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Abstract

Thispaperanalyzesthecomplexity of thecontractionfixedpointproblem:computeanε-approximation
to thefixedpoint V

���
Γ
�
V
���

of a contractionmappingΓ that mapsa BanachspaceBd of continuous
functionsof d variablesinto itself. We focuson quasilinear contractionswhereΓ is a nonlinearfunc-
tional of a finite numberof conditionalexpectationoperators.This classincludescontractive Fredholm
integral equationsthatarisein assetpricing applicationsandthecontractive Bellmanequationfrom dy-
namicprogramming.In theabsenceof furtherrestrictionsonthedomainof Γ, thequasilinearfixedpoint
problemis subjectto thecurseof dimensionality, i.e., in theworstcasetheminimal numberof function
evaluationsandarithmeticoperationsrequiredto computeanε-approximationto a fixedpointV

���
Bd

increases exponentiallyin d. We show that the curseof dimensionalitydisappearsif the domainof Γ
hasadditionalspecialstructure.We identify a particulartypeof specialstructurefor which theproblem
is strongly tractableeven in theworstcase,i.e., thenumberof functionevaluationsandarithmeticop-
erationsneededto computeanε-approximationof V

�
is boundedby Cε 	 p whereC andp areconstants

independentof d. We presentexamplesof economicproblemsthat have this type of specialstructure
includingaclassof rationalexpectationsassetpricingproblemsfor whichtheoptimalexponentp

�
1 is

nearlyachieved.

1 Intr oduction

This paperanalyzes the complexity of the contraction fixedpoint problem: computean ε-approximation
to the fixed point V 
�� Γ 
 V 
�� of a contraction mappingΓ that mapsa BanachspaceBd into itself where
Bd is a spaceof continuousfunctions definedon a compactSd � IRd. Theseproblemsarisefrequently
in economics, andincludeinfinite horizondynamicprogramming(DP) andassetpricing problemswhere�
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V 
�
 s��� V 
�
 s1 ��������� sd � is interpretedas a value function that dependson a vector of d statevariables
 s1 ��������� sd � eachof which canassumea continuumof possible values. Although the spaceBd is infinite-
dimensional we refer to d asthedimensionof thefixedpoint problem. AlthoughBanach’s theoremguar-
anteesthata uniquefixedpoint exists, it is only possiblein rarecasesto obtainanalytic expressionsfor V 

andit is usually quite difficult evento characterizegeneralpropertiesof V 
 (e.g.,monotonicity, concavity,
etc.).For thesereasons therehasbeenincreasingemphasison theuseof numericalmethodsto computeap-
proximatecontraction fixedpoints in virtually all fieldsin economicsandfinance,including microeconomic
modelsof intertemporaldecision makingunderuncertainty, Rust(1997),Judd(1998),econometrics, Rust
(1994),macroeconomics, Stokey andLucas(1989),Cooper(1999),growth theory, KydlandandPrescott
(1982),andfinanceandassetpricing,Lucas(1978), Rust(1985),Duffie (1988).

In many applicationswewouldliketo beableto computeapproximationsto extremelyhighdimensional
problems.In financethere is substantial interestin pricing index options thatarefunctionsof thousands of
individual securities: calculationof theoreticalvaluesof theseoptionsrequiressolution of highdimensional
optimalstopping problemswhered is at leastaslarge asthenumberof securities in the index, seeBolye,
BroadieandGlasserman(1997). It is increasinglycommonto seevery high dimensional DP in economic
applications.For example,modelsof optimalpricing andinventory decisionsof retail or wholesalecompa-
niescaneasily result in DP problemsfor which d canbe many thousands. Hall andRust(1999)modela
steelwholesaler thatcarriesover 2,000individual steelproducts: eachproductis describedby at leasttwo
continuousstatevariables,namelythecurrentspotprice andquantity on hand.Thus,to modelthefirm asa
wholewouldpotentially requireaDPproblem with at leastd � 4� 000continuousstatevariables.Similarly,
Aguirregabiria (1999)developsa DP modelof a Spanishretail supermarket chainthat carries over 8,000
separateproducts: many U.S.retail outletscarrymorethan75,000products.Thus,it is increasinglyimpor-
tant to find effective algorithmsfor approximating fixedpointsto high dimensionalproblemswhered can
bearbitrarily large.

Our analysis focuses on a subclassof quasilinear contraction mappingswhich canbe representedas
nonlinear functionalsof afinite numberof conditionalexpectation operators:

Γ 
 V ��
 s��� f 
 π1 
 s��� βE1V 
 s� ��������� πm 
 s��� βEmV 
 s��� � (1)

where f is a continuousfunction mappingRm into R, theπi , i � 1��������� m, arefixedfunctionsin Bd, andthe
Ei , i � 1��������� m, arelinearconditionalexpectation operatorsonBd, i.e.,

EiV 
 s��� �
Sd

V 
 t � pi 
 t � s� dt � (2)

wherepi : Sd � Sd � R� , and pi 
�� � s� is a conditional probability density function on Sd for eachs ! Sd.
If f satisfiesthe quasilinearity property described in Section2, thenΓ is a contraction mappingon Bd.
Many of the fixed point problemsthat appearin economicapplicationsarequasilinear. This family in-
cludesFredholmintegral equationsthatarisein rational expectationsmodelsof assetpricing (whenm � 1
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and f 
 x��� x) andtheBellmanequation for infinite horizon DP problems(whenm " 1 and f 
 x1 ��������� xm���
max
 x1 ��������� xm� ).

At leastsinceBellman(1957),it hasbeenthoughtthatcontractionfixedpoint problemsof thetypewe
areconsidering aresubjectto an unavoidable “curse of dimensionality”. Subsequentdevelopmentsin the
theoryof computational complexity of continuousproblems,seeTraubandWerschulz(1998)for a survey,
have formalizedtheconceptof curseof dimensionality andhave succeeded in determining whethera wide
variety of continuousmathematicalproblems aresubjectto this curse. The complexity, comp
 ε � d � , of a
d-dimensional mathematical problemis definedasthe minimal costof computingan ε-approximationin
theworstcaseusingdeterministic algorithms.1 If comp
 ε � d � dependspolynomially on ε # 1 andd, we say
theproblemis tractable, otherwiseit is intractable. If comp
 ε � d � dependsexponentially on d, we saythe
problemsuffersthecurseof dimensionality.

Chow andTsitsiklis (1989)confirmedBellman’s conjecture by proving that the problemof approxi-
mating the fixed point to Bellman’s equationV � Γ 
 V � is subjectto the curseof dimensionality. More
precisely, they showed that whendomainof Γ is sufficiently large (e.g., the setLd � Bd of all uniformly
boundedLipschitz continuous functions);thentheproblemof findinganε-approximationto thefixedpoint
V � Γ 
 V � is intractable. They considereda general classof Markovian decision problemswith continuous
stateandactionspaces.However their resultalsoimpliesthat theproblemof approximating V 
 for a sub-
classof MDPswith only afinite numbermof possibleactionsknown asdiscretedecision processes(DDPs)
is alsointractable, sinceits complexity is at leastof orderε # 2d. HoweverDDPproblemsaremathematically
equivalentto computingthefixedpoint of theBellmanoperator which is just a special typeof quasilinear
contraction mapping.Thus,the intractability of theDDP problemimpliesthat thequasilinearcontraction
problem(which includesthefinite actionMDP problemasaspecial case),mustbeintractableaswell.

Theobjectiveof thispaperis to determinecircumstancesunderwhichit ispossibleto breakintractability
of thequasilinearcontraction fixedpoint problem. As discussedin TraubandWerschulz(1998),thereare
two mainwaysthiscanbedone:

(a) by usingrandomizedalgorithms,suchasMonteCarlo,or

(b) by restricting attentionto problemsthathavesomesortof “special structure”.

