ECON 623
Answersto Problem Set 2
John Rust, Fall 2010

|. Read chapters 3, 5, 8, 9 and 10 of Morris Degr@yitimal Statistical DecisionsicGraw Hill, 1970.

Answer

Everyone is assumed to have done this and we give pointsioasha free bonus.

II. ConsiderBayesian estimationf the paramete® where{Xy,...,Xy} areN 1ID observations from a
density 1x|8) wheref is aK x 1 vector of unknown parameters to be estimated. Here we a&sthatyou
have aprior distribution over 6 represented by a density0).

1.

Answer

Answer

Write a formula for theposterior densityf 6 given the observation§X, ..., Xy}

Using Bayes Rulef the prior density isp(6) and we use the shortharfdX|0) as the conditional
density of the datX given®, then the posterior ig(8|X) given by
F(X|6)p(6)

PO = T xie) plerjae W

In the case ofID sampling we have foN observations from the parametric densityx|0) the
relevant conditional density fof = (Xi,...,Xn) given@ is

N
f(x/6) =[] f(x/0) )

. Supposef (x|8) is a normal distribution with an unknown mearbut aknownvarianceo? = 1.

Suppose your prior distribution fqx is Normally distributed with mean of 1 and a variance of 1.
What is the posterior distribution fd& in this case?

The Normal family of distributions is an example ofcanjugate prior familyas discussed in the
DeGroot chapters. 1f(0) is a normal density, then if the da¥ are normally distributed, then
the posteriomp(X|6) will also be a normal distribution. Specifically, in this esthe only unknown
parameter i® = y, the unknown mean of the normal distribution for the datap(B) is such that
the prior beliefs ar® ~ N(1,1) (i.e. if your beliefs about the unknown megrtan be represented
as a normally distributed random variable with expectededl and variance 1), then the posterior
distribution p(8|X) (whereX = (Xy,...,Xy) is a normal distribution with varianca?(X) given by

0%(X) = —— 3)
and meamu(X) given by
N
M(X) = 0%(X) <1+_Zl>ﬁ>- 4)
1=
Notice that if we have no datdy = O, then the mean and variance of the posterior distribution

reduce tou(X) = 1 anda?(X) = 1, i.e. if we observe no data the posterior distribution &t jour
prior distribution which isN(1,1). Note also that asl — o we have that?(X) — 0 and with
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probability 1 (by the Strong Law of Large Numbegg)X) — ", wherey* is the true parameter of
the normal density for the data, i.% ~ N(u*",1). This implies that the posterigy8|X) converges
in distribution to a unit mass on th€, i.e. the Bayesian eventually learns the true uknown npgan
and is absolutely certain about it Bs— O.

3. Use what you know so far about asymptotic theory to showt Wajppens to the posterior distribution
asN — oo, Does the posterior distribution converge in some senskedttue” parametef* (the
true parameter is the parameter that “nature” uses for taga“denerating mechanism”, that is the
data are assumed to be draws from the denki®0*)). Do you need to make any assumptions
on your prior p(6) when you determine these asypmtotic properties of the Bayestimator? In
particular, what happens & is not in the support op(6): can the posterior distribution converge
to the trued* in this case?

Answer The resultin part 3, namely that in the normal case, the Baggmsterior distribution converges to a
point mass on the true unknown parameter generating theltdts more generally. Suppose in the
general case th&" is the true unknown parameter generating the observedXdatdXs, ..., Xy),
so that as above the density for a single observa¥ois f(X|6*) and the observations attb
observations from this density (which is unknown to us simeedon’t know6* although we do
have prior beliefs about its possible value given by therpgiensity p(6)). Let p(6]Xy,...,Xy) be
the posterior density, and assume tBais in the supportof the prior. In the simplest terms this
means thap(6*) > 0 (so the Bayesian believes that there is a positive deritythe true parameter
is 8*), or more generally it means that we can find a little ball diuae > 0 centered 0®*, B(6*,¢)
and theprior probability that 8 falls into this ball is positive:

