
ECON 623
Solutions to In Class Part of the Final Exam (worth 50% of finalexam

grade)
Do Two out of Threequestions below. Question IV is an optional BONUS QUESTION.

(if you do well on the bonus question you get next higher gradein Econ 623 if you are near a grade
borderline, e.g. if you are B+ the extra credit can move your class grade to an A, etc.)

John Rust
Fall 2008

I. An autogressioncan be written as
yt = a+byt−1 + εt (1)

where{εt} is an IID stochastic process that is also independent of{yt} andb ∈ (0,1) is known as the
“autoregressive coefficient”. Suppose the process is “initialized” aty0 = 0 att = 0, and thusy0 = 0 is the
“initial condition” for the autoregression.

1. (10 points) What is the “one step ahead” forecast for this process, i.e. what isE{yt+1|yt}?

Answer: E{yt+1|yt} = E{a+byt + εt+1|yt} = a+byt , sinceE{εt+1|yt} = 0 given thatεt+1 is independent of
(εt ,εt−1, . . . ,ε1) andyt is given by

y1 = a+ ε1

y2 = a+by1 = a+b(a+bε1)+ ε2

y3 = a+by2 = a+ba+b2a+b2ε1 +bε2+ ε3

. . . = . . .

yt = a
t−1

∑
s=0

bs+
t−1

∑
s=0

bsεt−s+bty0 (2)

soyt is a function of only(εt ,εt−1, . . . ,ε1) and henceεt+1 is independent ofyt .

2. (10 points) What is the “k step ahead” forecast for this process, i.e. what isE{yt+k|yt}?

Answer: Using the Law of Iterated Expectations repeatedly, we calculate first withk = 2,

E{yt+k|yt}= E{yt+2|yt}= E{E{yt+2|yt+1}|yt}= E{a+byt+1|yt}= a+bE{yt+1|yt}= a+ba+b2yt .
(3)

Or for arbitraryk > 0 we have

E{yt+k|y+ t} = a
k−1

∑
s=0

bs+bkyt . (4)

3. (20 points) Write formulas for
lim
t→∞

E{yt |y0} (5)

and
lim
t→∞

var{yt |y0} (6)
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Answer The first one is easy given the answer in part 2 above, taking limits we have

lim
t→∞

E{yt |y0} = lim
t→∞

a
t−1

∑
s=0

bs =
a

1−b
, (7)

whenb∈ (0,1) since in this case we have a convergent geometric series in powers ofb. The variance
is a bit harder but note that sincey+ 0 = 0, the conditional variance var(yt |y0) is the same as the
unconditional variance ofyt , and using the representation ofyt as a moving average of{εt} in
equation (??), and using the fact that{εt} is anIID sequence, we see via a direct calculation that

var(yt |y0) = var(yt) = var

(

t−1

∑
s=0

bsεt−s

)

= σ2
t−1

∑
s=0

b2s. (8)

Taking the limit, and again noticing that we have a geometricseries but now in multiples ofb2, we
have

lim
t→∞

var(yt |y0) =
σ2

1−b2 . (9)

4. (20 points) Suppose that{εt} is anIID Gaussian process (i.e. where eachεt ∼ N(0,σ2)). Doesyt

converge in probability to any value? If so, which value doesit converge to?

Answer Clearly, since the conditional variance ofyt is not converging to 0,yt cannot be converging in
probability to any constant value.

5. (20 points) Doesyt converge in distribution? If so, which distribution does itconverge to ast → ∞?

Answer However it should be clear thatyt does converge in distribution. For anyt the calculations above
show thatyt ∼ N(µt ,σ2

t ) where

µt = a
t−1

∑
s=0

bs

σ2
t = σ2

t−1

∑
s=0

b2s (10)

Since bothµt andσ2
t converge (as deterministic sequences), it follows thatyt converges in distribu-

tion to N(µ∞,σ2
∞) where

µ∞ =
a

1−b

σ2
∞ =

σ2

1−b2 (11)