Strategy (a)wasusedby Rust(1997)whoshowedthata randommultigrid algorithm succeedsin break-
ing thecurseof dimensionality for asubclassof DDP problems.2 SinceDDPsareasubclassof quasilinear
contractions,Rust’sresultsuggeststhatit maybepossibleto userandomizationto breakthecurseof dimen-
sionality for a larger classof quasilinear contractionmappings.The main work involved in computinga
fixedpoint in either of theseproblemsis theevaluationof themultivariate integralsdefiningtheconditional
expectationsEiV, i � 1��������� m. Althoughtheproblemof computingmultivariate integrals for integrandsthat

1Complexity is alsodefinedfor averagecaseandrandomizedsettings.SeeTraub,Wasilkowski andWoźniakowski (1988).
2It is possible to checkthattheresultsof Rust(1997) arealsovalid for theclassof problemsconsideredin thispaper.
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arein sufficiently largeclasssuchasLd is intractablein theworstcasedeterministicsetting, it is well known
thatmultivariate integrationis tractablewhenrandomizedalgorithmsareallowed.For exampletheclassical
Monte Carlo methodcanbe usedto approximate the integral ÊiV 
 s� asa sampleaverage1$ n∑n

i % 1V 
 s̃i �
where & s̃1 ��������� s̃n ' areIID draws from theconditional densitypi 
 t � s� . TheLaw of LargeNumbersimplies
thatÊiV 
 s� converges to EiV 
 s� at raten # 1( 2 independentof thenumberof variables.3 Thecostof allowing
randomization is thatwemustbecontentwith theweakerstochasticassurancethattheexpectederrorof the
approximatesolution is lessthanε.

Our paperis aboutstrategy (b). Therearetwo mainadvantagesof this approach. First, unlike Monte
Carlomethods,thealgorithmswe considerdeliver a strongerdeterministic worstcaseassuranceregarding
the approximation error. Second,we provide sufficient conditions underwhich thereis a deterministic
algorithmthatusesn quadraturepointsto approximatetheconditionalexpectation operatorsE iV in equation
(1) andresults in anapproximatefixedpoint V̂n that, regardlessof thedimensiond, convergesto V 
 at rate
closeto n# 1.

We now describe the type of special structurewe exploit andhow it enablesus to breakthe curseof
dimensionality. Our objective is to approximateV 
 at anarbitrary points
)! Sd. NotethatV 
 is animplicit
functionof theobjects f , & pi ' and & πi ' , wheref is thefunction definingthequasilinearcontractionoperator
in equation (1), the & πi ' arethe payoff functionsin (1), andthe & pi ' arethe Markov transition densities
definingtheconditionalexpectationoperators in (2). Weassumethata feasiblealgorithm for computingan
approximatesolution V̂ to V 
 canonly dependon the valuesof theseobjectsat a finite numberof points& s1 ��������� sn ' in the domainSd. Our worst caseanalysis treatsthe objects f and & pi ' asfixed, but allows& πi ' to be elements of a setof functionsFd. For any algorithm (which includes a specificchoicefor n
andthesamplepoints & s1 ��������� sn ' ) we candeterminetheworstcaseerror, i.e., thelargestpossible valueof�V 
�
 s
��+* V̂ 
 s
��,� for & πi ' in thesetFd. Thecomplexity comp
 ε � d � is theminimumcostof computinganε-
approximation,wheretheminimumis takenoverall feasiblealgorithms.Obviously, thecomplexity depends
on the setof functions Fd. WhenFd � Bd, the (non-compact)setof all continuous,uniformly bounded
functions,the complexity is infinite, i.e., it is not possibleto computean ε-approximation for sufficiently
small ε usingdeterministic algorithms. WhenFd � Ld, the compactsetof uniformly boundedLipschitz-
continuous functions, the complexity is finite, but as notedabove, there is a curseof dimensionality —
comp
 ε � d � is anexponential function of d. We will considerthecasewhereFd � Fd - γ, a compactsubsetof
uniformly boundedfunctionsin aweighted Sobolev spacethatwill bedescribedin moredetail later. Wewill
definea specificweightednorm ./�0. Fd 1 γ on thefunctionsin Fd - γ thatdependson a parameter γ �2
 γ1 ��������� γd �
thathasthesamedimensionastheof arguments d of thefunctionsin Fd - γ. The ith componentγi is a weight
thatdetermines,for any function π ! Fd - γ, how sensitive thenorm . π . Fd 1 γ is to variationsin si , thei argument
of π. If γi is smallthenormwill bevery largeif thefunction π is highly variableasa functionof si . Thus,in

3Notethatcomputerimplementationsof theMonteCarlomethodusepseudo-random numbergeneratorsthatattemptto emulate
truly IID draws from variousdistributions. Thefact that theobservedrateof convergenceof theseimplementationsof theMonte
Carlomethodisn 3 14 2 canbetakenasevidencethatpseudo-random numbergeneratorsareabletosuccessfullyemulatethebehavior
of truly IID sequences.Theproblemof whentheuseof pseudo-random samplepointsdoesnotchangetheerrorof MonteCarlois
addressedin TraubandWoźniakowski (1992).
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orderfor π to have a smallweightednormwhenγi is small,it mustbethecasethatπ mustbenearly“flat”
asa function of si . We show that thequasilinear contraction fixedpoint problembecomestractablein the
worstcasesetting if ∑∞

d % 1γd 5 ∞.
Tractability is establishedby showing thatcomp
 ε � d � takestheform

comp
 ε � d ��� c
 d � n1 
 ε � d ��� n2 
 ε � d � � (3)

wheren1 
 ε � d � is theminimal numberof function evaluations,n2 
 ε � d � is theminimal numberof arithmetic
operationsrequiredto computeanε-approximationto a d-dimensional problem in theworstcase,andc
 d �
representsthecostof a single function evaluationof π. Clearly, theproblemis tractableif n1, n2 andc all
increasepolynomially in ε # 1 andd. Werestrict attention toproblemswherec
 d � isboundedbyapolynomial
in d, sinceif thisdoesnothold,theproblemis automatically intractable.In thequasilinearcontractproblem,
wehaven2 
 ε � d ��� O
 n1 
 ε � d � 2 � , sothekey to ourargumentis to show thatn1 is apolynomial in in ε # 1 and
d. Weprovidesufficient conditionsunderwhich theproblemis strongly tractable, i.e.,where

n1 
 ε � d ��6 Cε # p (4)

for constantsC andp whichareindependent of d andε. Theminimal(or theinfimaof) valuesof p for which
theseinequalities hold is calledthestrongexponent, seeWoźniakowski (1994)for a precisedefinition. We
providesufficientconditionsunderwhich thestrongexponentis equalto p � 1 which impliesthattheopti-
mal (uni-dimensional)convergencerateof n # 1 is nearlyachievedregardlessof theproblemdimensiond.

Weverify thattheseratesof convergencecanbeattainedin thecontext of aspecific rationalexpectations
assetpricing example. In this casethe quasilinear contractionproblemreducesto a Fredholmintegral
equation for V 
 , whereV 
�
 s� representsthe valueof the assetgiven informations, wheres is a vectorin
a d-dimensional statespaceSd. The dimensiond could be quite large, sinceit not only includesa vector
of variablesthat representthestate of thefirm (i.e., its sales, costs,debt,wagecosts,market share, andso
forth), but it also includes a large numberof market-level variablessummarizingthe status of the firm’s
chief competitors,anda largenumberof economy-level variables thataffect theoverall level of thestock
market (e.g.,interest rates,inflation rates, unemploymentrates,andsoforth). Supposethattheassetpaysa
persharedividendof π 
 s� in state s, andthat thestate evolvesaccording to a Markov transition density p
andthereis aconstant risk freeinterest rater " 0. Thenthe“fundamentalvalue”of thestockis givenby

V 
 
 s��� π 
 s�+� 1
 1 � r �
�

Sd

V 
 
 t � p
 t � s� dt � (5)

In Section5 we show that the problem of approximatingV 
 is strongly tractableif π satisfies somemild
smoothnessconditionsandp is atruncatednormaldensity for whichcertainparametersrelatedto theeigen-
valuesof its correlation matrix tend to infinity at a sufficiently fast rate. We prove that this problem is
strongly tractablewith strongexponentequalto 1. That is, thenumberof function evaluationsn
 ε � d � nec-
essary to computean ε-approximationto V 
 at a point satisfiesn1 
 ε � d �76 Cδε # 1 # δ for all δ " 0. This is
substantially faster thanthe randomizedcontraction operator approachconsideredby Rust(1997). In that
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algorithm n1 
 ε � d � must be of order ε # 2 in order to achieve an expectederror of ε. Thus, even though
V 
 is a non-trivial function of all d state variables, the numberof samplepointsnecessary to find an ε-
approximationis independent of d. The problem complexity, comp
 ε � d � , only dependson d via the cost
c
 d � of eachfunction evaluation.4 Thisgivesusadouble-win:8 convergenceis fasterthanMonteCarlo,8 with aworstcasedeterministicguarantee.