Pr{B(6",¢)} — /e 1{6/ €B(8".€)} p(6)d’ > O, 5)

for somee > 0. Now to show that the posterior distribution converges fment mass at the true
value,8*, it suffices to show thdbr anye > 0 theposterior probabilitythat6 falls in the ballB(6*, )
converges td with probability 1. That is, we have with probability 1,

ve>0 lim | 1{6 cB(6"e)} p(O/|Xs,.... Xn)dO = L (6)
—00 e/

Sincee > 0 is arbitrary, it follows that the posterior densiy8|X, ..., Xn) converges in distribution
to a unit mass on the true parame@ér(note also that the posterior densities emadom densities
since these densities depend on the d4ia. .., Xy) and the data are random variables).

To show the result above, it suffices to show that for @rtipat is more than a positive distange

away from the trué®* we have
’\lllm p(6|X1,...,XN) =0. (7)

(thus, if the density is zero in the limit for ary further thane from 6%, the probability of being
within € of 6%, i.e. of lying in the ballB(6*,€), must be converging to 1).

To do this, we show that thgosterior ratio g8|Xy,...,Xn)/p(6%|Xy,...,Xn) converges to 0 with
probability 1 wherB # 6* (note that ifd = 6* then clearly the posterior ratio equals 1). Note that
the posterior ratio is closely related to thieelihood ratio

8Xq,..., % N (X8 o
= (Qﬁff(gﬁe*))) (Sée)>> ®)

p(e*’xl, ... ,XN)
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By our assumption thd" is in the support of the priop(6*) > 0, so the ratio of the prior densities
is a finite positive number (possibly zero). If the ratio oétpriors is strictly positive, then we
can prove our result by showing that the likelihood ratice(first term in parens in the equation
above) tends to 0 with probability 1 & — o. This is a consequence of tleensistency of the
likelihood ratio statistic(i.e. the likelihood ratio test statistic will eventuallgject any hypothesis
testH, : 6 = B, for any 8, # 0.

However a more direct way to see that this is true is to notewieacan write the likelihood ratio,

LR(6,6*) as
" My f(%i[6)
LR(6,6%) = exp(log <7 9)
MLy f(Xi16%)
Now note that using properties of the log function we can rewhis as
6,0" 1le S 1le 0"
LR(6,6%) =exp| N Ni;og (X )—Ni;og (X107) ] |- (10)

Note that by the Strong Law of Large Numbers, for &we have with probability 1,

1N )
fim, 5 3 1og 1(X[6) = [ 1og(f(x18))f(x(8")dx (11)

and recall by thénformation Inequalitythat if 6* is identified(i.e. for any@ # 6*, there is positive
probability thatf (X|0) # f(X|6*)), then we have

/Iog(f(x\e))f(xye*)dx< /Iog(f(x\e*))f(x\e*)dx (12)
It follows that with probability 1, we have
1Y 1
,\IliLnoo <N i;Iogf(xi\e) N i;Iog f(XﬂG*)) <0, (13)
which implies by equation (9) that with probability 1 we have
|\I|iano LR(6,6%) =0. (14)

Since the likelihood ratio converges to zero with prob&pili, so does the posterior ratio, and this
implies that in the limit the posterior distribution placasro probability on any value df outside

an arbitrarily small ball of radius about8*. But since probability densities must integrate to 1, this
implies that in the limit the posterior places all mass (a nmass) on the single poifX', i.e. the
posterior converges in distribution to a unit massédn The interpretation of this result is thas
long as the Bayesian does not rule out the possibility thatried could equal the actual valu@",

the Bayesian will ultimately learn the true val@ewith probability 1 as he/she gets more and more
data and N— oo, A simpler way to say this is that the Bayesian posteriaigsistent.

[11. The supportof a distributionF on a metric spac® is the smallest closed subsetXthat has proba-
bility 1 under the distributior-. Prove that iff1 is a prior distribution over a parameter space that is some
Euclidean space or metric spa€g that if a statistician observes datdrom a density (data generating
process)f (x|6%), and forms a posterior distribution (6|x), the support of the posterior distribution is a
subset of the support of the prior distribution.



