ECON 623

Solutions to In Class Part of the Final Exam (worth 50% of finalexam

grade)
Do Two out of Threguestions below. Question IV is an optional BONUS QUESTION.
(if you do well on the bonus question you get next higher giadecon 623 if you are near a grade
borderline, e.g. if you are B+ the extra credit can move ydassgrade to an A, etc.)

John Rust
Fall 2008

I. An autogressiorcan be written as
Ye=a+by-1+& 1)

where{g} is anlID stochastic process that is also independenfypf andb € (0,1) is known as the
“autoregressive coefficient”. Suppose the process isidiiied” atyy = 0 att = 0, and thug/g = 0 is the
“Initial condition” for the autoregression.

1. (10 points) What is the “one step ahead” forecast for trisgss, i.e. what iE{yi+1|y:}?

Answer: E{yi:1|yi} = E{a+ by +&.1|yt} = a+ by, sinceE{e..1|yi} = O given that;; is independent of
(&,€&-1,-..,€1) andy; is given by

yi = a+¢&
y2 = a+byr=a+b(a+ber)+e
y3 = a-+by, =a+ba+b’a+b’;+be+e;3
B t—1 t—1 ‘
i = a) b+ be_s+byo 2

soy; is a function of only(&;, &_1,...,€1) and hence; 1 is independent of;.
2. (10 points) What is theK'step ahead” forecast for this process, i.e. wh&{ig . k|y: } ?

Answer: Using the Law of Iterated Expectations repeatedly, we daledirst withk = 2,

E{yisklVt} = E{Vt: 2%t} = E{E{Ves2Vt+1}|}t} = E{a+ Dby 1|t} = a+bE{y 1|t} = a+ba+b?;.
(3)

Or for arbitraryk > 0 we have

k—1
E{yirkly+t} :aZ)bSJr byt (4)
S=
3. (20 points) Write formulas for
lim E{ytlyo} ()
and
lim var{y|yo} (6)



Answer

Answer

5.

Answer

The first one is easy given the answer in part 2 above, takingsliwe have
=1 a
limE{yt|yo} =lima$y b°= ——, @)
t—oo t—oo S; 1_b

whenb € (0, 1) since in this case we have a convergent geometric seriesverpofb. The variance
is a bit harder but note that singe+ 0 = 0, the conditional variance V@gk|yo) is the same as the
unconditional variance of;, and using the representation wfas a moving average df} in
equation ??), and using the fact thgg; } is anlID sequence, we see via a direct calculation that

t—1

t-1
var(yi|yo) = var(y;) = var b | =a® S b%. (8)

Taking the limit, and again noticing that we have a geomesiges but now in multiples df?, we

have
2

o

10 9)

lim var(y:|yo) =

. (20 points) Suppose thét;} is anliD Gaussian process (i.e. where eagh- N(0,02)). Doesy

converge in probability to any value? If so, which value dibesnverge to?

Clearly, since the conditional variance gfis not converging to Oy; cannot be converging in
probability to any constant value.

(20 points) Doey; converge in distribution? If so, which distribution doesdnverge to as — c?

However it should be clear thgt does converge in distribution. For ahyhe calculations above
show thaty; ~ N(L,a?) where

t-1
ik = ay b’
2,
2 o' o
of = oYy b= (10)
S

Since bothy ando? converge (as deterministic sequences), it follows yhabnverges in distribu-
tion to N(,02) where

o a
R g
2 o’
% = 1w )

Note that{y; } is a special type oMarkov processince the conditional distribution of .1 given
(Vt»Ye—1,- - -, Yo) depends only on the most recent vayyieand not the other valu€s 1, i—2, - .. ,Yo)-
This is the so-calledarkov property.Let f(yi1|yt) denote the conditional probability density for
Vi1 giveny;. Itis easy to see that whefig; } is anllD Gaussian process that 1 ~ N(a+ by, c?).
Thus f(y,1|yt) is a normal density with meaa+ by and variances?. Let @ be the density of a



Answer

7.

