- ECON 623
Solutions to Problem Set 4
John Rust and Pablo Salanis Macarias

I. Consider aleterministic(i.e. non-random) sequence of functiofi(6)} that are continuous functions
of 8 for 8 € ©  R¥. Supposd f,(8)} convergepointwiseto a functionf (8) for eachd € ©. Suppos®* is
the unique maximizer of (8) for 8 € © and tha®;; is a maximizer off,(0) for 8 € ©. Will {6;;} converge
to 6*7? If not, provide a counterexample, if so, provide a genambip

Answer As we discussed in class, pointwise convergence of furstismot sufficient to insure that
limne 6, = 8%, For example, le® = [0,1] (sok = 1) and letf(x) = 2x s06* = argmaxg f(6) = 1.
Define the sequence of functiofi§,} by

fn(X) = max{f (X),tn(X)], 1)
where the functiong,(x) are the “tent functions” given by
nx if xe [0,1/n]
th(X) =¢ 1—n(x—1/n) if xe (1/n,2/n| (2)
0 if xe (2/n,1]

Then it is easy to show that lim.. th(x) = O for eachx € [0,1] so {t,} converges pointwise to the zero
function, but not uniformly (since maxg 1 ta(x) = 1 for alln > 1. Further it is easy to see théf =
argmaxc (o1 fn(x) — 0, (i.e. the values ob that maximize the{ fn} functions converge to 0, and not to
0* = 1, the value fd that maximizes the limiting functiori(x) = 2x.

A. Suppose we strengthen the concept of convergencmiform convergencand assume thdtf,}
converges uniformly td. Can you prove whether or ng6;,} converges t® in this case?

Answer Yes, the result can be proved whefy} converges td uniformly. We use a proof by con-
tradiction. Suppose th#&, is a limit point of the sequencgd};} (the sequence could have multiple
limit points, and the argument below will hold for any one loétn). Suppose th#&, is not a max-
imizer of the limiting functionf (8). Then it is the case that & is a maximizer off (6) we must
havef(0*) > f(6p). Lete = f(6*) — f(6p). We now show that this results in a contradiction. You
can get an idea of why a contradiction must result from thesehic convergence diagram

fa(87) = fn(67)

a 3
f(6) > f(67) ©)

Uniform convergence of thef,} implies that if{6;, } is any subsequence ¢8;} that converges to
Bo, then limj_c, fi, (G;j) = f(6p) (you should be able to show this using ffgangle inequalityfor
norms). This is what we mean by the first downward pointingwaiin the schematic above. Also,
since uniform convergence implies pointwise convergeneehave lim_,. fn(6*) = f(6%). this is
indicated by the 2nd downward arrow in the schematic diagrthave. These convergence relations
thus suggest that it must be the case #{8p) > f(6*), i.e thatfy is also a maximizer of the limiting
function f. To prove this rigorously, and account for the possibilltgttthe sequencgd;;} might



have multiple limit points, le{8f, } be any subsequence 68} satisfying lim_... 6;, = 8o. By
uniform convergence, we can chooselasufficiently large so that

[T (B,) — f(80)| < &/3, (4)

wheree = f(g*) — f(6p) > 0 is the amount which the maximum &fin the set© exceedsf (6p). To
see this, use the Triangle inequality to get

|fn(87) — f(60)| [fn(87) — f(8r) + f(8n) — F(60)]
[fn(87) — f(8)[ +|(87) — f(Bo)|
[1a(87) — f(8n) [ + [ f(8n) — f(Bo)] (5)

where|| f|| = sup.e | f(0)|. Since uniform convergence implies that jim, || f, — f|| =0, it means
that the first term in the inequality (5) can be made as smalkaged whem is sufficiently large,
and since the f,} are continuous, it is not hard to show that uniform convecgeimplies that
the limit function f must also be continuous. Thus, for any sequefi;g that converges t@p, it
follows that the second term on the right hand side of ingtyu@d) can be made as small as desired.
Thus, if {8}, } is a subsequence ¢6;} that converges t6, the same reasoning can be shown that

there must exist d sufficiently large that inequality (4) must hold for alb> J.

IAIN

Similarly, by uniform convergence, we can chodsaufficiently large so that whep> J we have
|y (8%) — £(8%)] < /3 (6)

since uniform convergence implies pointwise convergehlmy inequality (4) implies the following

inequality holds
. €
f(e()) > fnj (enj) - é (7)

for j > J. But sincef (6, ) > f(6%) (since®}, is a maximizer offy,, wherea$)" is not necessarily a
maximizer offnj), we have

f(80) > f (6°) — 5 ®)
for j > J. Similarly inequality (6) implies the following inequait

fo, (6%) > F(8%) — = 9)
Combining inequalities (8) and (9) we get the following inafity

f(6p) > f(6") —% (10)
Inequality (10) can be written as

%s > f(0%) — f(60) (12)

However this is a contradiction, sincef§ is not a maximizer off and®* is a maximizer off, we
definede as the difference betwedi{6*) and f (6y), i.e.