Note that{yt} is a special type ofMarkov processsince the conditional distribution ofyt+1 given
(yt ,yt−1, . . . ,y0) depends only on the most recent valueyt , and not the other values(yt−1,yt−2, . . . ,y0).
This is the so-calledMarkov property.Let f (yt+1|yt) denote the conditional probability density for
yt+1 givenyt . It is easy to see that when{εt} is anIID Gaussian process thatyt+1 ∼ N(a+byt ,σ2).
Thus f (yt+1|yt) is a normal density with meana+ byt and varianceσ2. Let φ be the density of a
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normal distribution with meanµ∞ and varianceσ2
∞ given in equation (??) above. Thenφ can be

shown to be aninvariant distributionfor the Markov process{yt}, that is

φ(y) =
Z +∞

−∞
f (y|x)φ(x)dx. (12)

The interpretation of the invariant distribution is that ifa Markov process isinitialized by choosing
y0 as a draw from this invariant distributionφ, then in every subsequent periodt, the marginal
distribuiton ofyt will also have this same normal distributionφ too. This implies that the Markov
process{yt} is strictly stationaryin this case. On the other hand, if the initial condition is a particular
constant, such asy0 = 0 or some other fixed value, or ify0 is drawn from some other distribution
other thanφ, then the process{yt} is no longer strictly stationary. The initial condition hasan
effect on the process, but this effect dies out geometrically fast, i.e. at ratebt which tends to 0 as
t → ∞. One can show that because the effect of the initial condition does die out geometrically,
the marginal distribution ofyt converges toφ ast → ∞. In fact this is what we have already shown
above,yt converges in distribution toφ ast → ∞.

6. (10 points) Does the initial conditiony0 matter for any of your conclusions above? What about the
parameters(a,b,σ2)?

Answer Clearly, from the answer to part 5 above, the initial condition y0 has no effect on the limiting normal
distribution ofyt , and it dies out geometrically fast. However the limiting normal distribution does
depend on the three parameters(a,b,σ2) as we can see in equation (??) above.

7. How are your conclusions above affected in the case whereb = 1?

Answer Whenb= 1 then{yt} becomes arandom walk(with drift whena 6= 0), and we can see from equation
(??) that the mean and variance ofyt , µt andσ2

t are given by

µt = at

σ2
t = σ2t (13)

so limt→∞ σ2
t = ∞. Further, from the moving average representation for{yt} in equation (??) above,

the initial conditiony0 no longer dies out geometrically ast → ∞. Instead the initial condition is
persistent and permanent.Some people think of the stock market as following a random walk and
theεt are “return shocks”. If the stock market really does evolve according to a random walk, then
a large market decline such as we have currently experienced, is permanentin the sense that the
effect of this negative shock does not die out over time. If the drift is zero,a = 0, then{yt} is also a
martingale,that is, it satisfies the property

E{yt+k|yt} = yt , w.p.1 (14)

So if the stock market is a random walk, and if there is no drift, then the martingale property holds,
and this says if the Dow has fallen below 9000 then we expect inall future years the Dow will remain
below 9000! Depressing isn’t it? Let’s hope the stock marketreally isn’t a random walk with no
drift as so many people claim it to be.
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II. Consider the standard linear regression model

yi = Xiβ∗ + εi, i = 1, . . . ,N (15)

where initially we follow the “old fashioned” textbooks in econometrics (e.g. Peter Schmidt,Econometrics
1976) and assume that theXi arek×1 non-stochasticregressors and the error terms in the regression are
IID N (0,σ2) random variables.

1. (10 points) What is the distribution ofyi under this assumption?

Answer yi ∼ N(Xiβ∗,σ2)

2. (10 points) Define the “ordinary least squares estimator”OLSβ̂ based on theN observations{(yi ,Xi)},
i = 1, . . . ,N and show that the OLS estimator has the property that it islinear in y (wherey is the
N×1 vector of “stacked” dependent variables) and anunbiasedestimator ofβ∗.

Answer β̂ = argminβ ∑N
i=1(yi −Xiβ)2. Using matrix notiation, we have

β̂ = (X′X)−1X′y (16)

whereX is theN×k matrix of regressors, andy is theN×1 vector of dependent variables. Thus,β̂
is clearly a linear function ofy, since is is the product of thek×N matrix (X′X)−1X′ and theN×1
vectory.