Although we do not do so here,our results on the tractability of pointwiseapproximation of V 
 can
beextendedto enableus to prove thetractability of uniform approximationof V 
 . Considera function V̂k

constructedfrom alinearcombinationof k “basisfunctions” & ρ i - k ' whosecoefficientsarevaluesV̂ evaluated
atanappropriatesetof samplepoints & s1 ��������� sk ' in Sd

V̂k 
 s��� k

∑
i % 1

V̂ 
 si � ρi - k 
 s� � (6)

V̂k will bea uniform ε-approximationto V 
 provided . V 
9* V̂k . 1 6 ε . V 
:. 2 for somenorms ./�0. 1 and ./�;. 2.
Thevalueof k for which this is trueobviously dependson ε andd. In orderfor theuniform approximation
problemto betractablewemustguaranteethatk dependsonly polynomially on1$ ε andd, andthatthetime
requiredto evaluateeachof thebasisfunctionsdependsonly polynomially on d. This canbeachievedfor
thesameconditionsunderwhich thepointwise approximationproblem is tractable, i.e.,whenthefunctions
V̂ andV 
 haveaparticular typeof special structurereflectedby smallnormsin theweightedSobolev space
Fd - γ. Thus,it is sufficient to restrict attention to proving thattheproblemof pointwise approximationof V 

is tractable.

Section2 introducestheclass of quasilinear contraction mappings,with examplesof how thesemap-
pingsarisein economicapplications. Section3 reviews recentempirical andtheoretical results on Quasi
MonteCarlo(QMC). This is relevant to our results sincewe show how a particularQMC algorithm that is
basedonanapproximationalgorithmknown astheweightedtensorproductalgorithm(WTP)enablesusto
exploit thespecial structureof integrandsin theSobolev spaceFd - γ andbreakthecurseof dimensionality. In
Section4 we presenta classof iterative algorithmsfor computingapproximatefixedpointsto quasilinear
contractions. Section 5 outlines the structureof our argumentin the special IID casewherethe transition
densities pi 
 t � s� do not dependon s. Section 6 applies thesealgorithmsto the problemof approximating
fixed pointsto an importantsubclass of quasilinearmappings,(contractive) Fredholmintegral equations.
Theseproblemsarisein assetpricing applicationssuchasdiscussedabove, andalsoin thepolicy iteration

4Werschulz(1991)andHeinrich(1998)analyzedtheworstcasecomplexity of Fredholmintegral equationsfor smoothfunctions
andshowed that theseproblemsaresubjectto a curseof dimensionality. However their resultsdo not necessarilyimply that the
quasilinearcontractionproblem suffers the curseof dimensionality sincethe classof Fredholmintegral equationsthey consider
includeproblemswith moregeneralkernels.Our analysisonly coversa subsetof contractiveFredholmintegral equationswhere
thekerneltakestheform βp < t = s> whereβ ?@< 0A 1> andp <CBD= s> is a conditionalprobability densityfunctionwith specialstructure.
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methodfor solvingDDPs(i.e.,Markov decision processeswith afinite numberof possibleactions).Section
7 verifiesthat undermild restrictions, the multidimensionalrational expectations assetpricing problemis
tractablewith strongexponentequalto p � 1. Section 8 providesa shortconclusionwhich discussessome
of thelimitationsof ourresultsandofferssuggestionsfor futureresearchin thisarea. Theappendix contains
themoretechnicaldefinitionsandproofs.

2 The Quasilinear Contraction Problem

Definition 1. A function f : IRm � IR is quasi linear if:

1. f is continuousandnondecreasingin each argument,

2. For all α ! Rwehavef 
 x � α Ee �F� f 
 x�G� α where Ee �IH 1� 1��������� 1J T ! IRm. K
Examples:

1. Linear functions.Let f begivenby

f 
 x��� m

∑
k% 1

ckxk � (7)

whereck L 0, and∑m
k% 1ck � 1.

2. Max function. Let f begivenby
f 
 x�F� max

k% 1 - 2 - M M M - mxk � (8)

3. SmoothedMax function. Let fσ begivenby

fσ 
 x�F� σ ln
m

∑
k% 1

exp 
 xk $ σ � (9)

for anonnegativeσ.

Thedirect useof (9) is not recommendedin computation dueto overflow problemsfor smallσ. Note,
however, that

fσ 
 x�F� max
k% 1 - 2 - M M M - mxk � σ ln

m

∑
i % 1

exp 
 xi * max
1 N k N m

xk ��$ σ �
Thisformulacanbeusedfor computationof fσ 
 x� withoutproblemsof overflow sincexi * maxk% 1 - 2 - M M M - mxk 6
0 andwealwayscomputetheexponential for anon-positiveargument.Observealsothat

0 6 fσ 
 x��* max
k% 1 - 2 - M M M - mxk 6 σ ln m� (10)

andthereforelimσ O 0 fσ 
 x��� max1 N k N mxk.
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4. “Social Surplusfunctions”. Let fσ begivenby

fσ 
 x��� �
IRm

max
k% 1 - 2 - M M M - m H xk � σξkJ q
 ξ1 ��������� ξm� dξ1 ����� dξm � (11)

whereq
 ξ1 ��������� ξm � is a probability density over IRm which hasfinite absolute first moments.This
class of functions wasintroducedin McFadden(1981). The adjective “Social Surplus”reflects the
interpretation of fσ 
 x� asthe expectedutility of a population of agentsindexed by ξ �P
 ξ1 ��������� ξm�
who facem possiblechoices, wheretheutili ty of choicek is xk � σξk. Thesmoothedmax function
(9) is a special caseof (11) whenq is theproductof m appropriatelystandardizedunivariateTypeIII
extremevaluedistributions, i.e.,

q
 ξ1 ��������� ξm��� m

∏
i % 1

exp&0*Q
 ξi � γ � ' exp &R* exp&R*Q
 ξi � γ � '0'
whereγ S � 577216����� is Euler’s constant.

As notedin Section 1, Bd denotestheBanachspaceof continuousfunctionsV on a compactsetSd � IRd

with nonemptyinterior equippedwith thesup-norm, . V .7� supsT Sd
�V 
 s�U� . Let

πk : Sd � IR for k � 1� 2��������� m (12)

beelementsof Bd, andlet

pk : Sd � Sd � IR � for k � 1� 2��������� m (13)

beMarkov transitiondensitieswhich areweaklycontinuousin their secondargument. That is, pk 
��V� s� is a
probability densityfor eachs ! Sd andhastheproperty thatfor eachV ! Bd wehave EkV ! Bd, where

EkV 
 s��� �
Sd

V 
 t � pk 
 t � s� dt � (14)

Definition 2. A mappingΓ : Bd � Bd is quasi linear if Γ is givenby:

Γ 
 V ��
 s��� f 
 π1 
 s��� βE1V 
 s� ��������� πm 
 s��� βEmV 
 s��� � (15)

where f : Rm � Ris a quasilinear function, andβ !W
 0� 1� .
Examples:
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1. FredholmIntegral Equations

Whenm � 1 and f 
 x��� x we have

Γ 
 V ��
 s�F� π 
 s�)� βEV 
 s� � X s ! Sd � (16)

ThusΓ is a linear operator in this case.It is easyto seethat thefixedpoint problemV � u � βEV is
equivalent to solvingaFredholmequationof thesecondkind with kernelk 
 t � s��� βp
 t � s� . Equations
of this form arise in rational expectations theoriesof asset pricing, see,for example,Lucas(1978)
or Tauchenand Hussey (1991). Much is known aboutthe complexity of computingapproximate
solutions to Fredholm integral equations with general kernels, seeWerschulz (1991)andHeinrich
(1998)for surveys of deterministic andstochastic complexity boundsfor this problem. In the case
of generalkernels, theresults in Werschulz (1991)show that theproblemis intractablein theworst
caseusingdeterministic algorithms. By exploiting thespecial structureof thekernelfor theclassof
Fredholm integralequationscombinedwith additionalspecialstructureon thefunctionsπ i andpi (to
bedefinedshortly) wewill beableto show thatthefixedpointproblem, andtheassociatedFredholm
problem,is strongly tractable.