£%(8) — f(80) =€ (12)

But inequality (11) is clearly inconsistent with equatidi?) and results in a contradiction. We
conclude that the hypothesis thgBy) < f(6*) cannot hold because it results in a contradiction. If
follows thatf(6p) > f(6%), i.e. the limit point8y is a maximizer of the limiting functiorf.
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B. The Arzela-Ascdl Theoremstates thaf f,} converges uniformly tdf if and only if the sequence
{fn} is uniformly equicontinuousDefine what this means and give an example of a sequence of
functions that is uniformly equicontinuous and one thatasatuicontinuous.

Answer A sequence of function§f,} (or more generally a set of functiorfs) is uniformly equicon-
tinuousif and only if for everye > 0 there is & > 0 such that for allf € {f,} (or all f € F) we
have

|f(0)—f(0) <e if||0—01<d (13)

Note that if 7 consists of the singleton s¢f }, then uniform equicontinuity just reduces to the
notion of anequicontinuous functionSo uniform equicontinuityjust means that every function in
the set# must be equicontinuous and the inequality (13) holds fohdae ¥. An example of

a non-equicontinuous set of functions is the sequence bfuestions{ f,} in the first answer of
this problem. They are not equicontinuous because the" pamt implies a jump from 0to 1 in a
distance of only 1n and thus there is no fixed value &k 0 that insures that the jump is less than
any small positive numberfor all values ofn. An example of an equicontinuous set of functions is
the sequencéf,} defined by

B 2 ifxe[0,1/2]
fn(x) - { 2(1-x) if x € (1/2’ l] (14)

n

These are also “tent functions” but ones that converge tmifoto the zero function. It should
not be hard to verify directly that this sequence is unifgrmtjuicontinuous since the maximum
absolute value of the slope of arfy is % Parts C and D below can be used to show tHat is
uniformly Lipschitavith a Lipschitz constant df = %

C. Suppose we know thaff,} is uniformly Lipschitz continuous.e. 3L < o such that’n we have
[Tn(6) — fn(8')| < L[| — 0| (15)
then show that the sequeng§,} is uniformly equicontinuous.

Answer Using the definition in inequality (13) in part B, for aay> 0 letd = €/L > 0. Then clearly
if |6— 0| < dwe have thatfn(8) — f,(6')| < € for alln> 1, so it follows that{ f,} is a uniformly
equicontinuous sequence of functions.

D. Use result C. and Taylor series to show that if e§¢cim the sequencéf,} is continuously differen-
tiable inB and we have

0
SrL]JPH% fal| <K < o0 (16)
then the sequencgf, } is uniformly equicontinuous.

Answer By the Mean Value Theorm (or Taylor's Theorem without rendain) we have
o .
fn(8) — 1n(8') = 55 fn(8) (6 ©) (17)

wheref is an element 0. The properties of norms imply
T
[£(8) — fn(8)| = | 35 Tn(B) (6 — )] (18)
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Define the constarit by
0
L= Sh’pHa_e fa(6)] (19)

Then equations (17) and (19) imply the (uniform) Lipschitequality condition (15) of Part C, and
hence it follows from Part C thdtf,} is uniformly equicontinuous.

E. Prove thatiff (8) is uniquely maximized &" in the compact domai® C R<and if { f,} converges
uniformly to f and if 6, maximizesf,, over6 € © then lim,_,, 6, = 6*.

Answer We already proved that if6,,} is a sequence such that for eat!®,, is a maximizer off,,
then if { f,} converges uniformly td, then any limit point of the sequen({én} is a maximizer of
the limiting functionf. If the maximizer off is the unique poin®* € R¥, then this implies any limit
point of the sequenc@én} converges t®*. Since any sequence of points in a compact set must
have at least one limit point, and since all limit points mastequal t®*, the unique maximizer of
f, it follows that the sequence of maximizers{df,}, {6,} converges t®-, i.e. that

lim 6, = 6* (20)

n—oo

F. Go back through parts A to F and discuss how your answeraraaiygsis changes {ff,} is arandom
sequence of functions (i.e. eaghmay also depend on one or more random variables/vectors that
make it a random function @) that convergesiniformly in6 to a non-random function (8) with
probability 1. Do the results listed above continue to hold? If the addiGtbrandomness changes
any of the key results, discuss why, if not, discuss why iha&t randomness of thgf,} sequence
does not affect our conclusions provided we qualify all desions with the words, “with probability
1" (or “almost surely”). In particular, write a definition dhe generalization of the concept of
uniform equicontinuity of the function§f,} in the stochastic case. This generalized concept of
uniform equicontinuity of sequences of random functionkriewn in economics and statistics as
stochastic equicontinuity.

Answer Basically, in each of the parts above we make exactly the smguements except in all the
appropriate places we make the qualification “for almostall'with probability 1”. There are are
also “in probability” generalizations of parts A to E abobef the “almost sure” or “with probability
1” versions are the easiest to state. For example, stoclegiicontinuity can be stated as

Definition A sequence of random functio,} which are measurable functiorfg(w,8) where
w € Q and for eac®in® f, is a measurable function af on the probability spacg, #,P) and for
almost allw € Q fy(w, 0) is a continuous function & € © where® is a compact subset ofraetric
spacewith distanced(6,6') is stochastically equicontinuotisfor eache > 0 there is & > 0 such
that for alln we have

|fn(0,0) — fn(w,®)| <€ if d(B,0') <& (21)

forwe ' C Q satisfyingP(I") = 1.
Il. Consider the linear regression model N
§y=XB*+¢€ (22)
whereg ~ N(0,02) andX is a randonK x 1 vector with densityf (X, y*), andyis aJ x 1 vector of unknown

parameters for the density &f and we assume thatandX are independently distributed. Assume we
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have access to a sampig, Xu, ..., Yn, Xn) Of N 1ID draws from this “data generating process” and we are
interested in estimating the unknown parameter veter (a2, B*,y*).