Answer This follows from the Bayes Rule formula (1) in problem II-/An easy way to show this is to show
that if p(6|X) > 0 thenp(B) > 0, i.e. if the Bayesian puts a positive posterior densitya@me some
0 in the parameter space, then it must be the case that theiBayesl positive prior density for
this 6 as well. This implies that the support of the posterior distiion is a subset of the prior
distribution.

IV. Section 10.1 of DeGroot discusses the concept afrgamoper priorand gives an example of a normal
distribution with unknown meaw. The improper prior is taken to be a uniform distribution otee
real line. In what sense is this an improper distribution?erEif this prior is improper, if we follow
mechanically the equation for Bayes Rule and derive thesposdistribution, prove that with an improper
“flat prior” for w, the posterior distribution after observibgobservationgx,, ...,xy) from a distribution
N(w, 1) is a normal distribution with meaXy, the sample mean,

— 1 N
XN = Nzlxu (15)

If we try to make the prior a proper prior by, say, limiting theor distribution to be uniform on a compact
interval, say{—b, ], is it then possible for the posterior distribution to bematly distributed with mean
XN?

Answer A uniform distribution cannot have support over the entealrline for the following reason. A
uniform density is a density that satisifipsw) = k for some positive constakt> 0. If k=0 then
the density cannot integrate to 1, so we must Haze0. However if the support d is the entire
real like (or more generally any unbounded subseRpfthen the integral of this uniform density
equalseo which again does not equal 1, the value required fpraper density functionHowever
mechanically inserting this improper uniform prior intatequation for the posterior distribution in
equatin (1) we see that the prior cancels from numerator andminator. In this case the likelihood
of the data is

rlfm N/zep{ Zlm ©?/2} (16)

Using the trick of “completing the square” in the sum in thghti hand side of this expression we
can re-write this as

rlfm [ PSRRI p{Zim %) “—exp{ (@=Xn)?/@/N)}. (@)

Notice that the second factor in brackets on the right hadd sf equation (17) is a density of a
normal distribution forw with meanXy and variance AN. Thus, we have rewritten the expression
for r]iN:1 f(x|w) (the likelihood for the(xy, ..., XN) conditional onw) as a (finite) proportional factor
that is only a function of the data and rwt(the first expression in brackets on the right hand side
of equation (17)), times a normal density f@rwith meanXy and variance%. This implies that
even if we integrate ovap using an improper prior over the entire real line, the ingdgyill still be
finite. Normally with an improper prior, we would expect ththe denominator in the equation for
p(wlx1,...,%n) in equation (1) would equal infinity, but with the trick abowee see that the integral
in the denominator can be written as

/rlfx.|ood6’ \/_( N/zexp{zlx. x2)} (18)



which is indeed finite. Indeed, the first factor in bracketstloa right hand side of equation (17)
above cancels out in the numerator and denominator of thatieguor p(w|Xy,...,%y) in (1), so it
follows that in this casahe use of an improper prior still leads to a proper posteritensity forc.

In fact, applying the same arguments above to the numerapoession for the posterior (using the
general formula (1)), it is easy to see now that the posteléorsity for the improper flat prior is a
normal distribution with mealXy and variances.

Another way to see this result is to treat an improper flatrpai®a limit of proper Gaussian priors
with a variance that tends te. As the variance of a normal distribution gets larger anddarthe
density becomes flatter and flatter, and it also convergesrtm £onsider the case where the prior
parameters of the prior fan are wy ando%. That is, consider a proper prior fovthat is a normal
with meanwy and variancen%, i.e. W~ N(ooo,cr%). Now since the normal is a proper conjugate
prior family, extending the answer to problem II-B slighttiie posterior distribution fow given N

IID observations from &l(w*,0?) distribution (whereo? is a known variance), isl(w(X),0%(X))
where