Answer

normal distribution with mean., and varianceo? given in equation 7?) above. Thenp can be
shown to be ainvariant distributionfor the Markov processy; }, that is

+o0
o) = [ fyxexdx (12)
The interpretation of the invariant distribution is thatiMarkov process isitialized by choosing
Yo as a draw from this invariant distributioq, then in every subsequent peribdthe marginal
distribuiton ofy; will also have this same normal distributigmtoo. This implies that the Markov
process y; } is strictly stationaryin this case. On the other hand, if the initial condition isgticular
constant, such ag = 0 or some other fixed value, oryg is drawn from some other distribution
other thang, then the process$y:} is no longer strictly stationary. The initial condition has
effect on the process, but this effect dies out geometyidalit, i.e. at raté' which tends to 0 as
t — . One can show that because the effect of the initial conditioes die out geometrically,
the marginal distribution of; converges tap ast — . In fact this is what we have already shown
above)y; converges in distribution tp ast — oo,

. (10 points) Does the initial conditioyy matter for any of your conclusions above? What about the

parameterga, b, 2)?

Clearly, from the answer to part 5 above, the initial comdlityy has no effect on the limiting normal
distribution ofy;, and it dies out geometrically fast. However the limitingmal distribution does
depend on the three parametéash, 02) as we can see in equatiod?j above.

How are your conclusions above affected in the case wheré?

Whenb = 1 then{y; } becomes aandom walk(with drift whena +# 0), and we can see from equation
(??) that the mean and variancef | ando? are given by

L = at
o? = ¢4 (13)

so lim_.., 67 = . Further, from the moving average representation{§g} in equation 9?) above,
the initial conditionyg no longer dies out geometrically &s— «. Instead the initial condition is
persistent and permanentome people think of the stock market as following a randork &ad
the g are “return shocks”. If the stock market really does evolgeoading to a random walk, then
a large market decline such as we have currently experiensg@rmanentn the sense that the
effect of this negative shock does not die out over time. dfdhift is zero,a= 0, then{y; } is also a
martingale,that is, it satisfies the property

E{VtixlVt} =W, w.p.l (14)

So if the stock market is a random walk, and if there is no ditien the martingale property holds,
and this says if the Dow has fallen below 9000 then we expedt fature years the Dow will remain
below 9000! Depressing isn't it? Let's hope the stock marketly isn't a random walk with no
drift as so many people claim it to be.



II. Consider the standard linear regression model
ylleB*+sl7 |:177N (15)

where initially we follow the “old fashioned” textbooks im@nometrics (e.g. Peter Schmiizonometrics
1976) and assume that tiearek x 1 non-stochasticegressors and the error terms in the regression are
IID N (0,02) random variables.

1. (10 points) What is the distribution gf under this assumption?
Answer y; ~ N(XB*,0?)

2. (10 points) Define the “ordinary least squares estimaﬁmsﬁ based on thdl observationg (yi, %)},
i =1,...,N and show that the OLS estimator has the property thatlimézar in y (wherey is the
N x 1 vector of “stacked” dependent variables) anduabiasedestimator of3*.

Answer ﬁ: argmirg ZiNzl(yi — XiB)2. Using matrix notiation, we have
B=(X'X)""Xy (16)

whereX is theN x k matrix of regressors, anglis theN x 1 vector of dependent variables. Thﬁs,
is clearly a linear function of, since is is the product of thex N matrix (X’X)~1X’" and theN x 1
vectory.

3. (20 points) State and prove tauss Markov Theorem.

Answer The Gauss Markov Theorem states that the OLS estimator isetbte linear unbiased estimatof
B*. That s, it has the smallest covariance matrix among a#ldirand unbiased estimators. Since
y = XB*+¢€ (wheree is theN x 1 vector of residual terms), it is easy to verify that the Ols8reator
is unbiased, A

E{B} = E{(XX) X'y} = E{(X'X) X'(XB" +&)} =B 17)

sinceE{(X'X)"*X’e} = (X’X)"*X’E{e} = 0 since theX matrix are non-stochastic (and thus inde-
pendent of). The covariance matrix db can be calculated to b&?(X’X)~1. Now consider any
other linear unbiased estimator[8if, i.e an estimator of the forray for somek x N matrix L (which
might depend oiX). The unbiased property requireX = I, and calculating the covariance matrix
of this estimator we find that it is?(LL’). So we need to show that the matfx= [LL’ — (X'X)™1]
is positive semi-definite to complete the proof. To show fds positive semi-definite, note that
we can rewrite it as

Q = L[I—XXX)" X

= LML

= LMML

= BB (18)
whereB = ML/, andM = [I| — X(X’X)~1X'] is an idempotent matrix that is often called the “residual

matrix” sinceMy = y—y = ewheree is theN x 1 matrix of regression residuals ayd:XB is the
regression prediction of thevector. Clearly any matrix that can be writtenBB' is symmetric and
positive semi-definite (if this is not immediately obviousiyy make sure you know how to prove
this last step yourself).