A. Write down the natural logarithm of tHell likelihood functionfor the observed datg;, X, ..., Yn, Xn)
divided byN and call thisLy/(8).

Answer N
1
Ln(8) = G 2, log (X B.0%) (X)) (23)
whereq(y|X, B,0?) is the conditional Gaussian density
2y 1 v WRV2 /92
o(y|X,B,0%) = WGXI@( (y—XB)*/20%) (24)

B. In many studies, the analyst is not so interested in thampetersy* of the distribution of covariates
f(X,y*) and is really only interested in the parameter$, B). The (average of the log) of tipartial
likelihood functionis given by

N
(@) = 5 log( (/.0 ) (25)

where f (y|X,02,B) is the conditional density of given X = X which is easy to show is a normal
distribution with mearX and variances?. Show that even though we estimdte, B) using this
partial likelihood function (and thus ignore the parametemd information contained in ths;
observations that is reflected in the full likelihood functiabove), that computing the maximum
likelihood estimates fofa?,B) by maximizing the partial likelihood function above restiin the
same parameter estimates would be obtained if we maximized the full likelihood ftina in part

A above.

Answer By the basic property of the log function, I0gx B) = log(A) + log(B) we have

Ln(8) = Ln(B,0%) +Ln(Y) (26)

where
1 N
(B%) = 3 log (o, B.0%)
N
L) = 3 log(f%.v) @7)

The functiond_y (B,02) andLy(y) are calledartial likelihood functionsvheread y (6) is called the
full likelihood function Clearly any(,52) that maximizes the partial likelihoddy (B, 02) and any
¥ that maximized.n(y) also maximize the full likelihood functiohy(6) due to the multiplicative
separability of the functions and the property of the logction.



C. Outline the argument for why thgartial maximum likelinood estimatég?, ﬁ) from part B will be
consistent and asymptotically normally distributed everugh we are ignoring the parameysand
the information contained in the densityX,y). Do you think that ignoring this extra information
will come at a cost in terms akduced asymptotic efficienof the partial maximum likelihood
estimates ofa?, B*)?

Answer Since the (partial) maximum likelihood estimator is nuroelly identical to the (full)
maximum likelihood estimators fai3,02) andy, the maximization of the two partial likelihoods
Ln(B,0%) andLy(y) separately will result in consistent and asymptoticalljcaint parameter es-
timates of(B,0%) andy and the information matrix in this case will lidock diagonal. The key
exception to this general statement is if there happen toviedapping parametersuch as3 pa-
rameters that are componentsyair vice versa. Then, which it can be shown that maximization o
the partial likelihood function will still result irtonsistenparameter estimates, it will also be true
generally that the resulting partial likelihood esitmatalit be less efficienthan the full information
maximum likelihood estimator. For example maximizing obfy(B,?) over (B,a?) will result in
consistent but less efficient parameter estimates companethximizing the full likelihood func-
tion Ln(B,02,y) if some of theB parameters oo also enter into thg parameters. The information
matrix will not be block-diagonal in this case and there Wélaloss of informatiorand hence #ss

of asymptotic efficiencgi.e. higher asymptotic variance) from maximizing the @arikelihood
Ln(B,0?) instead of the full likelihood function.

D. Compute thénformation Matrix I for the partial likelihood function and show that ithéock diag-
onal between the parametersd andp*. That is, show that if 52 g+ j is the element of the Information
maitrix corresponding to the pair of parametéos, [3* that we havelzp.; =0, j =1,...,K. Use
this result to show that this implies that the asymptotlcau:mnce matrix |mpI|es Zero covariance
betweers? andB asymptotlcally, i.e. co6?, [3 )—0,j= .,K, where cové?, 3 j) is the asymp-
totic covariance betweed? and; j-

Answer The ith
equation (27) is

in the summation expression for the partial log-likelihdadction for (3, 02) in

o9 0y B,0%)) = ~ 5 10g(2m) ~ 3109(0?) ~ (y ~ XB)?/(20%) (29)
The partial derivatives of this with respectdd andp are
2 100(0X,B.0%) = ot + (i~ XPB)?/20*
iIog(cp(y.m B.0Y) = —X(yi—XB)/o? (29)

It is not hard to show that at the true parameter val@és: (B*,0*?) that the expectations of the
gradient of the partial log likelihood function (29) is edjtmzero

0
£ {2 00001 X B.0%) | = 0 + B0~ XB)/20"} =~ 55 =0

e[ Zlogtanx B0} = ~E{Ym-XB7 = -E(Xe} P =0 @)