3. (20 points) State and prove theGauss Markov Theorem.

Answer The Gauss Markov Theorem states that the OLS estimator is thebest, linear unbiased estimatorof
β∗. That is, it has the smallest covariance matrix among all linear and unbiased estimators. Since
y= Xβ∗+ε (whereε is theN×1 vector of residual terms), it is easy to verify that the OLS estimator
is unbiased,

E{β̂} = E{(X′X)−1X′y} = E{(X′X)−1X′(Xβ∗+ ε)} = β∗ (17)

sinceE{(X′X)−1X′ε} = (X′X)−1X′E{ε} = 0 since theX matrix are non-stochastic (and thus inde-
pendent ofε). The covariance matrix of̂β can be calculated to beσ2(X′X)−1. Now consider any
other linear unbiased estimator ofβ∗, i.e an estimator of the formLy for somek×N matrixL (which
might depend onX). The unbiased property requiresLX = I , and calculating the covariance matrix
of this estimator we find that it isσ2(LL′). So we need to show that the matrixΩ = [LL′− (X′X)−1]
is positive semi-definite to complete the proof. To show thatΩ is positive semi-definite, note that
we can rewrite it as

Ω = L[I −X(X′X)−1X′]L′

= LML′

= LMML′

= B′B (18)

whereB= ML′, andM = [I −X(X′X)−1X′] is an idempotent matrix that is often called the “residual
matrix” sinceMy = y− ŷ = e wheree is theN×1 matrix of regression residuals and ˆy = Xβ̂ is the
regression prediction of they vector. Clearly any matrix that can be written asBB′ is symmetric and
positive semi-definite (if this is not immediately obvious why, make sure you know how to prove
this last step yourself).
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4. (20 points) Does the Gauss Markov Theorem continue to holdif we relax the assumptions that the
Xi ’s are non-stochastic and theεi ’s areN(0,σ2)? If so, show how your proof above can be modified
to allow for stochasticXi ’s and non-normalεi ’s. What are the weakest general restrictions would
you have to place on the distribution of(yi ,Xi) in order for the Gauss Markov Theorem to continue
to hold in this case?

Answer The Gauss-Markov Theorem holds under considerably weaker assumptions that those stated in part
1 of this problem, i.e. the “old fashioned textbook assumptions”. In particular the error terms in
the regression need not be normally distributed and the regressors can be stochastic rather than
deterministic. A more general sufficient condition for the Gauss-Markov Theorem to continue to
hold is that(yi ,Xi) areIID and that

E{yi|Xi} = Xiβ∗ (true regression is linear) (19)

and
var(yi |Xi) = σ2 (homoscedasticity) (20)

This implies thatE{εi |Xi} = 0, whereεi = yi −Xiβ∗. Under this assumption, you can repeat the
steps of the Gauss-Markov Theorem, but use the Law of Iterated expectations in the places where
previously you used the much stronger assumption that theX matrix was non-stochastic. So in
particular, to show that the OLS estimator is unbiased, notethat

E{β̂} = E{(X′X)−1X′y} = β∗ +E{(X′X)−1X′ε} (21)

whereε is theN× 1 vector whoseith component isεi = yi −Xiβ∗. So to prove that OLS is an
unbiased estimator ofβ∗ it is sufficient to show thatE{(X′X)−1X′ε}= 0. But by the Law of Iterated
Expectations, we have

E{(X′X)−1X′ε} = E{E{(X′X)−1X′ε|X}} = 0 (22)

where the result thatE{(X′X)−1X′ε|X} = 0 follows from the assumptions that the data areIID
and the true regression function is linear, which implies that component by component, we have
E{εi|X} = 0. The homoscedasticity assumption is needed to derive the standard formula for the
conditional covariance matrix of the OLS estimator, var(β̂|X) = σ2(X′X)−1. The statement of the
Gauss-Markov needs to be modified so that “best linear unbiased estimator” means the one with the
smallestconditionalcovariance matrix.