2. Bellmanoperators.

Wetake f 
 x��� maxH x1 ��������� xmJ andobtain

Γ 
 V ��
 s��� max H π1 
 s�+� βE1V 
 s� ��������� πm
 s�+� βEmV 
 s�YJ �
The associated fixed point equation,V � Γ 
 V � is known as Bellman’s equation, the fundamental
equation underlying infinite horizonMarkovian decision problems(see,e.g.,Blackwell (1965)and
Denardo(1967)).

Westressthatthis function f correspondsto thecaseof finitely many choicesof actions,andthecase
of a continuouschoiceof actionsis not addressed.But eventhis restricted caseposesdifficultiesfor
our analysissinceour results dependon theability to exploit smoothnesspropertiesof the function
Γ 
 V � . Even if the functions πk and pk are very smoothwith respect to s, the function Γ 
 V � will
generally only bea Lipschitz continuousfunctionof s dueto thepresenceof “kinks” inducedby the
maxoperator. Onepossible solution to theproblemis to approximateV 
 via Howard’s (1960)policy
iteration algorithm. The algorithm consistsof alternating policy improvementandpolicy valuation
stepsandis globally convergent.Eachpolicy valuationstepis equivalentto thesolutionof aFredholm
integralequation. Weprovidesufficientconditionsfor thetractability of approximatingthefixedpoint
to a classof Fredholm integral equationsin Section 6. Assumingthatthenumberof policy iterations
requiredto convergegrowsonly polynomially in d, it ispossibleto useanapproximatepolicy iteration
algorithm to approximate the fixed point V 
 to Bellman’s equation.This requiresshowing that the
approximatepolicy iterationalgorithm will convergeprovidedthevaluefunction ateachapproximate
policy valuation stepis approximatedsufficiently accurately. Anotherpossible solution is to smooth
theBellmanoperator asdiscussedbelow.
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3. SmoothedBellmanOperators.

Wetake fσ 
 x��� σ ln 
 ∑m
k% 1exp
 xk $ σ ��� andobtain

Γσ 
 V ��
 s��� σ ln
m

∑
k % 1

exp
1
σ

H πk 
 s�+� βEkV 
 s�ZJ � (17)

Thefunction Γ 
 V � is assmoothasπk andpk. From(10)we conclude

0 6 Γσ 
 V ��
 s��* Γ 
 V ��
 s�F6 σ ln m� X s ! Sd �
andthereforetheBellmanoperator is auniformlimit of smoothedBellmanoperators:Γ � lim σ O 0 Γσ.
This justifiesthenameof Γσ asthesmoothedBellmanoperator. Fixedpointproblemswith smoothed
Bellmanoperatorsarisein econometric applications,seee.g.,Rust(1994).

4. SmoothedBellmanOperatorsvia SocialSurplus Functions.

A wider classof smoothedBellmanoperatorscanbedefinedfor theclassof socialsurplusfunctions
fσ givenin equation (11),

Γσ 
 V ��
 s��� �
IRm

max
k% 1 - M M M - m H πk 
 s��� βEkV 
 s��� σξkJ q
 ξ1 ��������� ξm� dξ1 ����� dξm � (18)

It is obviousfrom (18) thatΓ � limσ O 0Γσ. While our analysis of thecomplexity of thequasilinear
fixedpoint problemexplicitly considers thenumericalintegrationproblem underlying theevaluation
of the conditional expectation operators, Ek, it abstractsfrom the integration problem defining the
quasilinear function in (18). Thus,we will assumethat thefunction f in equation (15) canbeeval-
uated exactly, suchasin thecaseof the smoothedBellmanoperators (neglecting potential errorsin
approximating exp
 x� andlog
 x� which we presumeareof secondorderrelative to errors in multi-
variate integration). Otherwisetheanalysisbecomesevenmorecomplicatedsinceweneedto control
theapproximation errorin thequasilinear function f in addition to theapproximation errorin Ek.

Theorem1 LetΓ bea quasilinear mappinggivenin Definition2. ThenΓ is a contraction,andtheequation

V � Γ 
 V �
hasa uniquesolutionV 
 in theball UR �[& V ! Bd : . V .\6 R ' with R L 
 1 * β ��# 1 . f 
 π1 
��C� ��������� πm
��]���:. ,
and . f 
 π1 
��C� ��������� πm
��]���:.

1 � β
6^. V 
 .@6 . f 
 π1 
��C� ��������� πm
��]���:.

1 * β �
Proof: . Thequasilinearity property of f impliesthatΓ satisfiesBlackwell’s (1965)sufficient conditionsfor
acontractionmapping.However it is actually easierto verify thatΓ is acontractionvia adirect calculation.
Wehave . Ek 
 V �,.76_. V . and

Γ 
 V ��
 s��� Γ 
 W � V * W ��
 s��6 Γ 
 W �`. V * W .aEe ��
 s��� Γ 
 W ��
 s��� β . V * W . �
10



usingtheproperties1 and2 in Definition 1 above. Repeating thesameargument,but interchanging V and
W we get � Γ 
 V ��
 s�+* Γ 
 W ��
 s�:�b6 β . V * W . � X s ! Sd �
Sinceβ 5 1, Γ is acontraction mapping.

By Banach’s theorem,theuniquesolution of V � Γ 
 V � in UR exists if Γ 
 UR� � UR. Thelast inclusion
holdssince

� Γ 
 V ��
 s�,�+6 f 
 π1 
 s��� β . V . ��������� πm
 s��� β . V .c�d� f 
 π1 
 s� ��������� πm
 s���)� β . V . �
Hence,for V ! UR we have

. Γ 
 V �,.@6e. f 
 π1 
��]� ��������� πm
��]���U.f� βR 6 R

dueto thecondition onR. Theboundson thenormsof V 
 easily follow from thepointwiseestimates

* β . V 
 ./� f 
 π1 
 s� ��������� πm 
 s���F6 V 
 
 s�d6 β . V 
 ./� f 
 π1 
 s� ��������� πm 
 s��� �
K

Quasilinearmappingssimplify if all Markov transition densitiesarethesame,pk g p. Thenthesecond
property of thequasilinearfunction f yields

Γ 
 V ��
 s�F� π 
 s�)� β
�

Sd

V 
 t � p
 t � s� dt � with π 
 s�F� f 
 π1 
 s� ��������� πm
 s��� � (19)

If we furtherassumethattheMarkov transition density doesnotdependon s, p
 t � s��� p
 t � , then

Γ 
 V ��
 s�d� π 
 s�)� β
�

Sd

V 
 t � p
 t � dt � (20)

In thelater case,thefixedpointV 
h� Γ 
 V 
�� differs from π only by aconstant, i.e.,

V 
 
 s��� π 
 s�G� β
1 * β

�
Sd

π 
 t � p
 t � dt � (21)

Hence,computation of V 
 reducesto the computation of a singlemultivariate integral in this case. This
indicatesthatquasilinearcontractionsarecomputationally at leastashardasmultivariate integration.

Definition 3. Thequasilinear contraction problem isdefinedastheproblemofcomputinganε-approximation
to V 
 
 s
 � at a givenpoint s
 ! Sd whereV 
 is theuniquesolution to thecontraction fixedpointproblem

V � Γ 
 V � � (22)

andΓ is a quasilinear contractionmappingsatisfyingDefinition 2.

11



Moreprecisely, wewantto computeanε-approximationV̂ 
 s
�� suchthat

�V 
 
 s
 ��* V̂ 
 s
 �,�96 ε max
/. V 
 . � �i�]�V 
 �C�]�Z� � (23)

Here �]�i� �0�i�C� is a normwhich maybebedifferent thantheusualsup-norm./�R. on thespaceBd. As we shall
seelater, thechoiceof thenorm �]�]�Y�:�]�]� is very importantandourresultsonthestrongtractability of thequasi
linear contraction problemdependon this norm. The only restriction on the norm �C�]� �G�i�C� is that �C�i�V 
 �]�i� is
well defined.Notethat if we choose�]�C�j�R�i�]� suchthat �]�]�V 
k�]�]� is muchlarger than . V 
k. thentheproblemof
computinganε-approximationis easier.