-1
G?(X) = (é ; %) , (19)

andw(X) is B
w(X) = 0%(X) <%+%> (20)

where agairKy is the sample mean of = (xg,...,Xy). Now asg3 — oo, stretching out the proper

normal prior into an improper flat prior, the posterior meamwerges to

2
o
lim o’(X) = —
0'(23~>co ( ) N
lim oo(X) = YN, (21)
GgHOO

so by either approach the posterior distribution for normabel with unknown meaw* and known
varianceo? when you are using an improper flat prior over the entire rieal s aN (Xy, %2) distri-
bution. Clearly as\ — o this proper posterior distribution converges in distribatto a unit mass
onw*.

A final way to see the answer is to construct a proper prior tweinterval[—K,K]. This prior has
valuep(w) = % and converges to 0 & — c. However it not hard to show that for any fixed K the
posterior distribution in this case is no longer normalhstlibuted. In particular, the support of the
posterior must be a subset of the support of the prior digioh, which is the interval—K,K], as
we showed above in problem IIl above. Since the support ofrenabdistribution is the entire real
line, the posterior distribution in this case cannot be armaddistribution. It is not hard, however, to
show the posterior is uncated normal distributionFurther, as — oo, the support expands to the
entire real line, and posterior converges in distributioN{ Xy, "WZ) just as in the case of limiting
proper Normal prior derived above.

V. Consider the normal regression model
Yi = XiB+¢ (22)

wheree ~ N(0,0%) andX; is k x 1 vector that is a draw from some joint distributi®i(X) with density
f(X) that does not depend @@or o2.



A.

Answer

Answer

Write thefull likelihood functionfor the observationsy;, X;), i = 1,...,N. Show that maximizing
this likelihood £(y1, X1, ..., yn, Xn|B,02) over the unknown parametes= (B,0?) is the same as
the result of maximizing theartial likelihood functiongiven by

1
V210

N
Lo(Y1,-- YN, Xgy -, Xn) = l_l exp{—(y; — XiB)?/20°} (23)

Let the density for theX covariates bef (X). We assume that does not depend on the unknown
parameters of interesd,= (B,0?). The full likelihood is then

Le—Nf-mefm— 1" Nin Nex — XiB))?/20° (24)
© =[] 101060 = (5 ) (700 ) { [exet—tn—x?/20)

and so itis evident that the part of the likelihood corregting to the likelihood for théXy, ..., Xn)’s

is just a product of their marginal densities and factorsasua positive multiplicative constant that
does not affect the result of the maximization o@et (B,02). Thus, in this case maximizing the
partial likelihood ove® gives the same result as maximizing the full likelihood d¥and so there is
no loss of information from ignoring the marginal densitytloé X; observations. However if (X;)

did depend o® this would no longer be true and there would be a loss of infdimm from ignoring
the part of the likelihood for thd (X;|8) densities, and maximizing the full and partial likelihood
functions will no longer result in the identical valuesé)fHowever,extra credit,can you show that
maximizing the partial likelihood function still results a consistent (but less efficient) estimator of
0?

. Suppose you have a prior densit§f) for 8 = (B,0?). Show that the posterior density8|y1, X1, . .., Yn, Xn)

does not depend on the densft§X) of the X covariates.

Just observe that if (X) does not depend on the parameters, it factors out of thehdad function
for the (y;,X) data as a multiplicative constant and therefore cancelsobtite numerator and
denominator in the equation for the posterior density in (1)

. Suppose you have a non-informative prior oemd thelogarithm of 0. Specifically assume that

the joint priormi(B,log(c?)) O 5. Show that the posterior distribution f@rconditional ono? and
(Y1, X1,---,Yn, Xn) IS @ multivariate Normal distribution with meghand covariance matriX given
by

— X/x)—lx/y

= o?(X'X)™ L,

MT»

whereX is theN x k matrix of independent variables

X112 X2 -0 Xik

X1 Xoo oo Xok (25)