4.

Answer

Answer

(20 poaints) Does the Gauss Markov Theorem continue to ihele relax the assumptions that the
Xi's are non-stochastic and tlags areN(0,02)? If so, show how your proof above can be modified
to allow for stochasticX’'s and non-normat;’s. What are the weakest general restrictions would
you have to place on the distribution @f,X;) in order for the Gauss Markov Theorem to continue
to hold in this case?

The Gauss-Markov Theorem holds under considerably weaisemaptions that those stated in part
1 of this problem, i.e. the “old fashioned textbook assuommi. In particular the error terms in
the regression need not be normally distributed and theessgrs can be stochastic rather than
deterministic. A more general sufficient condition for thauSs-Markov Theorem to continue to
hold is that(y;, X;) arellD and that

E{yi|Xi} = XiB* (true regression is linear) (19)

and

2

var(y;|X) = 0 (homoscedasticity) (20)

This implies thatE{g;| X} = 0, whereg; = y; — X;B*. Under this assumption, you can repeat the
steps of the Gauss-Markov Theorem, but use the Law of lgmtpectations in the places where

previously you used the much stronger assumption thaitimeatrix was non-stochastic. So in
particular, to show that the OLS estimator is unbiased, tiae

E{B} = E{(X'X) "Xy} = B* + E{(X'X)"1Xe} (21)

wheree is theN x 1 vector whosat! component isj = y; — XB*. So to prove that OLS is an
unbiased estimator @ it is sufficient to show thaE {(X'X)~1X’e} = 0. But by the Law of Iterated
Expectations, we have

E{(X'X)"IX'e} = E{E{(X'X) IX'e|X}} =0 (22)

where the result thaE {(X’X)~1X’e|X} = 0 follows from the assumptions that the data HE
and the true regression function is linear, which impliest ttomponent by component, we have
E{&|X} = 0. The homoscedasticity assumption is needed to deriveténelard formula for the
conditional covariance matrix of the OLS estimator, (#X) = ?(X’X)~%. The statement of the
Gauss-Markov needs to be modified so that “best linear uediastimator” means the one with the

smallestconditionalcovariance matrix.

. (10 points) Define what the? is for the regression and provide sufficient conditions fet B2 < 1.

Are there circumstances wheRé could over outside the unit interval? If so, provide an exiEmp
where this could happen. Is it the case that adding additiexganatory variables to a regression
always increases th?? If so, provide a proof, otherwise provide a counterexampyhere the
addition of an explanatory variable decreasesRhe

The standard definition d®? is

SSR

where SST= |ly—y||? and SSR= ||y —y]||?, wherey is theN x 1 vector of dependent variables,
¥ = X(X’X)~IX'y are the regression predictions wf andy is anN x 1 vector, each of whose

5
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components equals the meanyofClearly R? > 0, butR? can be greater than 1 if the regression
does not contain a constant term. For example, supiese and there is only one regressorand

we have
(3] [

You can verify that in this case we haﬁse: —% and

_3
5

=] % | (25)
5

You can calculate that in this case SSB and SSR= 1.3, soR? = 2.6 in this case. If the regression
contains a constant term, thB4 < 1 since we have
SST=SSR+ SSE (26)

where SSE= ||e||?, wheree =y —¥. If you do not know how to show the above identity, note that
llel|? = (e e), and you expand SST as follows

SST=|y-V|?=(y-%yY-V) = y-J+9-Vy-J+9-y) = (e+9-y.e+y-y)  (27)