3 StrongTractability of Multi variate Integration

As wewill seelatermultivariate integration is thekey “subproblem” of thequasilinearcontractionproblem
andthe potential sourceof a curseof dimensionality. In this sectionwe review what is currently known
aboutthecomplexity of multivariateintegration, summarizingthecircumstancesunderwhich thecurseof
dimensionality arisesandwhenit canbe“broken”. As alreadynotedin theintroduction,therearetwo main
waysthat this canbe done: a) via randomized methodssuchasMonte Carlo, or b) by exploiting special
structureof particularclassesof integrands.
Considertheproblemof computingtheintegral I 
 f � givenby

I 
 f ��� �
Sd

f 
 x� dx� (24)

wherefor concretenessweassumethatSd is thed-dimensional cubeSd �lH 0� 1J d. It haslongbeenknown that
multivariate integrationis subject to a curseof dimensionality in theworstcasedeterministic setting when
theintegrandsareallowedto bemembersof asufficiently general normedspaceof functionsof d variables,
Fd. Let the norm of the spaceFd be denotedby .��G. Fd . The curseof dimensionality canbe explained in
termsof theerror bounden 
 Fd � givenby

en 
 Fd ��� inf
In

sup
f T Fd - m f m Fd N 1

� I 
 f ��* In 
 f �U� � (25)

whereIn 
 f � represents somealgorithm for computingan approximateintegral usingn evaluationsof the
integrand f .

We now present an exampleof Fd for which the curseof dimensionality is present. The spaceFd �
Cr 
:H 0� 1J d � is thesetof functionsdefinedon Sd which arer-timesFrechetcontinuously differentiable. That
is, we assumethat for any multi-index α �nH α1 � α2 ��������� αd J with nonnegative integersαi , suchthat � α � : �
α1 � ����� � αd 6 r, we have that

Dα f � ∂ o α o
∂α1x1∂α2x2 ����� ∂αdxd

f

12



is continuous.Thenormof f in Cr 
,H 0� 1J d � is definedasthemaximalvalueof derivativesof f up to orderr,

. f . Cr pCq 0 - 1r d s � max
α - o α o N r

max
x T Sd

� Dα f 
 x�,� �
Bakhvalov (1959) showed that for the spaceFd we have en 
 Fd �t� Θ 
 n# r ( d � and the complexity of the
integrationproblemis givenby

comp
 ε � d ��� Θ c
 d � 1
ε

d( r � (26)

wherec
 d � is the costof a single evaluation of f andthe notation g � Θ 
 h� meansthat the function g is
asymptotically proportional to thefunction h asε tendsto zero,i.e.,g � O
 h� andh � O
 g� .5

Bakhvalov’s resultimpliesthat for fixed r, thecomplexity dependsexponentially on d, somultivariate
integrationis subject to anunavoidablecurseof dimensionality usingdeterministic algorithms.Weareinter-
estedin thequestion of whethertherearesmallerspacesof functionsfor which thecurseof dimensionality
disappears. For sufficiently small spaces,suchasthe class of all d-variatepolynomials of orderat most
k, thereareanalytic formulasfor the integral andthecomplexity of integrationis finite even for ε � 0. In
fact, the complexity is proportional to the numberof polynomial termswhich is of orderdk. Obviously,
we would like to find non-trivial spacesFd which arepractically important, areaslargeaspossible, andfor
which the curseof dimensionality for multivariate integration is not present. We believe that an example
of suchspacesis thecaseof weightedSobolev spaces Fd - γ which will bediscussedbelow. For thesespaces
thecurseof dimensionality is not present, andevensimplealgorithms,suchasQMC discussedbelow, will
allow gooderrorboundswhichgo to zeroasa low degreepolynomialin n # 1 independentlyof d.

Considertheclass of QuasiMonteCarlo (algorithms). Theseareintegration algorithms for which the
numericalintegral In 
 f � canbewritten asasimpleweightedsumof theform

In 
 f ��� n

∑
i % 1

wi - n f 
 si - n � � (27)

where & wi - n ' aren quadrature weightsand & si - n ' aren samplepointsin Sd. In the classical MonteCarlo
algorithm (MC) andin QuasiMonteCarlo algorithms(QMC), wi - n � 1$ n. ThedifferencebetweenQMC
andMC is thatin QMC thesamplepointsaredeterministically chosenby aformulawhile in MC thesample
pointsare random,independent and identically distributed (IID ) draws from the uniform distribution onH 0� 1J d. It haslong beenknown that theclassical MonteCarloalgorithm succeeds in breaking thecurseof
dimensionality provided Fd is asetfor which theassociatedstandard deviationσ 
 f �u�2
 I 
 f 2 ��* I2 
 f ��� 1( 2 is
polynomially boundedin d. This follows from thefactthat

sup
f T Fd

E1( 2 � I 
 f �+* n# 1
n

∑
i % 1

f 
 t̃i �:� 2 � supf T Fd
σ 
 f �v

n � (28)

5Bakhvalov’s original article is in Russian,however versionof his theoremandproof canbe alsofound in bookswritten in
English,seee.g.,Novak (1988), TraubandWerschulz(1998) or Traub,Wasilkowski andWoźniakowski (1988).
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wheretheexpectation is takenwith respect to IID samplepoints & t̃i ' .
QMC algorithms differ from the classical Monte Carlo algorithm by attempting to deterministically

choosea setof n samplepoints & ti ' which areascloseto beinguniform aspossible. By uniform we mean
thatthefraction of pointslying within any rectangularsubregion (with sidesparallel to thecoordinate axes
andcontainingzero) of thed-dimensionalunit cubeis ascloseaspossibleto thevolume(Lebesguemeasure)
of thatsubregion. Thediscrepancyof agivensetof n points & t1 ��������� tn ' is ameasureof theirdeviation from
uniformity. Thediscrepancy canbemeasuredin variousways,themostcommonlyusedareL2-discrepancy
andL∞-discrepancy. Theformaldefinition of theL∞-discrepancy D∞ is givenby

D∞ 
 t1 ��������� tn ��� sup
B Tkw � λn 
 B�+* λ 
 B�:� (29)

where x is the setof all closed subintervals of H 0� 1J d (i.e., setsof the form B � ∏d
i % 1 H 0� bi J , bi !y
 0� 1J ),

λ 
 B��� b1b2 ����� bd is theLebesguemeasuresof thesetB, andλn 
 B� is theempiricalmeasureof B:

λn 
 B��� 1
n

N

∑
i % 1

1B 
 ti � � (30)

where1B is theindicator function B. That is, 1B 
 t �h� 1 if t ! B, and1B 
 t �h� 0 if t $! B. If insteadof taking
themaximumdifferencebetweenλn 
 B� andλ 
 B� overall B !Wx wecomputethedistanceusingtheL2 or Lp

normsweobtain theL2 andLp discrepancies, D2 andDp, p L 1, respectively. Wecando thisby notingthat
thereis aoneto onemappingbetweenthesetB andthepointb !zH 0� 1J d representingthevectorof endpoints
of B � ∏d

i % 1 H 0� bi J . ThenwecandefinetheLp discrepancy Dp as

Dp 
 t1 ��������� tn ��� �
q 0 - 1r d � λn 
 x�G* λ 
 x�,� pdx

1( p

(31)

As usual, the L2-discrepancy is a specialcasewhen p � 2 and the L∞-discrepancy is the limit of Lp-
discrepanciesasp � ∞.