XN Xon o0 XNk

X =



Answer

andy is theN x k vector of dependent variables in the regression

Y1
y=1%2|. (26)
YN

This is a generalization of the answer to problem 1V above aAswer (and full derviation of it) to
this can be found in Edward Leamer’s classic bdggecification Searches: Ad Hoc Inference with
Non Experimental Datdohn Wiley and Sons, Inc., 1978. Alternatively the answerlzafound on-
line athttp://ww. bi ostat.um. edu/ sudi ptob/ph8472/ Bayesi anLi near Model . pdf . 1 will
sketch the answer below for convenience. Once again thiegyrés to show that when there is
a flat prior overp (a K x 1 vector now) that when we do the multivariate integratioerathe3’s

in the denominator of the general formula for the posteristribution in equation (1) above, the
denominator does not “blow up” but instead has a finite vadne, this value cancels out in both the
numerator and denominator of the equation for the posteligiribution in equation (1), resulting
in a posterior distribution fof that is a normal distribution with the mean and covariancérimna
given above — the standard OLS regression formulas for th8 €dtimator of3 and its covariance
matrix. The trick is to convert the formula for the integraleo 3 of the density of the product of
the f(yi|Xi, 3,0?) terms in the denominator of the formula for the posteriotritigtion in equation
(1) to re-write it as a factor that does not dependfotimes the integral of multivariate normal
distribution over3 which will integrate to 1. Thus, we will show that we can write

/Bﬂf(yi%B,c;Z [r!g ¥i, %i,02) ]/QJ(B\B 2)dB = [I’!g ¥i, Xi,02) (x,)]

(27)
whereg(Yi,Xi,oz) is a function of(y;, X;) that does not depend gh(which we will derive below)
and (p(B]B,i) is a multivariate normal density fgs with meanf3 and %, where the formulas for
these are the OLS formulas given in equation (25) above. thatesincep is a multivariate normal
density, the integral of this density over flic R€ equals 1, a fact we have used in equation (27)
above. To derive the decomposition in equation (27), naé smcef (y;|X;, B,02) is multivariate
normal, we can use equation (23) above to write

N
1 2 /52 —-N/2 2
exp{—(yi — X 20°} = |20 ex| 2 /20 28
Note that we can write the latter exponential term using martnner product) notation

exp{— Zl —XiB)?/20%} = exp{—((y—XB), (y— XB))/(20°)} = exp{—(y— XB)' (y— XB)/20°},

(29)
whereyis theN x 1 vector of all the dependent variablgsandX is theN x K matrix of independent
variables. Multiplying out the inner product inside thigpexential we get

(y—XB)'(y—XB)/(20%) = (y'y— 2/ XB+B'(X'X)B)/(20?). (30)
Now we use the trick of “completing the square” to rewritestli function of(y,X) (and notp)
plus the quadratic forni3 — )’ [ (= [3) Notice that when we exponentiate this quadratic form,
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Answer

and multiply by a constant terfg2m) ~¥/2][|Z| /2], the result is a multivariate normal distribution
for B, and this implies that when we integrate oy the denominator of the equation for the
posterior distribution fo, the integral ovef equals a production of functions that depend on the
data ando? but notf, time the integral of a multivariate normal density fprwhose integral over
all Bis 1. Cancelling the factor of proportionality that does depend orfd from the numerator and
denominator of the expression for the posterior distritnutior 3, (1), it follows that the posterior
distribution for is a multivariate normal density with me@rand covariance matriX.

O(BIB,2) = [(2m) /][22 exp{—(B—B)[Z~Y(B—B)}. (31)

We leave it to you to complete the remaining details of shgwiow to complete the square and
derive theg(yi, X;,a?) function in equation (27) above. Note that this result ismegalization of the
result we derived above for an improper prior for the paraney the unknown mean of a normal
data generating process fbb data(Xi,...,Xy) in problem IV above Extra credit: show that the
answer to problem IV is a special case of the answer just eldtiere.

. Show that the marginal posterior distribution ftis a scaled inverse Chi-squared distribution with

N — k degress of freedom and scale parametaviere

& 1 !/ / /
Szzm(y—x B)(y—X'B) (32)

See the references cited in the answer to part C above.