Now consider the Information matrix, which can be partitioned as

1::[ Iy Ino ] 31)

Iyep  Iy2g2

We want to show that the off-diagonal block of the partitidrieformation matrix is 0, i.e. that

Igs2 = 0. Writing this out explicitly, we have
— 1 E ' (\f: g 1 E ! (\y. \3
= 204 {Xi(YI—Xuﬁ)}_E {Xi(Y|—X|B) }

=0 (32)

e = E{ |55 loaloix.p.o%)

{% |Og((P(y| ’Xl B, 02))

We used the Law of Iterated Expectations to derive equaBahdnd specificallg; = (y; — XiB*)

E{X'(v—XB)} = E{X=}
= E{X'E{alX}}
= E{X/'0}
= 0 (33)

Similarly, we have

E{X/(yi—XPB)%} = E{X&’}
= E{XE{e]X}}
= E{X/0}
= 0 (34)

since the conditional expectation Bfe3|X} is zero sincee? is an odd function and the Gaussian

density is an even (symmetric) density about zero, so theaapon of an even times an odd func-
tion results in an odd function (antisymmetric about 0) thed expectation zero.

. For the full likelihood function, show that there is aldodk diagonality for the parametec®, 3
andy, i.e. we have for the following elements of the full infornoet matrix 7

Ipg, = 0, k=1,...K
gy = 0, j=1..,
Iy = 0 j=1..Jk=1..K

Use this to show that there is no loss in asymptotic efficien@stimating(a?, 3*) using the partial
likelihood function instead of the full likelihood functig i.e. both of these maximum likelihood
estimators achieve the Cramer-Rao lower bound ddr3*).

Answer We won't do all of the various combinations here since weaalyeshowed block diagonality
betweeno? andp in the partial likelihood function. We will show thdig = 0 also by appealing to



the Law of Iterated Expectations.

g = E{ | loattx.n)| | loatety ..o

%Iog(f(xi,y)): E{ [% log(e(yi X, B,0?))

|

= E

)

[E{—X/(yi — XiB)/20%|%}] }

9 Jog(f(%.y))

I
m

ay

I
m

0
alog(f(m,v))

I
m

[ XE {&]%)] /202}

)
ﬂlog(f(x,v))

{

il _

{ %bg(f(xhy))_ [—X/E{(yi — XiB)|X} /207] }
il _

{ |

[-x0] 202}

I
© m

(35)

F. Now suppose we believe there is potentiateroscedasticitin the regression, so that instead of a
constant variance?, we now believe that th§ random variables havecanditional varianceof the
form

var{§|X} = o%(X,a%), (36)
wherea™ is aH x 1 vector of unknown parameters to be estimated along fitfassume given
the result in part E above, we are not interested in estigatirand since there is no penalty for
ignoring it and using the partial likelihood, you are jusgiifito continue to do this also in this part
too). Thus, we are now estimated in estimatitig= (a*,*). For example a common specification
is to use the exponential function,

o?(X,a*) = exp(Xa*) (37)
as this ensures that the variance is always positive. Shatthith maximum likelihood estimate of

(* is a type ofweighted least squareand that the observations are weighted byitiverse of the

conditional standard deviationgge. the weight on théh observation in the weighted regression is
w; = 1/,/0%(X,a) = exp(—Xa/2) whered is the maximum likelihood estimate aof .

Answer The partial loglikeliood with heteroscedasticity is

N
L(Ba) = 3 0o@yi%.B.a)

Ly 1I Ly - X%R)2 :
- N%[_Eog(z")‘ém—<yl—>ﬂs> /2exp(Xa) (38)

Let & be the maximum likelihood estimate af It is easy to see from the partial log likelihood
function (38) thaf is the solution to a weighted least squares problem witxp(X;&) constituting

the weights
R N

B= argBmin% i;(yi —XiB)?/ exp(X;@). (39)

This is a weighted least squares problem.



G. Suppose you ignored the heteroscedasticity and justa&stip* by OLS. Would the OLS estimator
be consistent? If so, what is the “efficiency penalty” of igng the heteroscedasticity in tlgg
relative to the most efficient (maximum likelihood) estimr& (Hint: to answer this, compare the
asymptotic covariance matrix for OLS to the Cramer-Rao tdwaind forf3* and show by a direct
argument that the OLS asymptotic covariance matrix is 8drghan the asymptotic covariance
matrix for the MLE, in the sense that the difference betwéentivo covariances) given by

-1

D=0 [E{X'K}] "~ [Ipp] (40)

is a positive semi-definite matrix.

Answer Recall that the asymptotic covariance matrix of the maxintikelihood estimator of3* is
theK x K matrix Qmie given by

Quie= [Igp] (41)

This is the “Cramer-Rao lower bound” and we will compute apliek formula for this lower bound
below. Note that in equation (40) the formwd[E{X'X}]~1 is not the correct asymptotic covari-
ance matrix for the OLS estimator in the presence of hetedasticity. The correct asymptotic
covariance matrif)qs is

var{v/N(Bois — B*)} = Qois = [E{X'X}]*E{expX a*)X'X} E{X'X}] L. (42)

Only in the special case tibmoscedasticity,e. where vafe|X} = 0?(X,a*) = exp(X'a*) = 0?, is
it the case that the asymptotic covariance matrix/df( — B*) is o2[E{X’'X}]~1. But then, as we
show below, the right hand side of inequality (4@).,- will also equalo?[E{X'X}]~L. In this case
D = 0, which is trivially positive semi-definite.