5. (10 points) Define what theR2 is for the regression and provide sufficient conditions for 0≤ R2 ≤ 1.
Are there circumstances whereR2 could over outside the unit interval? If so, provide an example
where this could happen. Is it the case that adding additional explanatory variables to a regression
always increases theR2? If so, provide a proof, otherwise provide a counterexamplewhere the
addition of an explanatory variable decreases theR2.

Answer The standard definition ofR2 is

R2 =
SSR
SST

(23)

where SST= ‖y− y‖2 and SSR= ‖ŷ− y‖2, wherey is theN× 1 vector of dependent variables,
ŷ = X(X′X)−1X′y are the regression predictions ofy, and y is an N × 1 vector, each of whose
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components equals the mean ofy. Clearly R2 ≥ 0, but R2 can be greater than 1 if the regression
does not contain a constant term. For example, supposeN = 2 and there is only one regressorx. and
we have

y =

[

1
2

]

x =

[

3
−4

]

(24)

You can verify that in this case we haveβ̂ = −1
5 and

ŷ =

[

−3
5

4
5

]

(25)

You can calculate that in this case SST= 1
2 and SSR= 1.3, soR2 = 2.6 in this case. If the regression

contains a constant term, thenR2 ≤ 1 since we have

SST= SSR+SSE (26)

where SSE= ‖e‖2, wheree= y− ŷ. If you do not know how to show the above identity, note that
‖e‖2 = 〈e,e〉, and you expand SST as follows

SST= ‖y−y‖2 = 〈y−y,y−y〉 = 〈y− ŷ+ ŷ−y,y− ŷ+ ŷ−y〉 = 〈e+ ŷ−y,e+ ŷ−y〉 (27)

Using the orthogonality of the residual vector e and ˆy (which is a linear combination of the columns
of the X matrix), it follows that〈e, ŷ〉 = 0. Further, if there is a constant term in the regression,
then e is orthogonal to the constant term, and thus orthogonal toy, so 〈e,y〉 = 0. Using these
orthogonality conditions, it follows that〈e, ŷ− y〉 = 〈y− ŷ, ŷ− y〉 = 0, and from this the identity
that SST= SSR+ SSE follows. Finally, when a constant term is included in theregression, it is
necessarily the case that adding additional explanatory variables must increaseR2. This follows
because adding an additional explanatory variable necessarily reduces SSE, and using the identity,
we can rewriteR2 as

R2 =
SSR
SST

=
SST−SSE

SST
(28)

and since adding a regressor to the regression does not affect SST but reduces SSE, it follows that
this increasesR2. However if there is not a constant in the regression, addinga regressor does
not necessarily increaseR2 even though it is still true that adding a regressor reduces SSE. This
is because the identity in equation (??) no longer holds in the absence of a constant term, so it
is possible to construct examples whereR2 is initially larger than 1 and adding another regressor
reducesR2 to below 1. I leave it to you to try some examples (such as extending the example I
provided above whereR2 > 1) to show this is possible.

6. (10 points) The OLS estimator is an example of asemi-parametric estimatorin the sense that under
fairly general conditions it will be a consistent and asymptotically normal estimator for the para-
metric part of the model (i.e.(β∗,σ2)) even though we do not specify that the error termsεi have
a parametric distribution such asN(0,σ2). Provide the weakest conditions you can for(yi ,Xi) (but
assuming they areIID random variables) under which OLS will be consistent and asymptotically
normal and derive the asymptotic distribution for the OLS estimator in this case.

Answer While it is hard to say what the absoluteweakestconditions would be (and proving the absolute
weakest conditions would turn this into a unrealistically difficult problem, requiring very arcane
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assumptions and verifications, which was not what I was asking of you). I would accept any answer
that had conditions that weresufficiently weakerthan the “old fashioned textbook assumptions”.
Thus, sufficiently weak assumptions would be those where 1)β∗ is uniquely defined in the limit to
the least squares problem

β∗ = argmin
β

E{(y−Xβ)2} (29)