Using the orthogonality of the residual vector e ar@vhich is a linear combination of the columns
of the X matrix), it follows that(e,y) = 0. Further, if there is a constant term in the regression,
then e is orthogonal to the constant term, and thus orthogongl, teo (ey) = 0. Using these
orthogonality conditions, it follows thate,y —y) = (y—Y¥,y—¥) = 0, and from this the identity
that SST= SSR+ SSE follows. Finally, when a constant term is included in itagression, it is
necessarily the case that adding additional explanatorghblas must increasB2. This follows
because adding an additional explanatory variable neglgssaduces SSE, and using the identity,

we can rewriteR? as
~2_ SSR_ SST—SSE

SST SST
and since adding a regressor to the regression does not 8fdchut reduces SSE, it follows that
this increaseR?. However if there is not a constant in the regression, addinggressor does
not necessarily incread®” even though it is still true that adding a regressor reduc®s. SThis
is because the identity in equatioR?] no longer holds in the absence of a constant term, so it
is possible to construct examples wh&gis initially larger than 1 and adding another regressor
reducesR? to below 1. | leave it to you to try some examples (such as eitenthe example |
provided above wherB? > 1) to show this is possible.

(28)

. (10 points) The OLS estimator is an example skai-parametric estimaton the sense that under

fairly general conditions it will be a consistent and asyotigglly normal estimator for the para-
metric part of the model (i.e(B*,0?)) even though we do not specify that the error tesnbave
a parametric distribution such &§0,0?). Provide the weakest conditions you can fgr X;) (but
assuming they ardD random variables) under which OLS will be consistent andrgegtically
normal and derive the asymptotic distribution for the OL8neator in this case.

While it is hard to say what the absolubeeakestconditions would be (and proving the absolute
weakest conditions would turn this into a unrealisticallfficlilt problem, requiring very arcane

6



assumptions and verifications, which was not what | was gstdiryou). | would accept any answer
that had conditions that wemfficiently weakethan the “old fashioned textbook assumptions”.
Thus, sufficiently weak assumptions would be those whef& 19 uniquely defined in the limit to
the least squares problem

B* = argminE{(y — XB)*} (29)
B

A sufficient condition for this is that thiex k matrix E{X'X} exists and is invertible. Then the only
other condition we need is the weakest condition for a lavaajd numbers to hold. This requires
something just a bit stronger than the existence of secondents for the random vectdy, X). |
am not asking for specifics on these conditions since it lerdechnical, but assuming that a Law of
Large numbers holds and results in the almost sure (withalitity 1) convergence or convergence
in probability of the following quantities:

1 N

N o BXX

LN

N_Zixi’)’i — E{XYy} (30)

(again the conditions for convergence in probability aigtgly weaker than convergence with prob-
ability 1, but worrying about these are arcane details issootething | expected you to do in this
question). The Slutksky theorem implies that

. 1 N R -1
D R

Asymptotic normality can be proven under somewhat strongeditions on the moments necessary
to for a Central Limit Theorem to be applied to

= _ix’a —N(0,Q) (32)

whereg; = y; — XiB* andQ is the covariance matrix
Q = E{e2X'X} (33)

so sufficient conditions on the random vectgrX) need to be imposed to ensure the existence of
Q and that a central limit theorem holds iA9). | have not emphasized technical details in my
half of the course, just for an understanding of the big petand so | did not take off any points
if you failed to put in the right technical conditions for a Tko hold, or got those details wrong.
Instead | was looking for evidence that you understand thepliiture and that the OLS estimator
will be consistent and asymptotically normal 8t even if the true conditional expectation is not
equal toXB*, and even if the error terms are not normal, and so forth. Adlmeed is that the
population regression coefficienfs defined from the solution to the limiting or population least
squares problenf(?) exists and are uniquely defined, and then sufficient canttfor the “analogy
principle” to hold, so that the sample analog of the limitpgpulation regression coefficients, the
OLS estimatof3 will converge to the limiting population valug* asN — o, both in probability,

7



Answer

and that a suitably normalized OLS coefficient vectdN [[3— B*} will converge in distribution to

N(0,Q) under very weak conditions, even when the regression isspeisified” (i.e. when the true
conditional expectation is not linear, i.E{y|X} # X[(*).