When there is heteroscedasticity, i.e. when it is not the tast exppXa*) equals a single value?
with probability 1, the inequality we need to show is actyall

D= [E{X’X}]-l [E{exp(Xa")X'K}] [E{R'X}] "t - [IB*B*}_l] >0 (43)

where 0 is interpreted askax K matrix of zeros, and > 0 is just a short hand for saying that the
matrix D is positive semi-definite. We want to show that enatrix in the latter, correct, formula
(43) for the difference between the asymptotic varianoggance matrix of the OLS estimator and
that of the maximum likelihood estimator is positive serafidite when there is heteroscedasticity.
This implies that the OLS estimator will be consistent baslefficient than the maximum likelihood
estimator in the presence of heteroscedasticity. Firstdeveve an explicit formula forg.p.. We
have

Ipp = E{Xe®X/exp(2Xa*)}
= E{E{e}IX}X'X/exp(2Xa*)}
= E{expXa")X'X/exp(2Xa*)}
= E{exp(—Xa*)X'X} (44)

Since the information matrix is block-diagonal (as we shdabove), the covariance matrix of the
maximum likelihood estimatof, is the inverse ofz-g-. This is equals (leaving out thesubscripts)



[E{exp(—Xa*)X’X}]~L. By the Cramer-Rao Theorem, maximum likelihood is asmeadigi effi-
cient, so it follows that the asymptotic covariance matfithe OLS estimator, which is not efficient
when there is heteroscedasticity, is greater than the asyimpovariance of the maximum likeli-
hood estimator, so the difference matxn equation (43) is positive semi-definite.

To show this via a direct argument, consider the asymptasitilution of the following X x 1

vector .
\/N(Bols - B*)
NZLn(B",a")

whereLy(B*,a*) is the partial log-likelihood function (38) aridis the K x 2K matrix

] = N(O,I) (45)

o { [E{X'X}]2[E{expXa®) XX} [E{X'X}] ! (46)

I E {exp(—Xa*)X'X}
We will show why the off-diagonal blocks df equal theK x K identity matrix| shortly. But for

now, focus on the main implication: sin€ds a covariance matrix, it is positive semi-definite. Given
anyy € R¥, define the vectok € R by

Y
A= GG~ 47
[ [—E{exp(—Xa*)X'X}] ty ] (7)
Then sincd is positive semi-definite we haveél'A > 0. Writing out this quadratic form, we have

NTA = VY [E{X'X}]E{exp(Xa*) XX} [E{X'X}] - [E{exp(Xa")X'X}] ]y
yDy> 0. (48)

Sincey is an arbitrary vector iR, it follows that the difference in the OLS asymptotic cogaie
matrix and the Cramer-Rao lower boubdn equation (43) is positive semidefinite, as predicted by
the Cramer-Rao Theorem.

We have one loose end to tie down. As promised above, we nezadctalate the asmptotic covari-
ance matrix for/N(Bois — B*) and \/N(;’—BLN(B*,O(*) and show it equals th x K identity matrix.
We can write

- -1
VN(Bos— B | _ [ [&sraxx] ™ [Fg sl
\/N 0 L %~k - 1 N KA/ (49)
B N(B ,a ) \/—Nzi:lqu—XiC( ))<l €j
We apply the Central Limit Theorem to the independentlyritisted random vectors entering the
normalized sums in the expression on the right hand sideuadtem (49) to get

[ \/N(Bols - B*)

NGB o) ] = Z~N(0,T) (50)

where 0 is a K x 1 vector of zeros anfl is a K x 2K variance-covariance matrix that can be

partitioned as
_ QoIs C
= { C  Ipp ] G

10



TheK x K matrixC in equation (51) is the asymptotic covariance/0d(Bys— B*) and\/Na"—B Ln(B*,0%).
We can compute this covariance as the covariance of the tarthe normalized sums in equation
(49) above. That s,

C = cov([E{X'X}]” 1Xsexp( Xa*)X'e)
= {E {X'X ] e2exp(—Xa*)X]}

= [E{X'X}]” [E{E{sz\x}exp( Xa*)X'X}]
= [E{ )~()~( 1t [E{expXa*) exp(—Xa*) X'X}]
~ [E(%R)] " [ERR)

— . (52)

The argument we used above to show that OLS is inefficientivelto the maximum likelihood
estimator (which achieves the Cramer-Rao lower bound) snei@l one and is not specific to this
example of the normal regression model with heteroscamilgstirhough | certainly did not expect
this as part of the answer, here is how the argument worksigé¢heral case.