A sufficient condition for this is that thek×k matrix E{X′X} exists and is invertible. Then the only
other condition we need is the weakest condition for a law of large numbers to hold. This requires
something just a bit stronger than the existence of second moments for the random vector(y,X). I
am not asking for specifics on these conditions since it is rather technical, but assuming that a Law of
Large numbers holds and results in the almost sure (with probability 1) convergence or convergence
in probability of the following quantities:

1
N

N

∑
i=1

X′
i Xi → E{X′X}

1
N

N

∑
i=1

X′
i yi → E{X′y} (30)

(again the conditions for convergence in probability are slightly weaker than convergence with prob-
ability 1, but worrying about these are arcane details is notsomething I expected you to do in this
question). The Slutksky theorem implies that

β̂ =

[

1
N

N

∑
i=1

X′
i Xi

]−1[

1
N

N

∑
i=1

X′
i yi

]

→
[

E{X′X}
]−1[

E{X′y}
]

= β∗ (31)

Asymptotic normality can be proven under somewhat strongerconditions on the moments necessary
to for a Central Limit Theorem to be applied to

1√
N

N

∑
i=1

X′
i εi =⇒ N(0,Ω) (32)

whereεi = yi −Xiβ∗ andΩ is the covariance matrix

Ω = E{ε2X′X} (33)

so sufficient conditions on the random vector(y,X) need to be imposed to ensure the existence of
Ω and that a central limit theorem holds in (??). I have not emphasized technical details in my
half of the course, just for an understanding of the big picture, and so I did not take off any points
if you failed to put in the right technical conditions for a CLT to hold, or got those details wrong.
Instead I was looking for evidence that you understand the big picture and that the OLS estimator
will be consistent and asymptotically normal forβ∗ even if the true conditional expectation is not
equal toXβ∗, and even if the error terms are not normal, and so forth. All we need is that the
population regression coefficientsβ∗ defined from the solution to the limiting or population least
squares problem (??) exists and are uniquely defined, and then sufficient conditions for the “analogy
principle” to hold, so that the sample analog of the limitingpopulation regression coefficients, the
OLS estimator̂β will converge to the limiting population valueβ∗ asN → ∞, both in probability,
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and that a suitably normalized OLS coefficient vector,
√

N
[

β̂−β∗
]

will converge in distribution to

N(0,Ω) under very weak conditions, even when the regression is “misspecified” (i.e. when the true
conditional expectation is not linear, i.e.E{y|X} 6= Xβ∗).

7. (20 points) Define the concept ofasymptotic efficiencyand provide sufficient conditions for which
the OLS estimator is asymptotically efficient. If the residuals are independent ofXi and have a
double exponential distribution, i.e. whereεi in equation (??) above has a densityf (ε|σ) given by

f (ε|σ) =
1

2σ
exp{−|ε|/σ} (34)

will OLS be asymptotically efficient estimator ofβ∗ in this case? If not, describe an asymptotically
efficient estimator in this case. Finally supposeεi is independent ofXi and has amixed normal
distribution i.e. the CDF ofεi, F(ε), is given by

F(ε) = αΦ(ε/σ1)+ (1−α)Φ(ε/σ2) , (35)

whereΦ is the standard Normal CDF andα ∈ (0,1). Is OLS asymptotically efficient estimator
of β∗ in this case? If not, describe an asymptotically efficient estimator, write a formula for the
asymptotic covariance matrix of this efficient estimator and compare it to the covariance matrix of
the OLS estimator and show the difference between the latterand former is a positive semi-definite
matrix.

