

whereβo ∈ Rk, X is n×k, y∈ Rn and{ui} areIID random variables with mean 0 and varianceσ2
o. On the

other hand, your boss says that years of experience point herto the model

y= Xβo+Zρo+u (46)

whereZ is alson× k since, after all, “it can’t hurt to add more variables to the model”. You are not sure
about that so you set out to investigate her claim.

A. [65 Points] Suppose that your model is the correct one but that you estimate the parameters by
applying OLS to the competing model. Derive an expression for β̂ and show that this estimator is
unbiased, stating clearly any assumptions that you make. Then derive an expression for the variance
of this estimator. Apply OLS to the correct model and call theestimatorβ̃. Repeat the previous
steps.

B. [30 Points] How can we compare our two estimators? Invoke a well-known theorem to make your
argument and then show explicitly the difference in efficiency between̂β andβ̃. Which estimator is
more efficient? When will there be no loss of efficiency? Startwith the one-parameter case and then
extend your argument to thek parameter case.

C. [85 Points] Now, on the contrary, suppose that it is your boss that has thecorrect model. Repeat the
calculations you performed above. Suggest some criteria bywhich to evaluate the performance of
your estimator and derive an expression to compare to the variance of the correctly specified model.
Is one estimator unambiguously better than the other? Discuss.

D. [20 Points] What do you conclude about your boss’ claim? Do your conclusions depend in any way
on the size of the sample to be analyzed?

4. [200 points] Let y be n× 1, X be n× (k+ 1) and suppose thatE(y|X) = Xβ. Consider the linear
programming problems

β̂ = argmax
β

{

N

∑
i=1

(yi −β0−
k

∑
j=1

xi j β j)
2+λ

k

∑
j=1

β2
j

}

(47)

and

β̂ = argmax
β

N

∑
i=1

(yi −β0−
k

∑
j=1

xi j β j)
2, (48)

subject to
k

∑
j=1

β2
j ≤ t (49)

A. . [20 Points] Show that there is a one-to-one correspondence between the parametersλ andt above.
Offer an interpretation of these parameters and compare theobjective functions above to the one for
OLS.
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B. [15 Points] Provide a convincing argument for why the intercept is not penalized in the problems
above.

C. [60 Points] Now suppose the data has been centered so that the data matixX hask columns. Rewrite
the first problem above in matrix form and show that the solution β̂ is a linear function ofy. Be
careful to provide conditions that alloŵβ to be well defined.

D. [10 Points] Is the problem well defined ifX′X is not of full rank?

E. [60 Points] Find E{β̂|X}. Use the conditions you outlined in part C above to show thatβ̂ is biased
for β unlessβ = 0.

F. [15 Points] Find the probability limit ofβ̂ asn→ ∞. Is β̂ consistent forβ? What happens tôβ as
λ → 0?

G. [20 Points] Now letλ = anwherea> 0 is fixed andn→ ∞. Find the probability limit ofβ̂ asn→∞.
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