Cramer-Rao Lower Bound Consider IID observationgx } from a density {x,0*) that satisfies
certain regularity conditions, particularly tha@* is an interior point of a compact parameter space
© c R¥ and that f(x,0) is twice continuously differentiable with respect@éor almost all x, and
that all relevant moments dbg(f(X,8)) exist including the expectation of the gradi%@étf (X,8)

and the hessia@%f(i 8) for all 8 c int(©). LetBy be any CAN estimator of & based on N
IID observations{x,} from f(x,0* (where CAN is an abbreviation for Consistent, Asymptdiical
Normal) then ifQ is the asymptotic covariance matrix ¢fiN (GN —0*) we have

D=Q—[l] *>0 (53)

i.e. the difference between the asymptotic covariance ixntair \/N(éN —0*) and the maximum
likelihood estimator/N (8, mie— 6*) is a positive semidefinite matrix D.

Proof As we did above, we want to show that

\/N(én - 9*) ] 7
— Z~N(O,I 54
whereLy(0) is the log-likelihood function
1 N
Ln(®) = 7 3 og(1(x.8) (55)
and O is a K x 1 vector of zeros, anfl is a X x 2K variance-covariance matrix that can be parti-
tioned as
Q C
= [ C Iye ] : (56)

If we can show thaCy = cov(v/N(By — 6%), aeLN(G*)) — | asN — o, then we can apply the
same argument as we did above in the normal regression wihdseedasticity (see equation (48))
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to show thatD > 0. So to show tha€ = I, first note that sincéN is a consistent estimator by
assumption, it mustonverge in mean t6 for any0 € ©. That is, we have

’\IliTmE{éN 6} = 6. (57)

To make sure you understand formula (57), note that we useahditional expectation notation
to reflect the possibility that there are different possi@&ies of the “true paramete8*. If Oy is

a CAN estimator of a parametér, its expectation will generally depend on the value of the tr
parameteB*. We want to consider estimators that “work” regardless oawthe value of the true
paramete®* might be, and thus in the discussion below we drop«tlseperscript and simply treat

0 as the “true” parameter value. That is, we assume that tteevdatobserve arBD draws from
the densityf(x,8). Thus we can writeE{6y|6} as a more explicit notation that emphasizes the
dependence of the expectationémfon value off.

We do impose additional regularity conditions to insuret ffiegardless of what the true valie
might be, it should bestimable. Another way of saying this is that we need to impose another ke
regularity condition, namely, that as we vary the true partan®, it should always remaiidentified.
This is mathematically equivalent to the requirement thatexpectation of the random function of
theta lod f(X,0)) is uniquelymaximized at a value d that equals the true paramefteregardless
of which 8 € © we happen to pick, i.e.

Vo€ ® 6=argmaxt{log(f(X 0)/6} =argmaxd € G)/Iog(f(x, 0)f(x,0)dx  (58)
6'co

and
vee® if 6 #6 then E{log(f(X 6)6} <E{log(f(X 6)0)}. (59)

Let's assume that the identification does hold, we now cendiking the gradient {6y |6}). If
we take the gradient & {6y |0} with respect td on both sides of equation (57) above, we get

o[, A 0
%[I\IllgnmE{eNye}] = %9
. 0 _ »
Nn%[%lz{eme}] = 1. (60)
We now show that
O — cov(VR(Bh — ). V2L (9)) - [%E{éme}} , (61)

so equation (60) implies that I, Cy = C =1, which establishes the result. So we only have to
show that equation (61) holds. Note ti&{0y } can be written explicitly as

E{éN}:/.../[éN(xl,...,xN)_ﬁf(m,e)

where we have written the estimator as a function of the éﬁ(&l, ...,Xn) to emphasize that any
estimator is just some (measurable) function of the datd,garen that{x } arellD/ observations

dxgdxe- - - dxy, (62)
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from the densityf (x,6), the joint density of(x; } is just MY, f(x,0). Now taking the gradient of
E{6n} with respect td we have

R R N
%E{GN}://GN(XJ_,,XN) [a;ae!jlf(xhe)] dxg---dxy. (63)

the parial derivative of this expectation with respect te Hypothesized true parameter valie
Equation (63) is an explicit formula for this derivative. Wave write

N N
|_l f(x,0) = eXp( |09(f(><a,9))> (64)

i=
So we have

o~ N oo N
%.l]f(m,e)z [_;%Iog(f(m,e))] []‘lf(m,e)] dxq - - - dxy. (65)

So using equations (60) and (63) we obtain

/.../éN(Xl,...,XN) [a%ﬂf(xi,e)] dxq - dxy
N 9 N
/.../[_Zia_elog(f(xue))] [_rlf(xi,e)] dxg - - - dxy

_ NE{@N%LN(GNG}
_ E{ﬁéNm%LN<e>|e}

0 -
a—eE{9N|9}

S CL RN

= cov(v'N(Bny —6),VN a%LN(e)). (66)

In deriving equation (66) we used the result tﬁ%"—e Ln(8)|8} = 0. This follows from the identifica-
tion assumption th& is the unique maximizer over dlc © of the functiong(6') = E{log(X,6)|6}.