Answer The asymptotic efficiency of an estimator is (within the class of all consistent an asymptotically
normal estimators of an known parameter vecftorθ∗), the estimator that has the smallest asymptotic
covariance matrix. Under fairly weak regularity conditions, but under the strong and important
assumption that the statistical model iscorrectly specified, the maximum likelihood estimator can
be shown to be asymptotically efficient, and its asymptotic covariance matrix, equal to the inverse
of the information matrixand also known as theCramer-Rao lower boundimplies that maximum
likelihood esitmation achieves asymptotic efficiency withan asymptotic covariance matrix equal
to the Cramer-Rao lower bound. There is an extension of the notion of efficiency due to LeCam
and others for any “locally asymptotically normal” families of statistical models that can handle
estimators that have non-normal asymptotic distributions, and this more general theory still arrives
at the same conclusion that the maximum likelihood estimator is asymptotically efficient, and any
other estimator that is consistent and has a limiting asymptotic distribution, even if not normal, will
be one that can be represented as the “limiting distributionof the maximum likelihood estimator
plus independent, additive “noise”, and hence would be dominated by the maximum likelihood
estimator by any decision maker who has a convex loss function for deviations from the estimated
parameter and the true values. A sufficient condition for OLSto be asymptotically normal is that
the conditional distribution ofy given X is normal with meanXβ∗ and varianceσ2. Then as we
showed in class, the OLS estimator is the same as the maximum likelihood estimator and hence is
asymptotically efficient. For the case where the residuals have a double exponential distribution as
in equation (??), it is straightforward to see that the maximum likelihood estimator is equivalent to
theleast absolute deviations(LAD) estimator, and so OLS is not asymptotically efficient in this case
— the LAD estimator is. In the case of the mixed normal distribution we can define the maximum
likelihood estimator forθ = (β,α,σ1,σ2) as follows

θ̂ = argmax
θ

1
N

N

∑
i=1

log(( f (yi −Xiβ|α,σ1,σ2)) (36)
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where f (ε|α,σ1,σ2) is the density corresponding to the mixed normal CDF in equation (??) above.
Specifically, we have

f (ε|α,σ1,σ2) = αφ(ε/σ1)/σ1 +(1−α)φ(ε/σ2)/σ2 (37)

whereφ(ε) is the standard normal density,

φ(ε) =
1√
2π

exp{−ε2/2} (38)

It is not hard to verify that the maximum likelihood estimator is different than OLS, and since
maximum likelihood is asymptotically efficient, the OLS is asymptotically inefficient in the case of
a mixed normal error distribution. Since the error term is independent of theX vector, the asymptotic
covariance matrix of the OLS estimator is

Ω = σ2E{X′X} (39)

whereσ2 is the variance of the mixed normal error termε which is

σ2 = ασ2
1 +(1−α)σ2

2. (40)

For the maximum likelihood estimator, the asymptotic covariance matrix is the submatrix of the
inverse of the information matrix that corresponds to theβ vector. Recall that the information matrix
is defined as

I = E
{

[∂ log( f (y−Xβ|α,σ1,σ2)/∂θ] [∂ log( f (y−Xβ|α,σ1,σ2)/∂θ]′
}

(41)

It is tedious but you should be able to show (using propertiesof odd and even functions, and specif-
ically that with respect to the mixed normal density the expectation of any odd function is zero) that
the information matrix isblock diagonalfor the “β block” (corresponding to theβ parameters) with
respect to the other threeθ parameters,(α,σ1,σ2). Specifically, you can show that

Iβ,α = E
{

[∂ log( f (y−Xβ|α,σ1,σ2)/∂β] [∂ log( f (y−Xβ|α,σ1,σ2)/∂α]′
}

= 0

Iβ,σ1
= E

{

[∂ log( f (y−Xβ|α,σ1,σ2)/∂β] [∂ log( f (y−Xβ|α,σ1,σ2)/∂σ1]
′}= 0

Iβ,σ2 = E
{

[∂ log( f (y−Xβ|α,σ1,σ2)/∂β] [∂ log( f (y−Xβ|α,σ1,σ2)/∂σ2]
′}= 0 (42)

This implies that the asymptotic covariance matrix for theβ coefficients in the maximum likelihood
esitmator is

Σβ,β =
[

Iβ,β
]−1

=
[

E
{

[∂ log( f (y−Xβ|α,σ1,σ2)/∂β] [∂ log( f (y−Xβ|α,σ1,σ2)/∂β]′
}]−1

(43)

This covariance matrix will be smaller (in a positive definite sense) than the OLS asymptotic covari-
ance matrix forβ, Ω in equation (??). Given the independence of the error term and the regressors
X one can show thatΣβ,β takes the form

Σβ,β = λE{X′X} (44)

where

λ−1 = E

{

[

f ′(ε|α,σ1,σ2)

f (ε|α,σ1,σ2)

]2
}

. (45)
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With some effort, you should be able to show thatλ < σ2, and hence the maximum likelihood esti-
mator of the regression coefficients with mixed normal errorterms is more efficient asymptotically
than the OLS estimator. I did not expect students to get into adetailed proof of this on the exam:
just noting the simple fact that the maximum likelihood estimator is different from OLS and results
in a smaller asymptotic covariance matrix was sufficient to get full credit for this part.