VI. Read the paper, “Are People Bayesian? Uncovering BehalvStrategies” by Mahmoud EI-Gamal
and David M. Grether in thdournal of the American Statistical Associatifi®95)90-432 1'137-1145.

A.

Answer

Answer

The paper describes an experiment with human subjectsengubjects were given a prior over
which of two urns A and B (each containing 6 balls labelled &id 'G’) would be used to draw 6
balls that were shown to the subjects. The subjects’ taskeovasedict which of the two urns the 6
balls were drawn from. Urn A contained 4 N balls and 2 G ballsereas urn B contained 3 N balls
and 3 G balls. Suppose that the six balls were drawthout replacementShow that a Bayesian
decision maker would have a degenerate posterior probatifat the balls were drawn from urns
A and B (i.e. their posterior will be either 1 or 0).

Since there are only 6 balls in each of two urns, drawing athefballs out of one of these urns and
revealing them to the subjects is tantamount to simply devgavhich of the two different urns the
balls were drawn from. So if the subject sees 4 N and 2 G badlshie concludes that the balls were
drawn from urn A and has a posterior probablity of 1 for urn Ald@hfor urn B. If the subject sees
3 N and 3 G balls, he/she concludes that the balls were drawn frrn B and so has a posterior
probability of 1 for urn B and O for urn A.

. Suppose that the 6 balls are drawith replacementSuppose that the sample that is drawn contains

3 N balls and 3 G balls and the prior probability of drawingfrarn A as 1/6. What are the posterior
probabilities that this sample was drawn from urns A and B?

When the 6 balls are drawn with replacement it is no longesibtes to know for certain which of
the urns the sample was drawn from. But one can calculatedbieior probability using Bayes
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Answer

Rule, a simple extension of the basic formula (1) above. kample, a sample contining 4 N and
2 G balls could have been drawn from either urn A or B when samgpé done with replacement,
so this information does not allow us to definitively detammnivhether the balls were drawn from
A or B. However the likelihood of this sample being drawn fromm A is higher than for urn B so
a Bayesian would rationally adjust his/her prior probapitf t= 1/6 to something higher after
observing this sample. When sampling is done with replacéntbe samples argkD Bernoulli
draws where an N ball is drawn with probabilips from urn A and probabilitypg from urnB. For
this casepa = 4/6 = 2/3 andpg = 3/6 = 1/2. Let the outcome Bernoulli variable Iz = 1 if an

N ball is the outcome of drawfrom the urn,j =1,...,6. Then the likelihood a samp(®y, ..., Bs)
given it was drawn from uri\is £(By,...,Bg|A)

L(B Bs|A) : _2] ) _1]1_& (33)
1,---,B6|A) = 2 2
il:l 13] |3
and the likelihood for urm is £(By,...,Bs|B)
6 1 B; 1 1-B;
1 1 1
L(By,...,Bg|B) = [— [— = — (34)
il:l 2| 2] 64

Note that the likelihood of any sample is the same for Brdue to the equal number of N and
G balls in that urn. Note also th&t = zf’:lBi, the number of N balls in the sample of 6, is a
sufficient statistian the sense that the likelihood can be written as dependihgan N (of course,
the number of G balls will be 6 N). Thus we can write the likelihoods asgN|A) = [3]N[3]6-N
and L(N|B) = &; and the posterior probability agA|N) given by

1 2\N /1,6—N
AN — HE" D
- >\N /1,6-N :
[ONEOMMERIEY
For a sample oN = 3 N balls and 6- N = 3 G balls, we can calculate/A|N = 3) = 0.1232. Note
that the prior probability of urn A being chosenrigA) = 1/6 ~ 0.1667, so the observation of of a
sample with an equal number of N and G balls reduces our lhabethe chosen urn was urn A and

increases our posterior probability that the balls werevdréom urn B fromm(B) = 5/6 ~ .8333
to T(B|N = 3) = 1— p(A|N — 3) = 0.8768.