. (20 points) Define the concept afymptotic efficiencgnd provide sufficient conditions for which

the OLS estimator is asymptotically efficient. If the resituare independent of and have a
double exponential distribution, i.e. whegigin equation ?) above has a densitf(€|o) given by

f(el0) = 5 exp(~ e/} (34

will OLS be asymptotically efficient estimator @f in this case? If not, describe an asymptotically
efficient estimator in this case. Finally suppasés independent oK; and has anixed normal
distributioni.e. the CDF of;, F(g), is given by

F(e) =ad(g/01)+ (1—a)P(g/02), (35)

where @ is the standard Normal CDF arade (0,1). Is OLS asymptotically efficient estimator
of B* in this case? If not, describe an asymptotically efficieninestor, write a formula for the
asymptotic covariance matrix of this efficient estimatod @oempare it to the covariance matrix of
the OLS estimator and show the difference between the latigformer is a positive semi-definite
matrix.

The asymptotic efficiency of an estimator is (within the slas$ all consistent an asymptotically
normal estimators of an known parameter vec@?y, the estimator that has the smallest asymptotic
covariance matrix. Under fairly weak regularity conditgprbut under the strong and important
assumption that the statistical modekcmrectly specifiedthe maximum likelihood estimator can
be shown to be asymptotically efficient, and its asymptadieaciance matrix, equal to the inverse
of the information matrixand also known as th€ramer-Rao lower boundnplies that maximum
likelihood esitmation achieves asymptotic efficiency wditn asymptotic covariance matrix equal
to the Cramer-Rao lower bound. There is an extension of thiemaof efficiency due to LeCam
and others for any “locally asymptotically normal” famiief statistical models that can handle
estimators that have non-normal asymptotic distributi@msl this more general theory still arrives
at the same conclusion that the maximum likelihood estimiatasymptotically efficient, and any
other estimator that is consistent and has a limiting asgtigpdistribution, even if not normal, will
be one that can be represented as the “limiting distributibthe maximum likelihood estimator
plus independent, additive “noise”, and hence would be dated by the maximum likelihood
estimator by any decision maker who has a convex loss funétiodeviations from the estimated
parameter and the true values. A sufficient condition for @.$e asymptotically normal is that
the conditional distribution of given X is normal with mearXp* and variances®. Then as we
showed in class, the OLS estimator is the same as the maxitkalindbod estimator and hence is
asymptotically efficient. For the case where the residualeta double exponential distribution as
in equation ??), it is straightforward to see that the maximum likelihoalimator is equivalent to
theleast absolute deviation( AD) estimator, and so OLS is not asymptotically efficiamthis case
— the LAD estimator is. In the case of the mixed normal disttitin we can define the maximum
likelihood estimator fo® = (B,a,01,07) as follows

A N
G:argemax% i;Iog((f(yi —XiBla,01,02)) (36)

8



wheref (e]a,01,07) is the density corresponding to the mixed normal CDF in éqog®?) above.
Specifically, we have

f(ela,01,02) = a@(e/01)/01+ (1—a)@(e/02)/02 (37)
whereq(¢) is the standard normal density,
1

Pe) = Ner exp{—¢&2/2} (38)

It is not hard to verify that the maximum likelihood estimaie different than OLS, and since
maximum likelihood is asymptotically efficient, the OLS syanptotically inefficient in the case of
a mixed normal error distribution. Since the error term dpendent of th¥ vector, the asymptotic
covariance matrix of the OLS estimator is

Q = ’E{X'X} (39)
wherea? is the variance of the mixed normal error tegnwhich is
0’ =a0s+(1—a)os. (40)

For the maximum likelihood estimator, the asymptotic c@a@re matrix is the submatrix of the
inverse of the information matrix that corresponds tofghector. Recall that the information matrix
is defined as

1 =E{[dlog(f(y—XB|a,01,02)/06] [dlog(f(y—XB|a,01,02)/06]'} (41)

It is tedious but you should be able to show (using propedfexid and even functions, and specif-
ically that with respect to the mixed normal density the etagon of any odd function is zero) that
the information matrix iblock diagonaffor the “B block” (corresponding to thB parameters) with
respect to the other thréeparameters(a, 01,02). Specifically, you can show that