III. Consider the standard linear regression model

yi = Xiβ∗ + εi, i = 1, . . . ,N (46)

where(yi ,Xi) are assumed to beIID random vectors, withyi a 1×1 random variable andXi aK×1 random
vector fori = 1, . . . ,N but whereεi (a 1×1 random variable) isnot independent ofXi.

1. Suppose thatE{εi|Xi} 6= 0, but thatE{εiXi} = 0 where 0 is ak× 1 vector of 0’s. Will the OLS
estimator still be a consistent estimator forβ∗ in this case?

2. Suppose thatE{εiXi} 6= 0 but we can observe a vectorZi with dimensionJ×1 for whichE{εiZi}= 0.
Is it possible to construct a consistent estimator ofβ∗ in this case? If so, describe the assumptions
you would need to construct a consistent estimator forβ∗ and describe the most efficient estimator
of εi that you can think of forβ∗ under these conditions, but where you do not necessarily know the
distribution forεi .

3. Suppose we know thatεi is normally distributed and satisfiesE{εi |Xi} = 0 but var(εi|Xi) = σ2(Xi)
whereσ2(Xi) is aknownfunction ofXi. Show that the OLS estimator is a consistent estimator for
β∗ in this case and derive the asymptotic covariance matrix forthe OLS estimator. Then, derive a
more efficient estimator forβ∗ and derive its covariance matrix. Show that the difference between
the asymptotic covariance matrix for OLS and this other estimator that your derive is positive semi-
definite, thereby confirming that the OLS estimator is consistent but inefficient in this case.

4. Continue to assume thatεi is normally distributed, but now weaken the previous assumption that its
conditional variance var(εi |Xi) is a known function ofXi. Now assume that var(εi |Xi) = σ2(Xi|θ)
whereθ is a vector of unknown parameters that could potentially be estimated. Describe the most
efficient estimator forβ∗ in this case and contrast how this estimator differs from themost efficient
estimator forβ∗ that you could think of in part 3 above. Will it always be the case that the most
efficient estimator forβ∗ when we do not know the form of conditional heteroscedasticity exactly
(i.e. in the case where var(εi |Xi) = σ2(Xi|θ) versus the case where var(εi |Xi) = σ2(Xi) is a completely
known function ofXi) will have lower asymptotic efficiency due to our lack of knowledge of the
precise form of conditional heteroscedasticity? If so, sketch how you would prove this, if not,
sketch a counterexample where not knowingθ actually improves the efficiency of the estimator of
β∗.

5. Suppose that weknow nothingabout the form of conditional heteroscedasticity, i.e. that σ2(Xi)
is a completely unknown function to us, except the general restriction thatσ2(X) is is a smooth
function ofX that is uniformly bounded for allX ∈ RK andεi has uniformly bounded 4th moments
(so we don’t have to worry about problems of unbounded moments and laws of large numbers and
central limit theorems can apply). Does this lack of knowledge about the form of heteroscedasticity
prevent us from being able to derive the asymptotic covariance matrix for the OLS estimator? Does
it prevent us from being able to find a more efficient estimatorthan OLS?
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6. Now suppose thatεi is independent ofXi but has a densityf (ε|θ) that depends on a vector of
unknown parameters and for anyθ εi has mean zero and has finite 4th moments (and thus finite
variance too). Will OLS be consistent and asymptotically normal under this situation? When will it
be asymptotically efficient (i.e. what are sufficient conditions onf (ε|θ) for OLS to be asymptotically
efficient)? When OLS is not asymptotically efficient, describe an estimator (i.e. write down an
equation for this alternative estimator, even if the estimator for β∗ is only implicitly defined) that
would be more efficient than OLS.