TheKoksma-Hlawkainequality allows usto boundtheerrorof theQMC algorithm by thediscrepancy
of thesamplepoints & ti ' . It is usuallystatedin termsof theL∞ discrepancy as

� I 
 f �+* In 
 f �U�{6 V 
 f � D∞ 
 t1 ��������� tn � � (32)

whereV 
 f � denotes thevariation of thefunction f (for definition seeNiederreiter, 1992).However in this
paper, it is moreconvenient to work with a versionof theKoksma-Hlawka inequality thatcanbestatedin
termsof theL2-discrepancy: � I 
 f �+* In 
 f �:��6^. f . Fd 1 1 D2 
 t1 ��������� tn � � (33)

wherethenorm . f . Fd 1 1 is usedinsteadof thevariationV 
 f � .6 Moreprecisely, thisboundapplies to f in the
Sobolev spaceFd - 1 of functionsthatareoncedifferentiable with respect to eachvariable. This is a special

6TheL2-discrepancy is alsorelatedto theaveragecaseerrorof QMC for theclassof continuousfunctionsequippedwith the
classicalWienersheetmeasure,seeWoźniakowski (1991).
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caseof theweightedSobolev spaceFd - γ introducedin theappendixwith γd - i g 1. Thenormin thespaceFd - 1
is denoted by .|�;. Fd 1 1. Herewe only mentionthatfor d � 1 we have

. f . 2
F1 1 1 � f 
 0� 2 � � 1

0
f }Y
 t � 2dt � (34)

whereasfor d L 2 we have . f . 2
Fd 1 1 � ∑

u ~/� 1 - 2 - M M M - d �
�
q 0 - 1r�� u � f

p us 
 xu � 0� 2dxu �
wherefor u �_& u1 � u2 ��������� uk ' with k �[� u � the cardinality of the subsetu, xu ��
 xu1 ��������� xuk � and f

p us �
∂ o u o $0
 ∂xu1 ����� ∂xuk � thepartial derivativewith respect to xu j . Finally, 
 xu � 0� is avectorwith the jth component
equalto x j if j is in u, and0 otherwise.7

The Koksma-Hlawka inequality makes it clear why we are interestedin QMC algorithms basedon
samplepointsthathave low discrepancy. Formally, a sequence & si - n ' , i � 1��������� n, n � 1� 2��������� is saidto
have low discrepancyif Dp satisfies

Dp 
 s1 - n ��������� sn - n �F6 a
 d � logd # 1 
 n�
n

(35)

for somepositive a
 d � , andp � 2 or p � ∞.
Low discrepancy sequences(LDS) havebeenextensively studiedin thelast40years.Examplesof LDS

areHalton, Sobol,Faure,generalizedFaure,andNiederreiter sequences, seeNiederreiter (1992),Tezuka
(1995),andDrmotaandTichy (1997). However QMC methodsbasedon LDS have beenthoughtto be
inappropriatefor high dimensional integration, sincefor large d log
 n� d # 1 $ n may be substantially larger
than1$ v n unlessn is huge. Therefore,up until recently it waswidely believed that QMC shouldnot be
usedfor, say, d L 12. The only way to do very high dimensionalintegration seemedto be via classical
MonteCarlo.

Then, in the mid-nineties, computerexperiments on financialapplicationswith d � 360 showed that
QMC beatMC by factorsof 10 to 1000;seePaskov andTraub(1995),Papageorgiou andTraub(1996),and
Paskov (1997). GeneralizedFaurepoints seemedespecially effective in theseproblems.Many numerical
experiments showed that the convergencerate in theseproblemswasroughly n # 1 independently of d. A
survey of computerexperimentson financial instruments canbefound in TraubandWerschulz (1998). In
many economicandfinancialapplicationslimitedcomputingcapacity andtheneedfor results in “real time”

7We stressthat thespaceFd � 1 is oneof many examplesof Sobolev spaces.Evenassumingthesamesmoothnessof functions
onecandefineadifferentnormfor theSobolev space.For instance,onecantake for d � 1, insteadof (34),�

f
� 2 ��� 1

0
f < t > 2dt ��� 1

0
f ��< t > 2dt A

andusethetensorproductnormfor generald. This probably correspondsto themostpopular Sobolev spacewhich is oftenusein
thestudyof differential equations.Theresultsfor multivariateintegrationin this latterSobolev space(with weights)arebasically
thesameasfor thespaceFd � γ asrecentlyshown in SloanandWoźniakowski (2000).
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limits the size of n to a few hundredor thousand,yet as we discussedin the introduction, the problem
dimensiond may be in thehundreds or thousands.The 
 log n� d # 1 factorin theerror boundsuggeststhat
MC shouldbeatQMC, yetpreciselytheoppositehappenedin thecomputerexperiments.

The existing theoryof QMC algorithmswasunableto explain theseexperimentalfindings. The chal-
lengewasto developa theorythatcouldexplain why QMC convergesasn # 1 independently of d in these
financialapplications. This suggests thepossibility thattheKoksma-Hlawka inequality is too conservative,
andif thetypeof problemsthathavebeentested havesomeform of special structureit mightbepossibleto
derivea tighterboundon theintegrationerror.

What special structure might theseproblemshave? In many economicandfinancialproblemswe are
interestedin computingexpecteddiscountedvaluesof futureflowsof dividendsor utilities. Dueto theeffect
of theadditiveseparability andthediscounting of payoffs or utilities, variablesrepresentingpayoffs in more
distant points in the future are lessimportantthanvariables representingnear-term payoffs. That is, the
integrandsarenon-isotropic. Could this specialstructurebe usedto vanquishthecurseof dimensionality
with aworstcaseguarantee?

SloanandWoźniakowski (SW,1998)formalizeda particular typeof special structureof functions that
includes functions thatcanberepresentedasdiscountedsumsandquantified how muchit canhelp. They
analyzed the error of integration for functions in the Sobolev spaceFd - γ with a particular weightednorm,. f . d - γ, seethe appendix. The symbol γ refers to a sequence of weights & γd - i ' whereγd - i moderatesthe
behavior of the functionsof d variables with respect to the ith variable. The weight γd - i entersthe norm
inversely sothatif anelementof f hasweighted norm,say, atmost1 thensmallγd - i meansthatthefunction
f is almost“flat” with respect to the ith variable. If we reordertheargumentsof f 
 x1 ��������� xd � to have non-
increasingweightsγd - i , thenthis is equivalentto assumingthatarguments with successively higherindices
have monotonically declining effectson thevaluesof f . Onecanshow thatvariousparametric familiesof
functionscommonlyusedin economics,e.g.,Cobb-Douglasproduction functions,belongto theclassFd - γ.

SW showedthatthere exist QMC algorithmsfor which thecurseof dimensionality is not presentin the
worst caseundercertain conditions on & γd - i ' . In orderto summarizetheir key results, which aredirectly
relevant for our analysis in this paper, we first recall the notionsof tractability andstrong tractability for
multivariate integration (seeWoźniakowski (1994) for a more in-depth discussion). Tractability can be
definedin termsof theerrorboundsen 
 Fd � . For n � 0 we donotsamplethefunctions,andwesete0 
 Fd ���. I . astheinitial error. Supposewe wantto reducetheinitial errorby a factor ε !W
 0� 1� . Let n � n
 ε � d � be
theminimaln for which

en 
 Fd �F6 εe0 
 Fd � �
We say that integration is tractable in Fd if f n
 ε � d � canbe boundedby a polynomial in d and ε # 1, and
strongly tractable if f n
 ε � d � canbeboundedby apolynomialonly in ε # 1. Otherwise,wesayit is intractable.

For simplicity, we present results by assumingthatγd - i � γi for theweightedSobolev spaceFd - γ. Then
integrationis strongly tractablein Fd - γ if f

∞

∑
i % 1

γi 5 ∞ � (36)
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andintegrationis tractablein Fd - γ if f

lim sup
d O ∞

∑d
i % 1 γi

logd 5 ∞ � (37)

SW proved this resultfor QMC algorithms,andNovak andWoźniakowski (1999b)proved it for arbitrary
algorithms. Furthermore,if we considerthe classical unweighted Sobolev spaceFd - γ with γi g 1 thenthe
complexity of integrationdependsexponentially ond andthecurseof dimensionality is present.

If (36) holds then the number, n
 ε � d � , of function evaluations plus arithmetic operations neededto
computeanε-approximationin theworstcasesetting satisfies

n
 ε � d �d6 Cε # p (38)

wherebothC and p areindependentof d andε, and p !2H 1� 2J . This resultshows that for problemswith
this typeof special structure, thecurseof dimensionality is not present even in theworstcasesetting, and
the rate of convergence is at leastasfastasthe classical MonteCarloalgorithm. It is alsoknown, dueto
Hickernell andWoźniakowski (1999),that

∞

∑
i % 1

γ1( 2
i 5 ∞ implies p
 � 1� (39)

wherep
 is the infimum of p satisfying (38). Hence,with a morerestrictive condition on γ i we have the
samerateof convergenceasfor theone-dimensionalcase.

