ECON 623
Problem Set 4
Duein class on Tuesday November 29, 2011
John Rust

I. Consider aleterministic(i.e. non-random) sequence of functiof (6)} that are continuous functions
of 8 for 8 € ©  R¥. Supposd f,(8)} convergepointwiseto a functionf (8) for eachd € ©. Suppos®* is
the unique maximizer of (8) for 6 € © and tha®}, is a maximizer off,(8) for 8 € ©. Will {8} converge
to 0*? If not, provide a counterexample, if so, provide a genemabp

A. Suppose we strengthen the concept of convergenemiform convergencand assume thdtf,}
converges uniformly td. Can you prove whether or n¢6;} converges t® in this case?

B. The Arzela-Ascdl Theoremstates thaf f,} converges uniformly tdf if and only if the sequence
{fn} is uniformly equicontinuousDefine what this means and give an example of a sequence of
functions that is uniformly equicontinuous and one thatasequicontinuous.

C. Suppose we know thaff,} is uniformly Lipschitz continuous.e. 3L < o such that’n we have
[1n(6) — fn(6')| < L||B— 0| (1)
then show that the sequengg,} is uniformly equicontinuous.

D. Use result C. and Taylor series to show that if ed¢cim the sequencéf,} is continuously differen-
tiable inB and we have

0
supll5g fll <K <eo (2)
then the sequenckfy, } is uniformly equicontinuous.

E. Prove that iff (8) is uniquely maximized &" in the compact domai® C R<and if { f,} converges
uniformly to f and if 8, maximizesf, over@ € © then lim,_.. 6, = 6*.

F. Go back through parts A to F and discuss how your answeraretgsis changes {ff,} is arandom
sequence of functions (i.e. eathmay also depend on one or more random variables/vectors that
make it a random function @) that convergesiniformly in® to a non-random function (B) with
probability 1. Do the results listed above continue to hold? If the addiitbrandomness changes
any of the key results, discuss why, if not, discuss why iha&t randomness of thgf,} sequence
does not affect our conclusions provided we qualify all dosions with the words, “with probability
1" (or “almost surely”). In particular, write a definition dhe generalization of the concept of
uniform equicontinuity of the function§f,} in the stochastic case. This generalized concept of
uniform equicontinuity of sequences of random functionkriewn in economics and statistics as
stochastic equicontinuity.

I1. Consider the linear regression model

§=Xp*+& 3)
whereg ~ N(0,02) andX is a randonK x 1 vector with densityf (X, y*), andyis aJ x 1 vector of unknown
parameters for the density &f, and we assume thatand X are independently distributed. Assume we

have access to a sampig, X1, ...,yn, Xn) Of N 1ID draws from this “data generating process” and we are
interested in estimating the unknown parameter ve@ter (a2, B*,y").



A. Write down the natural logarithm of ttfell likelihood functionfor the observed datgy, X, ..., Yn, Xn)
divided byN and call thisLy/(8).

B. In many studies, the analyst is not so interested in tharpatersy” of the distribution of covariates
f(X,y") and is really only interested in the paramet@3, ). The (average of the log) of tipartial
likelihood functionis given by

N
(@) = 5 log( (/%0 ) @

where f (y|X,02,B) is the conditional density of given X = X which is easy to show is a normal
distribution with meanXp and variances?. Show that even though we estimate, B) using this
partial likelihood function (and thus ignore the parameteand information contained in thx;
observations that is reflected in the full likelihood fulctiabove), that computing the maximum
likelihood estimates fofa?,B) by maximizing the partial likelihood function above resuih the
same parameter estimates would be obtained if we maximized the full likelihood ftina in part

A above.

C. Outline the argument for why thgartial maximum likelinood estimatég?, ﬁ) from part B will be
consistent and asymptotically normally distributed evesuggh we are ignoring the parameyand
the information contained in the densityX,y). Do you think that ignoring this extra information
will come at a cost in terms akduced asymptotic efficien@f the partial maximum likelihood
estimates ofa?, B*)?

D. Compute thénformation Matrix I for the partial likelihood function and show that ithéock diag-
onal between the parametesd andf*. That is, show that ifg g- j is the element of the Information
maitrix corresponding to the pair of parametérsg, [3* that we havelgp.; =0, j =1,...,K. Use
this result to show that this implies that the asymptotlcauance matrix implies zero covariance
betweend? andB asympototically, i.e. co\g?, [3]) — 0, j=1,...,K, where cova?, B;) is the
asymptotic covariance betweér and B i

E. For the full likelihood function, show that there is alsodk diagonality for the parameters’,
andy, i.e. we have for the following elements of the full inforrmat matrix 1

]0-27|3i2 — 0, k:].,,K
Ipy = 0, j=1..]
IBin = 07 j:17"'7‘J7k:17-"7K

Use this to show that there is no loss in asymptotic efficien@stimating(a?, 3*) using the partial
likelihood function instead of the full likelihood functip i.e. both of these maximum likelihood
estimators achieve the Cramer-Rao lower bound ddr3*).