(35)

. Suppose the subject receives a reward of $10 for a corredigtion of which urn the balls were

drawn from, and $0 for an incorrect prediction. If the subje@as a Bayesian decision maker and
an expected reward maximizer, describe the subjegitimal decision ruldor choosing between
the two urns. For each possible outcome with a prior profigtihat the drawns were from urn A,
provide the optimal prediction that maximizes the subgeeKkpected rewards.

If the subject is an expected reward maximizer and a Bayedtaision maker, the subject will
choose the urn that has the highest expected monetary payaffiexpected payoff for choosing urn
Ais 10m(A|N) and the expected payoff for choosing B1is 10r(B|N) = 10— 10r(A|N). Thus, the
subject will choose the urn that has the higher posteriobaintity of being the urn from which the
balls were drawn, and will be indifferent if the posterioppabilities of the two urns are the same,
T(A|N) = 0.5 = 1(B|N). In part B, the optimal choice for the subject would be to deat with a
sample ofN = 3 N balls and 3 G balls, the urn to report as the chosen urn woelldrnB since it
has a substantially higher posterior probability of beimg torrect urn.

9



D.

Answer

Note that while this paper is investigating the questibwioetherpeople are Bayesiarnhe method
of inference used by ElI-Gamal and Grether islassical method of inferencddescribe how this
paper could have been analyzed from a Bayesian perspddtiey believed that subjects were using
one ofK possible decision rules (including the optimal Bayesiacigien rule in part C above) and
their prior probabilities that any particular subject useg of these decision rules(ip, ..., pk)- If
they were willing to do this, would it have been possible ftxGamal and Grether to use Bayesian
methods to find the posterior probability distribution tlaly given subject is a Bayesian decision
maker? Why or why not?

The answer is yes, but this is not the approach to inferenae Gmether and El-Gamal used in
their paper. Instead they usedchassical (i.e. non-Bayesian) approach called tBstimation-
Classification AlgorithmEC algorithm) that for each subject evaluates the likelihobdheir se-
quence of choices under each of the possible decision riiles, K and chooses as the decision
rule the one with the highest likelihood. They then estirddtee overall fraction of students whose
reporting behavior was best described by the Bayesianideaigle. Note that if subjects are given
repeated urn choice questions, the likelihood of behavewpm@ing to the Bayesian decision rule
will be equal to 0 unless the subject reports exactly as plest by the Bayesian decision rule (i.e
reporting the run with the highest posterior probabilitylefing the urn) in each single instance.
Since it is unlikely to be the case that any subject will behaxactly in a Bayesian way ivery
single trial they are asked to make a decisioname approach is to extend the model to add some
sort of “reporting error” where the subject who is a Bayegiaay with some small probability re-
port “incorrectly” i.e. report their guess of the urn thatswased to draw the sample of 6 balls as
one that is not the one with the highest posterior probgbilihere are deeper philosophical issues
posed by this strategy about whether a subject can be dedaiba Bayesian if they occassionally
make mistakes and report the urn that has a lower posteapility of being the correct urn. But
regardless, Grether and El-Gamal found that a substardietién of students could not be described
as Bayesian decision makers, even when some “reporting’ ésrallowed for, and if we were to
adopt a strict definition and not allow the possibility of ogfing error, then only a small minority of
student respondents could be described as “perfect Baydsizision makers”. If this is true, what
does this suggest about the relevance of Bayesian econcsnaird Bayesian models of decision
making in economics more generally (i.e the frequently usaatept of “Bayesian Nash equilib-
rium” where players in a game are assumed to be behavingdiogaio Bayes rule and make use
of all available information in the game to calculate thetpoer probability distribution over the
“types” of their opponents given the history of the at eachgsible point)?

VII. Read sections 1 and 2 of “Introduction to Statistical LeagriTheory” by Bosquet, Boucheron and
Lugosi.

Answer

Everyone is assumed to have done this and we give pointsioasha free bonus.
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