Theproofsof theseresultsarenon-constructiveandthey donotspecify for whichalgorithmsthebound
(38)holds.If condition (39)on theweightsis replacedby astrongercondition,

∞

∑
i % 1

γ1( 3
i 5 ∞ � (40)

thenanalgorithm satisfying (38)with p almost1 hasbeenconstructed.This is theweightedtensorproduct
(WTP) algorithm of Wasilkowski andWoźniakowski (1999). The WTP algorithm is definedfor arbitrary
multivariate linearproblemsandits definitioncanbefoundin theappendix. Wewill usetheWTPalgorithm
to approximate the conditional expectation operators Ei entering the quasilinear mappingΓ. We provide
sufficientconditionsunderwhich theconditionalexpectation operatorsEi mapFd - γ into itself andthecondi-
tionalexpectation problemis strongly tractable.Sections4 and5 will usethisresultandtheWTPalgorithm
asthebasis for analgorithm for solvingthequasilinear contraction fixedpointproblem.

4 Algorithms

In thissectionweconsider variousalgorithmsfor solvingthequasilinear contraction problem. Webegin by
assumingfor a momentthatwe canevaluateΓ 
 W ��
 s
�� exactly for a givenfunctionW. Thenwe cansolve
(22)by thesimpleiteration

Vi 
 s
 �d� Γ 
 Vi # 1 ��
 s
 � � i � 1� 2 ������� (41)
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whereV0 is theinitial approximationof thesolution V. For simplicity we takeV0 � 0. Clearly,

. Vi * V 
 .@6 βi . V 
 . � X i �
HenceVi converges to thefixedpointV 
 . Let

ε1 � ε
max
�. V 
k. � �i�C�V 
k�]�]�Z�. V 
 . � (42)

Wecomputeanε-approximationA
 s��� Vn 
 s� if βn 6 ε1 whichholdsfor

n � ln 1$ ε1

ln 1$ β � (43)

Observe that the formula for the numberof stepsn is formally not constructive sinceit dependson the
normsof theunknown solution V 
 . However, we have ε1 L ε andwe may boundn by replacing ε1 by ε,
n 6I� ln 
 1$ ε ��$ ln 
 1$ β ��� . Thelatterboundis constructive.

If β is not too closeto 1, thenumbern of steps is quitereasonable. In this paperwe assumethatthis is
indeedthecase.A numberof estimatespresentedin thispaperhaveunspecified factorswhichdependonβ.
Thesefactorsareof order1 if β is not too closeto 1. Thecaseof β close to 1 is alsoof interestalthough
it is not studied in this paper. For β closeto 1, the iteration(41) aswell asall its modificationsstudiedin
this papercanbesignificantly improvedfor moderatevaluesof d andε # 1, andthenumberof stepscanbe
proportional to ln 1$R
 1 * β � asshown in Sikorski andWoźniakowski (1987),andHuang,Khachiyan and
Sikorski (1999).

Thus,aslongasΓ 
 Vn ��
 s
�� canbecomputedexactly, thequasilinear contractionproblemcanbesolved
quiteefficiently. However, theassumptionontheexactcomputationof Γ 
 Vn ��
 s
�� is notrealistic. Indeed,the
computationof Γ 
 Vn ��
 s
 � requiresin particular thecomputationof thed-dimensionalintegralswith weights
pk 
��j� s
�� . Thiscanbedone,in general, only approximately.

Assumethenthatinstead of (41)we cancomputetheperturbedsequence

Vi 
 s
 �F� Γ 
 Vi # 1 ��
 s
 ��� δi # 1 
 s
 � � with � δi # 1 
 s
 �,�c6 δi # 1 . Vi # 1 . � (44)

for somenonnegative δi # 1. We will seelaterthatδi # 1 correspondsto thequadratureerrorandcanbemade
sufficiently smallby takingsufficiently many samplepointsin thequadrature formula. For i � 1, we have
V0 � 0 andthereis noerrorin integration.Hence,δ0 � 0.

It is natural to askhow smallδi # 1 shouldbeto preservetheglobalconvergenceproperty of thesequence
(41). In whatfollows,we assumethat

β � δi # 1 6 β 5 1� X i � 1� 2�������R� (45)

Wehave

. Vi * V 
 . 6 β . Vi # 1 * V 
 ./� δi # 1 . Vi # 1 .�6�
 β � δi # 1 �,. Vi # 1 * V 
 ./� δi # 1 . V 
 .6 β . Vi # 1 * V 
 ./� δi # 1 . V 
 . �
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Thisyields

. Vi * V 
 .@6 β
i . V 
 ./� i # 1

∑
j % 0

β
i # 1 # j

δ j . V 
 . �
If weset

β
n 6 ε1 $ 2 whichholdsfor n � ln 2$ ε1

ln 1$ β
�

and
β

n # 1 # i
δi 6 ε1

2n � i � 0� 1��������� n * 1�
thenA
 s��� Vn 
 s� is anε-approximationsince

. Vn * V 
 .@6 ε1 . V 
 .@� ε max
:. V 
 . � �C�i�V 
 �C�i� � �
Observe thatthenumbern of stepsis still reasonableif wechooseβ closeto β, andβ is not toocloseto

1. Theperturbationparameters δi canbedefinedas

δi 6 β
i
ln 1$ β

ln 2$ ε1 � ln 1$ β
6 ε1

2nβ
n β

i � 1 � (46)

Hence,δi may mildly dependon ε1, andshoulddecreasegeometrically with i. This meansthat we need
moreaccuracy aswegoalong,andthis is quitenatural.

Knowing how muchwecanperturb theoriginalsimpleiteration(41)wearereadyto replacemultivariate
integralsin Γ 
 V � by quadratureformulas. We approximatetheconditional expectation Ek givenby (14) by
quadratureformulas

Êk - j 
 V ��
 s�d� j

∑
i % 1

ai - j - k 
 s� V ti - j - k s ! Sd � (47)

which usethe j function valuesV. Here,ai - j - k 
 s� arereal numbersand ti - j - k aresamplepoints from Sd.
For instance,we cantake ai - j - k 
 s��� pk 
 si � s��$ j and ti - j - k � si for somesamplepointssi . For Sd �[H 0� 1J d
we cantake si asindependentrandompointswhich areuniformly distributedover H 0� 1J d. In this case,Êk - j
correspondsto theclassical MonteCarloalgorithm. We mayalsotake si aslow discrepancy deterministic
samplepoints. In thiscase,Êk - j correspondsto aquasi-MonteCarloalgorithm.

The quality of the quadrature formula Êk - j will be measuredby its error. We assumethat ε j 
 V � is an
upperboundon thequadratureerror,

Ek 
 V ��
 s�+* Êk - j 
 V ��
 s� 6 ε j 
 V � � X s ! Sd � k � 1� 2��������� m� (48)

Wearereadyto modify thealgorithm(41)by replacingtheweightedintegrals Ek 
 Vi ��
 s
�� by thequadra-
turesÊk - j i 
 Vi ��
 s
�� . Here,thenotyetspecified sequence& j i ' tellsushow many samplepointsareusedin the
quadratureformulas. Thechoiceof & j i ' will dependon theerrorsε j 
 V � .
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Themodifiedsequence(41) is now formally givenby

Vi 
 s
 �F� f π1 
 s
 �+� βÊ1 - j i � 1 
 Vi # 1 ��
 s
 � ��������� πm 
 s
 �+� βÊm- j i � 1 
 Vi # 1 ��
 s
 � ��X i � 1� 2�������R� (49)

Wearereadyto prove

Theorem2 . Assumethat thequadrature errors satisfy

ε j i 
 Vi �d6 min
1 * β

2 � 1� β
2

i
ln 2

1� β

β ln 2
ε1

� ln 2
1� β

. Vi . (50)

for i � 1� 2������� andn �I��
 ln 2$ ε1 ��$R
 ln 2$0
 1 � β ����� .
ThenA
 s
 ��� Vn 
 s
 � givenby (49) is an ε-approximationto V 
 
 s
 � .