Ia = E{[dlog(f(y—XB|a,01,02)/0B] [dlog(f(y—XB|a,01,02)/da]'} =0

Iss, = E{[0log(f(y—XBla,o1,02)/0B][dlog(f(y—XBla,01,02)/d01]'} =0

o, = E{[0log(f(y—XpB|a,01,02)/0p][0log(f(y—XB|a,01,02)/902]'} =0 (42)

This implies that the asymptotic covariance matrix for fheoefficients in the maximum likelihood
esitmator is

Spp = [Ipp] = [E{[0log(f(y— XBla,01,02)/0B] [dlog( f (y — XBla,01,02) /0B }] T (43)

This covariance matrix will be smaller (in a positive definsiense) than the OLS asymptotic covari-
ance matrix foi3, Q in equation 2?). Given the independence of the error term and the regressor
X one can show thap g takes the form

Zpp = AE{X'X} (44)

1 [ [t(ela,01,02)]°
A _E{[ﬁ] } “9

9
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With some effort, you should be able to show that g2, and hence the maximum likelihood esti-
mator of the regression coefficients with mixed normal eteoms is more efficient asymptotically
than the OLS estimator. | did not expect students to get irdetailed proof of this on the exam:
just noting the simple fact that the maximum likelihood mstior is different from OLS and results
in a smaller asymptotic covariance matrix was sufficientebfgll credit for this part.

lll. Consider the standard linear regression model
yi=XiB*+¢, i=1...,N (46)

where(y;, X;) are assumed to BB random vectors, witly; a 1x 1 random variable ang; aK x 1 random
vector fori = 1,...,N but whereg; (a 1x 1 random variable) isotindependent oK;.

1. Suppose thaE{gj|X} # 0, but thatE{g;X;} = 0 where 0 is & x 1 vector of 0’s. Will the OLS
estimator still be a consistent estimator @rin this case?

2. Suppose thd{¢g; X} # 0 but we can observe a vecrwith dimensionJ x 1 for whichE{¢g;Z;} =0.
Is it possible to construct a consistent estimatopoin this case? If so, describe the assumptions
you would need to construct a consistent estimatofifoand describe the most efficient estimator
of & that you can think of fof* under these conditions, but where you do not necessarilw ithe
distribution forg;.

3. Suppose we know that is normally distributed and satisfi€&s{e;|X;} = 0 but varg;|X;) = a2(X;)
wherea?(X;) is aknownfunction of X;. Show that the OLS estimator is a consistent estimator for
B* in this case and derive the asymptotic covariance matrixHerOLS estimator. Then, derive a
more efficient estimator fof* and derive its covariance matrix. Show that the differenetvieen
the asymptotic covariance matrix for OLS and this othemestor that your derive is positive semi-
definite, thereby confirming that the OLS estimator is cdesisbut inefficient in this case.

4. Continue to assume thatis normally distributed, but now weaken the previous asgionghat its
conditional variance vég;|X;) is a known function ofX;. Now assume that vég;|X;) = a2(X;|6)
where0 is a vector of unknown parameters that could potentially digmated. Describe the most
efficient estimator fof3* in this case and contrast how this estimator differs fromntiost efficient
estimator for3* that you could think of in part 3 above. Will it always be thesedhat the most
efficient estimator fo3* when we do not know the form of conditional heteroscedasgtiexactly
(i.e. inthe case where V@ |X) = 02(X;|8) versus the case where ygtX;) = 6%(X;) is a completely
known function ofX;) will have lower asymptotic efficiency due to our lack of knedge of the
precise form of conditional heteroscedasticity? If so,tgkehow you would prove this, if not,
sketch a counterexample where not knowthgctually improves the efficiency of the estimator of
B

5. Suppose that wknow nothingabout the form of conditional heteroscedasticity, i.e.t @&(X;)
is a completely unknown function to us, except the genemstriotion thata?(X) is is a smooth
function of X that is uniformly bounded for al € R€ ande; has uniformly bounded 4th moments
(so we don't have to worry about problems of unbounded mosnandl laws of large numbers and
central limit theorems can apply). Does this lack of knowlkedbout the form of heteroscedasticity
prevent us from being able to derive the asymptotic covaganatrix for the OLS estimator? Does
it prevent us from being able to find a more efficient estim#tan OLS?