We also used the result that:OE{eg’—eLN(e)]e}. This result holds because the expectation is over
the random variable&«, . .., Xy), so thatd factors out as follows

9 d
E{G%LN(G)‘G} GE{%LN(GMG}
= 60
S (67)

since as we already notedd € int(©) we haveE{log( f(X,0')|8} is uniquely maximized at an inte-
rior point of ®, so this implies thaE { % log( f (%,6)|6} = 0 which implies also thaE { &L (6)|6} =
0.
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H. Suppose you cannot find a program to maximize the parkialiiood function when there is the
exponential specification of conditional heteroscedigtice. 02(X,a) = exp(Xa) but | propose
the following three step procedure as an alternative:

1. Do OLS and using the first stage OLS estimatesf}‘&g, compute the estimated squared
residualsp? = (y — XBgs)? i =1,...,N.
2. Do a regression with the log of these squared residuateadependent variables,

log(0?) = Xa+v;, i=1,...,N (68)

to obtain the OLS estimates afs.
3. Using the OLS estimateg, g do a weighted least squares to obtain “second stage” essmat

for B3swis

N 2

5 : yi — XiB

B =argmin <+> (69)
BERK izl exp(Xido|s/2)

Discuss the pros and cons of this three step approach eetatimaximum likelihood. Compare the

asymptotic efficiencies of the three step “feasible weidhéast squares” estimator Bf Baswis t0

the maximum likelihood estimatog|e-

Answer The three step procedure outlined above will generally motlyce consistent estimates
of a* and will generate inefficient g*. The reason is that the regression (68) will generally not
produce consistent estimatesoof and without consistent estimatesaof the third stage weighted
least squares regression (69) will not be using the righgitsito achieve the Cramer-Rao lower
bound.

Why does the regression (68) result in inconsistent paemestimates ofi*? It is not due to the
use of the (log of) the sequared regression residuaisstfead of the log of the square of the true
regression error terme as the dependent variable in equation (68). Even if we werggubke log

of squares of the true error terras we show that a regression will result in inconsistent patam
estimates ofi*. Note that the following regression equatidoes hold

€2 = exp(Xa*) +n; (70)

whereE{n;|X} = 0. This holds by construction since we assumed that undéntéelata generating
mechanism, the conditional varianceypfwhich is also the conditional variance &fis exp(Xo*).
But sinceE{g|X} = 0, it follows that the conditional variance ef is equal toE{e?|X}. Then
equation (70) is just telling us that the realized squareor ¢ermg; equals its conditional expecta-
tion expX;a*) plus an error termm;, and by th properties of conditional expectations and th& La
of lterated Expectations, it follows th&t{n;|X} = 0.

However it is invalid to take logs of both sides of equatiof)(@nd proclaim thaE {log(e?)|X;} =
Xia*, ignoring the presence of the error term In fact, we can use Jensen’s inequality to show that

E{log(e?)|X;} < Xia* (71)

so it follows that even in the best case where we were ablegdheastrue error terms, the second
stage regression in equation (68) will generally not be isbest fora™.
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However if we did thenonlinear regressiorbelow using the squares of the first stage regression
residuals{(; }, then we can show that this nonlinear regression generallyesult in consistent

estimates ofr*.
02 = exp(X0*) + ¢ (72)

Thefiler egressi on. out contains a 1008 3 data matrix where the first column contalis= 1000
observations on the dependent variajgleand the second two columns contagy andX; », two
explanatory variables in the regression of interest

Yi = B1+ BoXi 1+ BaXi2 + BaXi1Xi 2 + B5)<i?1 + BeX2 + & (73)

where
0%(X;, 0) = exp(ay + 02X 1 + A3Xi 2+ 04X 1% 2 + 05 X7 + 06X%) (74)

Estimate(p,a) using both the partial maximum likelihood approach and tis¢a8e estimator dis-
cussed in part H above and compare the point estimates anokappte standard errors (computed
from the estimated asymptotic normal distribution, butiatgd for sample sizd). For each of these
estimates, conduct a Chi-square test of the hypothésisyy = 0,1 = 2,...,6. For each estimator
(MLE and 3 step weighted least squares) reportrifagginal significance levebf the test of this
hypothesis.

lll. Thefileadaptreg. out contains a 500Q 6 data matrix. The first four columns are dependent variables

(Y1, -

..,Y4) in four identical regressions

Yi = a+bxXx+CxXo+ & (75)

wherey; is the dependent variable in the regression grid the error term in the regression equation. |
generated the; (i = 1,...,4) from four potentially different unknown densitidge) which your job is to
try to determine. | also want you to estimaas, efficiently as you possibly cahge three unknown regres-
sion coefficientd = (a,b,c). For simplicity | have used the samgandx, covariates in each regression
and the only thing that changes is the error terms. The esrorse; were generated independently of the
(x1,X%2) values and are thutD random variables.

1.

Estimate the four regressions separate by OLS and corttfpit®variance matrices in each case. In
which of the four cases are the variancesab, c) the lowest?

. Using the residuals from the four OLS regressions, comfmutr non-parametric densities for the

and plot them at 500 equally spaced points on the intér@l8]. Do any of the error terms appear
to be normally distributed?

. Try to guess the distributionfs(¢) that | used to generate the error terms in the four cases.