F. Now suppose we believe there is potentiateroscedasticityn the regression, so that instead of a
constant variance?, we now believe that th§ random variables haveenditional varianceof the
form

var{§/X} = o?(X,a*), (5)



wherea™ is aH x 1 vector of unknown parameters to be estimated along fitfessume given
the result in part E above, we are not interested in estimatirand since there is no penalty for
ignoring it and using the partial likelihood, you are jugtifito continue to do this also in this part
too). Thus, we are now estimated in estimatétig= (a*,3*). For example a common specification
is to use the exponential function,

o?(X,a*) = exp{Xa*} (6)
as this ensures that the variance is always positive. Shatthiie maximum likelihood estimate of
(* is a type ofweighted least squareand that the observations are weighted byitiverse of the

conditional standard deviationgge. the weight on théh observation in the weighted regression is
w; = 1/0%(X @) whered is the maximum likelihood estimate af.

G. Suppose you ignored the heteroscedasticity and just&stidp* by OLS. Would the OLS estimator
be consistent? If so, what is the “efficiency penalty” of igng the heteroscedasticity in tigg
relative to the most efficient (maximum likelihood) estior&t (Hint: to answer this, compare the
asymptotic coveriance matrix for OLS to the Cramer-Rao lokaund forp3* and show by a direct
argument that the OLS asymptotic covariance matrix is @drghan the asymptotic covariance
matrix for the MLE, in the sense that the difference betwédentivo covarianced) given by

D=o?[E{XK}] "~ [lpp] (7)

is a postive semi-definite matrix.

H. Suppose you cannot find a program to maximize the parkaliiood function when there is the
exponential specification of conditional heteroscedagtice. 2(X,a) = exp{Xa} but | propose
the following three step procedure as an alternative:

1. Do OLS and using the first stage OLS estimatesf}‘&g, compute the estimated squared
residualsp? = (y — XBgs)? i =1....,N.
2. Do aregression with the log of these squared residualseadapendent variables,
log(0?) = Xa+v;, i=1,...,N (8)
to obtain the OLS estimates af|s.
3. Using the OLS estimatéx, g do a weighted least squares to obtain “second stage” esmat
for B3swis

5 - Yi — Xif3 2
P= aggglmi; (eXP{Xidols/z}> ®)

Discuss the pros and cons of this three step approach eetatmaximum likeihood. Compare the
asymptotic efficiencies of the three step “feasible weighéast squares” estimator ff Baswis to
the maximum likelihood estimatog e

I. The filer egressi on. out contains a 100@ 3 data matrix where the first column contais= 1000
observations on the dependent variajjleand the second two columns contafy andX; », two
explanatory variables in the regression of interest

Yi = B1+ B2oXi1+ BsXi2 + BaXi1Xi2 + B°XA + PeX % + & (10)
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where
0(X;, o) = exp{oy + 02X 1 + 03X 2 + 04X 1% 2 + 05X + A6 X5} (11)

Estimate(B,a) using both the partial maximum likelihood approach and tistage estimator dis-
cussed in part H above and compare the point estimates anokappte standard errors (computed
from the estimated asymptotic normal distribution, butiatid for sample siZd). For each of these
estimates, conduct a Chi-square test of the hypothésisyy = 0,1 = 2,...,6. For each estimator
(MLE and 3 step weighted least squares) reportrttagginal significance levebf the test of this
hypothesis.

I11. The fileadapt r eg. out contains a 500@ 6 data matrix. The first four columns are dependent variables
(Y1,--.,Ya) in four identical regressions

Vi = a+bxXy+CxXo+ € (12)

wherey; is the dependent variable in the regression and the error term in the regression equation. |
generated the; (i = 1,...,4) from four potentially different unknown densiti€ge) which your job is to
try to determine. | also want you to estimade, efficiently as you possibly cahg three unknown regres-
sion coefficientd = (a,b,c). For simplicity | have used the samgandx, covariates in each regression
and the only thing that changes is the error terms. The egrarde; were generated independently of the
(x1,X2) values and are thutD random variables.

1. Estimate the four regressions separate by OLS and cortfput®variance matrices in each case. In
which of the four cases are the variancesab, c) the lowest?

2. Using the residuals from the four OLS regressions, comfauir non-parametric densities for the
and plot them at 500 equally spaced points on the intérv@]8]. Do any of the error terms appear
to be normally distributed?

3. Try to guess the distributionfs(€) that | used to generate the error terms in the four cases.

4. Using the calculated non-parametric densities fromfarbmpute four separate second stadap-
tive maximum likelihood estimate$ 6 = (a,b,c). Compare your estimated variances of éheo-
efficients in this second stage to the variances of your OtiSates in part 1 above. In which case
are these variances smaller?