10



6. Now suppose that; is independent o¥; but has a densityf (¢|6) that depends on a vector of
unknown parameters and for aBys; has mean zero and has finite 4th moments (and thus finite
variance too). Will OLS be consistent and asymptoticallynmal under this situation? When will it
be asymptotically efficient (i.e. what are sufficient coiuis onf (€|0) for OLS to be asymptotically
efficient)? When OLS is not asymptotically efficient, delserian estimator (i.e. write down an
equation for this alternative estimator, even if the estonfor * is only implicitly defined) that
would be more efficient than OLS.

7. Now suppose that; is independent oK; but the density of; is unknown to us, except that we
know thatg; has mean zero and has finite 4th moments (and thus finite eeriamo). Will OLS
still be asymptotically normal in this case? Is it possiliefind a more efficient estimator than
OLS in this case? (Hint: Consider the following “two stepiresttor”. In step 1, we do OLS and
using the OLS estimator, we construct teesidualsg; = y; — XiB, i = 1,...,N. Then using these
estimated residuals we construat@n-parametric kernel density estimator of the unknowrsitign
function foreg;, f(g). Then in step 2, we use this nonparametrically estimatedityefusiction,

f(s) as a basis for aecond step maximum likelihood estimaffis two step process is known as

adaptive estimatiomnd statisticians have proven that the two step adaptivmastr is as efficient

as maximum likelihood assuming that Weewwhat the density of; was in the first place, that is,

it is as efficient as what we would get if we knew the den$ity) from the outset and thus did not

have to estimate it.) Derive a formula for the asymptoticaz@nce matrix for this two-step adaptive
estimator for3* and show that i€; ~ N(0,0?) that the adaptive estimator is no more efficient than

OLS but if & has a double exponential distribution (see equati#® ébove), then the adaptive

estimator is strictly more asymptotically efficient than ®IBONUS (but not required): write a

formula for the non-parametric kernel density estimatoff @) using the estimated residuals from

the first stage regressiog,, i = 1,...,N as the “data” for this non-parametric estimator).

IV. BONUS EXTRA CREDIT QUESTION (not required) Suppose we are trying to estimate an un-

known regression function
yi=f(x)+&, i=1...,N (47)

where the observationy;, x;) arellD, whereE{¢;|x } = 0, andx; is a single scalar random variable that is
uniformly distributed on th¢0, 1] interval and our interest is to try to estimate wHats) is. Consider the
following very simple “naive estimator” of (.5): we take a small interval of widthiRaround the point

x =5, so we consider the intervgb— h, .5+ h| whereh is some small number suchlas- .001. Then we
form our estimator off (.5) by simply taking the average of all of tlygs for which the corresponding’s

lie in this interval, i.e. we only include thg’s in our average provided that € [.5— h,.5+ h], otherwise
we discard these observations. Thus, we are simply “sap@isubsample near= .5" and then just
computing a simple sample mean of this for this subsample.

1. Write an explicit expression for this estimator usingi@adior functions, i.el {.5—h <x < .5+ h}.

2. Initially assume thah is fixed (asN — ). For this fixedh, write an equation for the probability
limit of this estimator a?N — co with h remaining fixed.

3. Assume thaff (x) is a smooth function (i.e. is continuously differentiablé)se the Mean Value
Theorem from calculus to derive an error bound betwé&eb) and the probability limit that you
have calculated in part 2 above.

11



4. Show that the error bound you have calculated above deperidand tends to zero ds| 0.

5. Now, assume that we allolwto tend to 0 as the sample size increases, i.e. we choose laNile
satisfying limy_. h(N) = 0. Discuss the difficulties you might encounter if you try épeat what
you did in step 2 (wheh was fixed, independent &f) but for the case whergN) — 0 asN — oco.
Will this probability limit always exist and be equal f@.5) no matter how fast or slow(N) tends
to zero adN — »? Try to guess the rate as whibfN) should go to zero so that this estimator will
be a consistent estimator f6(.5).

6. Show that this estimator is actually a special caserafraparametric kernel estimataf f(x) for
a particular choice dkerneland thath is thebandwidth parameteior this kernel density estimator.
The naive estimator we have constructed is sometimes dakeiistogram estimatosince we are
using a histogram centeredat= .5 to screen out thg’s that do not lie in this “bin” abouk = .5
when we form our average of thgs.
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