. Using the calculated non-parametric densities fromZyardompute four separate second stadep-

tive maximum likelihood estimate$ 6 = (a,b,c). Compare your estimated variances of éheo-
efficients in this second stage to the variances of your OtiSates in part 1 above. In which case
are these variances smaller?
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5. Suppose | allow you tpool the data from the four regressions into aeemingly unrelated re-
gressionwith N = 4x5000= 20000 observations. Describe how to get the most efficiessiple
estimates 0B by pooling your data, but taking into consideration that ¢ner terms in the four
regressions may be different, and thus, in the pooled dageerror terms may bleeteroscedastic.
Using your proposed method of efficient pooling of the datempute your estimates 6fand their
estimated variances and compare them to your results i parnd 4 above.

6. Suppose | told you that the four densities that | used teigeea the error terms were 1) normal, 2)
double exponential (Laplace), 3) uniform, and 4) triang@ehere the latter two distributions have
support on the intervdl-8,8]. Describe whether you could use this information to obtaenemore
efficient estimates than would be possible using only therintion given in part 5 above.

IV. Consider a simplatructural simultaneous equationss modékequilibrium in a commodity market,
such as corn. Suppose we believe that demand for corn isa lggiation of the form

Qs = ag—bgp+eq
Os = as+bsp+es (76)

In these equationgyy is the quantity of corn demanded (in aggregate) by consuarasntermediaries
(including ethanol demand), amgis the amount of domestic (and foreign) corn supplied to ti&. thar-
ket, andp is the market price of corn (we assume there is only a singh&ehéor a single “homogeneous”
guantity “bushel of corn”). Suppose that the error termsehawbivariate normal distribution wheeg is
independent ofs and both have mean zero and a diagonal covariance matrixgath having the same
variancea®. Thus the unknown parameter vector to be estimat@d-gag, bq, as, bs,0%)’, a 5x 1 vector
of unknown “structural parameters”.

1. If we impose the maintained hypothesis that the corn nhdshe equilibrium, can you write down
a likelihood function for the observations, if we haVetime series observations @qy,Ost, Pr)
where we assume equilibria in successive years are indepeatfieach other angf = dq; = Qs¢ IS
the aggregate quantity of corn produced and consumed each ye

2. The structural model (and the associated parametern@ci®identifiedif the expected log likeli-
hood for the observed data is uniquely maximized at a “trisameter vecto®*. Otherwise it is
unidentified(including partially identified, if there is a set of parameters and not just a unique value
0* that maximizes the expected log likelihood function. In ldiger case, the set thetathat max-
imize the expected log likelihood function are said todiservationally equivalentls structural
model of equilibrium in the corn market identified in this e@s

3. What if we allowed a non-diagonal covariance matrix (fy,€s)? Then we are trying to estimate
the upper diagonal of thex22 covariance matrix ofeq, €s). Then instead of 5 unknown parameters,
show there are 7 unknown parameter$ o be estimated. Is the model identified in this case?

4. Suppose we extend the model as follows: rainfall levelse known to affect supply but not aggre-
gate demand, and per capita incoyie known to affect demand but not supply. Now the parameter
vector is@ = (ag, by, Cq, as, bs, Cs, 05, a?, Ods)’, @ 9x 1 vector of unknown “structural parameters” in
the supply/demand specification given below

Jd = ag—bgp+cCay+e&d
Os = as+bsp+cs+&s (77)
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Are these parameters identified in this case. Can you thiaksohplerinstrumental variablestrat-
egy for estimating the parameters? What would be the relévsinumentsio use the 1V/regression
approach?

V. The file x.dat contains 20,000 observations from an unknown density thaiuld like you to try to
estimate. Download these observations and see if you canwifat density | used to generate the x.dat
file. To make your life easier | have provided a link to some Ielacode kdensi ty. manddenpl ot . m
that will compute and plot a non-parametric kernel densityneate at 1000 points along an interjalb]
wherea andb are values you specify. In this problem, | am wiling to telluythat the support of this
unknown (to you) density i€0,2], so usedenpl ot . mto plot the density at 1000 points equally spaced
over the interval0, 2] and plot the results (denplot includtatlab code that plots the computed density,
so if you have Matlab, you can just use the denplot functiopltd the density, you would call it as
denplot('x’,’x,0,2)).

1. Define what we mean bykernel density estimataf an unknown density (x) at a pointx. Write
a formula for your estimatorf (x) and define what is meant by thandwidth parameteiCompare
the kernel density estimatgx) with a naivehistogram estimatoof f(x).

2. Thekdensity. mprograms assumes a Gaussian kernel and the Silverman frtlerob” choice of
bandwidth,h. Show how the results vary by recomputing the density usibhgralwith 50% of the
size computed by the Silverman rule, and 200% of this value.

3. Show how the results are affected if you use the Epaneahtiérnel instead of a Gaussian kernel
thatdenpl ot . muses (you can go to Wikipedia for the definition of the Epandaiv kernel).

4. Suppose | tell you that | used a piece-wise linear densityhe interval|0, 2] to generate the x
data. Suppose | also tell you that there are at most 4 segnueethiis piecewise linear density. Can
you determine a more efficient way to estimate the unknowsitlethan the nonparametric kernel
density estimator?

5. Suppose | told you that the density | used might possiblgieontinuousas a function of x, at least
at a finite number of points in the intervié, 2]. How would this knowledge affect your answers to
the questions above?
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