5. Suppose | allow you tpool the data from the four regressions into csgemingly unrelated re-
gressionwith N = 4% 5000= 20000 observations. Describe how to get the most efficiessipte
estimates 0B by pooling your data, but taking into consideration that ¢ner terms in the four
regressions may be different, and thus, in the pooled dagaeftror terms may bketeroscedastic.
Using your proposed method of efficient pooling of the datempute your estimates éfand their
estimated variances and compare them to your results ia pamd 4 above.

6. Suppose | told you that the four densities that | used t@igea the error terms were 1) normal, 2)
double exponential (Laplace), 3) uniform, and 4) triang@ehere the latter two distributions have
support on the interval-8,8]. Describe whether you could use this information to obtagnemore
efficient estimates than would be possible using only thermétion given in part 5 above.



IV. Consider a simplastructural simultaneous equationss modékquilibrium in a commodity market,
such as corn. Suppose we believe that demand for corn isa kggiation of the form

Od = ad—bap+&d
Os = as+bsp+es (13)

In these equationgyy is the quantity of corn demanded (in aggregate) by consuarasntermediaries
(including ethanol demand), amgis the amount of domestic (and foreign) corn supplied to tie. thar-
ket, andp is the market price of corn (we assume there is only a singliebéor a single “homogenous”
guantity “bushel of corn”). Suppose that the error termsehabivariate normal distribution wheeg is
independent ofs and both have mean zero and a diagonal covariance matrix,eath having the same
variancea®. Thus the unknown parameter vector to be estimat@d-isay, bq, as, bs,0%)’, a 5x 1 vector
of unknown “structural parameters”.

1. If we impose the maintained hypothesis that the corn ni&slke equilibrium, can you write down a
likelihood function for the obsevations, if we haVeiime series observations ¢qq,0st, pt) where
we assume equilibria in successive years are independezeodf other andy = 04t = Js; is the
aggregate quantity of corn produced and consumed each year?

2. The structural model (and the associated parametern@cisidentifiedif the expected log likeli-
hood for the observed data is uniquely maximized at a “trisameter vecto®*. Otherwise it is
unidentified(including partially identified, if there is a set of parameters and not just a unique value
0* that maximizes the expected log likelihood function. In ldiger case, the set dhetathat max-
imize the expected log likelihood function are said todieservationally equivalentls structural
model of equilibrium in the corn market identified in this e&s

3. What if we allowed a non-diagonal covariance matrix (&y,€s)? Then we are trying to estimate
the upper diagonal of thex22 covariance matrix ofeq, €s). Then instead of 5 unknown parameters,
show there are 7 unknown parameter€ito be estimated. Is the model identified in this case?

4. Suppose we extend the model as follows: rainfall levelse known to affect supply but not aggre-
gate demand, and per capita incoyie known to affect demand but not supply. Now the parameter
vector isb = (aq, by, Cq, s, bs, Cs, og, o2, Od,s)’, @ 9x 1 vector of unknown “structural parameters” in
the supply/demand specification given below

Od = a4—bgp+Cay+e&d
Os = as+bsp+cCs+&s (14)

Are these parameters identified in this case. Can you thiaksohplerinstrumental variablestrat-
egy for estimating the parameters? What would be the reléwatmumentgio use the IV/regression
approach?

V. The file x.dat contains 20,000 observations from an unknown density thauld like you to try to
estimate. Download these observations and see if you canwifat density | used to generate the x.dat
file. To make your life easier | have provided a link to some Isfaicode kdensi ty. manddenpl ot . m
that will compute and plot a non-parametric kernel densityneate at 1000 points along an interjalb]
wherea andb are values you specify. In this problem, | am wiling to telluythat the support of this
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unknown (to you) density i€0,2], so usedenpl ot . mto plot the density at 1000 points equally spaced
over the interval0, 2] and plot the results (denplot includstatlab code that plots the computed density,
so if you have Matlab, you can just use the denplot functiopltd the density, you would call it as
denplot('x’,’ x,0,2)).

1. Define what we mean bylkernel density estimataf an unknown density (x) at a pointx. Write
a formula for your estimatprf(x) and define what is meant by thandwidth parameteiCompare
the kernel density estimatix) with a naivehistogram estimatoof f(x).

2. Thekdensity. mprograms assumes a Gaussian kernel and the Silverman friflerab” choice of
bandwidth,h. Show how the results vary by recomputing the density usihgradwith 50% of the
size computed by the Silverman rule, and 200% of this value.

3. Show how the results are affected if you use the Epanechki&rnel instead of a Gaussian kernel
thatdenpl ot . muses (you can go to Wikipedia for the definition of the Epandaiv kernel).

4. Suppose | tell you that | used a piece-wise linear densitghe interval[0,2] to generate the x
data. Suppose | also tell you that there are at most 4 segruetiitis piecewise linear density. Can
you determine a more efficient way to estimate the unknowsitethan the nonparametric kernel
density estimator?

5. Suppose | told you that the density | used might possiblgideontinuousas a function of x, at least
at a finite number of points in the intervid, 2. How would this knowledge affect your answers to
the questions above?