7. Now suppose thatεi is independent ofXi but the density ofεi is unknown to us, except that we
know thatεi has mean zero and has finite 4th moments (and thus finite variance too). Will OLS
still be asymptotically normal in this case? Is it possible to find a more efficient estimator than
OLS in this case? (Hint: Consider the following “two step estimator”. In step 1, we do OLS and
using the OLS estimator, we construct theN residuals,̂εi = yi −Xiβ̂, i = 1, . . . ,N. Then using these
estimated residuals we construct anon-parametric kernel density estimator of the unknown density
function for εi , f(ε). Then in step 2, we use this nonparametrically estimated density function,
f̂ (ε) as a basis for asecond step maximum likelihood estimator.This two step process is known as
adaptive estimationand statisticians have proven that the two step adaptive estimator is as efficient
as maximum likelihood assuming that weknewwhat the density ofεi was in the first place, that is,
it is as efficient as what we would get if we knew the densityf (ε) from the outset and thus did not
have to estimate it.) Derive a formula for the asymptotic covariance matrix for this two-step adaptive
estimator forβ∗ and show that ifεi ∼ N(0,σ2) that the adaptive estimator is no more efficient than
OLS but if εi has a double exponential distribution (see equation (??) above), then the adaptive
estimator is strictly more asymptotically efficient than OLS. BONUS (but not required): write a
formula for the non-parametric kernel density estimator off (ε) using the estimated residuals from
the first stage regression,ε̂i, i = 1, . . . ,N as the “data” for this non-parametric estimator).

IV. BONUS EXTRA CREDIT QUESTION (not required) Suppose we are trying to estimate an un-
known regression function

yi = f (xi)+ εi, i = 1, . . . ,N (47)

where the observations(yi ,xi) areIID , whereE{εi|xi}= 0, andxi is a single scalar random variable that is
uniformly distributed on the[0,1] interval and our interest is to try to estimate whatf (.5) is. Consider the
following very simple “naive estimator” off (.5): we take a small interval of width 2h around the point
x= .5, so we consider the interval[.5−h, .5+h] whereh is some small number such ash= .001. Then we
form our estimator off (.5) by simply taking the average of all of theyi ’s for which the correspondingxi ’s
lie in this interval, i.e. we only include theyi ’s in our average provided thatxi ∈ [.5−h, .5+h], otherwise
we discard these observations. Thus, we are simply “selecting a subsample nearx = .5” and then just
computing a simple sample mean of theyi ’s for this subsample.

1. Write an explicit expression for this estimator using indicator functions, i.e.I{.5−h≤ xi ≤ .5+h}.

2. Initially assume thath is fixed (asN → ∞). For this fixedh, write an equation for the probability
limit of this estimator asN → ∞ with h remaining fixed.

3. Assume thatf (x) is a smooth function (i.e. is continuously differentiable). Use the Mean Value
Theorem from calculus to derive an error bound betweenf (.5) and the probability limit that you
have calculated in part 2 above.
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4. Show that the error bound you have calculated above depends onh and tends to zero ash ↓ 0.

5. Now, assume that we allowh to tend to 0 as the sample size increases, i.e. we choose a ruleh(N)
satisfying limN→∞ h(N) = 0. Discuss the difficulties you might encounter if you try to repeat what
you did in step 2 (whenh was fixed, independent ofN) but for the case whereh(N) → 0 asN → ∞.
Will this probability limit always exist and be equal tof (.5) no matter how fast or slowh(N) tends
to zero asN → ∞? Try to guess the rate as whichh(N) should go to zero so that this estimator will
be a consistent estimator forf (.5).

6. Show that this estimator is actually a special case of anon-parametric kernel estimatorof f (x) for
a particular choice ofkerneland thath is thebandwidth parameterfor this kernel density estimator.
The naive estimator we have constructed is sometimes calledthehistogram estimatorsince we are
using a histogram centered atx = .5 to screen out thexi ’s that do not lie in this “bin” aboutx = .5
when we form our average of theyi ’s.
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