Proof: It is easyto checkthat(49) is of theform (44)with

δi # 1 � β
ε j i � 1 
 Vi # 1 �. Vi # 1 . �

Let β �I
 1 � β ��$ 2. From (50) we concludethat (45) as well as (89) hold and therefore A
 s 
�� is an ε-
approximation. K

We now discussthecostof thealgorithm A
 s
 ��� Vn 
 s
 � givenby (49)andTheorem2 with

n � ln 2$ ε1

ln 2$R
 1 � β � � (51)

We assumethatwe cancomputethevaluesof the functions πk, k � 1� 2��������� m, and f at any point aswell
asthatwe canperform arithmeticoperations. Let thecostof oneevaluation of a function πk bec
 πk � and
let the costof oneevaluation of the function f be c
 f � . Observe that πk is a function of d variablesand
therefore the costc
 πk � may dependon d. Let c
 d ��� maxk% 1 - M M M - mc
 πk � . Similarly, f is a function of m
variablesandthereforethecostc
 f � maydependonm. Weassumethatthecostof onearithmeticoperation
is takenasunity. Wealsoassumethatthesamplepoints t i - j i - k aswell βai - j i - k 
 s� are“precomputed”. Usually,
theseprecomputednumbersdependon theMarkov transitiondensities pk 
��j� s� andmayrequireanumberof
evaluationsof pk 
�� � s� . Sincethisshouldbedoneoncefor agivenε wedonot includethecostof generating
theseprecomputednumbers.This is a typical assumption in complexity analysis, seeTraub,Wasilkowski
andWoźniakowski (1988)andNovak andWoźniakowski (1999a)wherethis point is fully discussed. We
alsostressthatprecomputingsignificantly simplifies whenweusetheWTPalgorithm,seetheappendix.

We now explain in detailhow A
 s
 � canbecomputed.For i � 1� 2��������� n, ands ! Sd denote

Vi 
 s��� f π1 
 s�+� j i � 1

∑
p% 1

βap - j i � 1 - 1 
 s� Vi # 1 
 tp - j i � 1 - 1 � ��������� πm 
 s��� j i � 1

∑
p% 1

βap - j i � 1 - m 
 s� Vi # 1 
 tp - j i � 1 - m � � (52)
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Observethatfor i � 1 wehaveV0 � 0 andthesamplepointstp - j0 - k arenotneeded.Thiscorrespondsformally
to j0 � 0. Let

Tε - d � tp - j i � 1 - k : i !yH 2� nJ � p !�H 1� j i # 1J � k !�H 1� mJ (53)

denoteall integration samplepointsusedin (52),andlet � Tε - d � denotethecardinality of thesetTε - d. Clearly,

� Tε - d �96 m 
 j1 � j2 �������b� jn # 1 � � (54)

Furthermore,if we usenested integrationsamplepoints, & tp - j i � 1 - k ' � & tp - j i - k ' then

� Tε - d �96 m jn # 1 �
If thepoints & tp - j - k ' arethesamefor all k � 1��������� m, then

� Tε - d �96 jn # 1 �
In order to computeA
 s
���� Vn 
 s
�� we needto computeVn # 1 at the samplepoints tp - jn� 1 - k. This canbe
achieved if we know Vn # 2 at the samplepoints tp - jn� 2 - k and so on. Therefore we computesuccessively
V1 � V2 ��������� Vn # 1 atall thesamplepointsof thesetTε - d, andthenwe cancomputethevalueVn 
 s
�� .

More specifically, we first computeπk 
 x� for all x ! Tε - d � & s
 ' andk !�H 1� mJ at costat mostm
 1 �� Tε - d � � c
 d � . To computeVi 
 x� for all x ! Tε - d, we perform 2 j i # 1m arithmeticoperationsandoneevaluation
of the function f at cost 
 2 j i # 1m � c
 f ���U� Tε - d � . Finally we computeVn 
 s
�� at cost2 jn # 1m � c
 f � . Then
cost
 A� of computingA
 s
�� is

cost
 A�F� m
 1 �`� Tε - d � � c
 d ����
 1 � n � Tε - d � � c
 f �)� 2m� Tε - d � n

∑
i % 1

j i # 1 � 2 jn # 1m

This meansthat thecostof the algorithm A crucially dependson the cardinality of Tε - d andon the values
of j i which, in turn, dependon the efficiency of quadrature formulas (47). More precisely, the costof A
dependsfor which indices j we canguaranteethat theintegrationerror ε j 
 V � satisfies(50). Notethat(50)
holdsif weset

ε j i 
 Vi �F� Cβ
1 � β

2

i . Vi �]�
ln ε # 1

1

(55)

for someCβ dependingonly on β. Let

N 
 ε � d �d� j1 � j2 �������c� jn # 1 (56)

denotethetotalnumberof integrationstepsneededto computedA
 s 
 � . Thenthecostof thealgorithmA can
berewrittenas

cost
 A�F� O N 
 ε � d � mc
 d ����
 ln ε # 1 � c
 f � � N2 
 ε � d � m (57)

with thebig O-factordepending only on β.
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The essence of (57) is that the costof the algorithm A dependspolynomially on N 
 ε � d � . In fact, the
dependence is roughly linear in N 
 ε � d � in terms of the costof c
 d � andc
 f � andquadratic in N 
 ε � d � in
termsof the costof arithmeticoperations. Typically, the costc
 d � or c
 f � is muchlarger thanunity and
therefore thetotal costcanbeproportional to N 
 ε � d � . Hence,aslong asN 
 ε � d � is not too largethecostof
algorithm A is reasonable.

The quantity N 
 ε � d � measuresthe difficulty of approximating the conditional expectationsEk . From
theperspectiveof computing highdimensionalfixedpointswhered is large, thebestpossiblecaseis where
N 
 ε � d � canbeboundedby apolynomialin ε # 1 independentof d.

Supposewewantto computeanε-approximationto Ek 
 V ��
 s� for all s ! Sd andfor all functionsV from
a normedspaceFd which is asubsetof Bd. Let �]�i�V �]�]�c�I. V . Fd bethenormof thespaceFd. Let n � n
 ε � d �
bethesmallest integerfor which thereexists Êk - n of theform (47)suchthat

� Ek 
 V ��
 s��* Êk - n 
 V ��
 s�U�+6 ε . V . Fd � X s ! Sd � V ! Fd � k !�H 1� mJ �
Wesaythattheconditionalexpectation problem is strongly tractable8 in Fd if thereexist nonnegativeC and
p suchthat

n
 ε � d �F6 Cε # p � X ε !W
 0� 1� � d � 1� 2�������R� (58)

Thesmallest (or infimum of) exponentp in thelatter boundis calledthethestrong exponentof thecondi-
tionalexpectationproblem.

It seemsnaturalto extendthis definitionto thequasilinear contractionproblem.We saythat thequasi
linear contractionproblemis strongly tractable if f thereexist nonnegative numbersC, p and p1 suchthat
thecostof computinganε-approximationcanbeboundedby

C H c
 d ��� c
 f �YJ ε # p � ε # p1 �
Hence,p is theexponentof ε # 1 which tells ushow many evaluationsof πi and f areneeded,andp1 is the
exponentof ε # 1 which tellshow many arithmeticoperationsareneededto solvethequasilinearcontraction
problem.Thesmallest (or infima of) exponentsp andp1 arecalled thestrongexponentof informationand
thestrong exponentof arithmeticoperationsof thequasilinear contraction problem.9

It is easyto checkthat strongtractability of the conditional expectation problemin Fd implies strong
tractability of the quasilinear contraction problem as long asVi and the solution V 
 of the quasilinear
contractionproblembelongto thespaceFd. Indeed,define

j i � C Cβ
. Vi .. Vi . Fd

1 � β
2

i 1

ln ε # 1
1

# p

(59)

8It is alsoreasonableto studythecaseof tractability in whichwepermitpolynomialdependenceond. For simplicity thefocus
of ourattentionin thispaperis onstrongtractability.

9For many linearproblems,wecanguaranteethatp1 � p. Thisis dueto thefactthatthereexistsalinearoptimalerroralgorithm
thatrequiresthesameorderof arithmetic operationsasthenumberof informationevaluations,seeTraubandWerschulz(1998)for
asurvey. In ourcase, wehaveanonlinearproblemfor which it mayhappenthat p andp1 aredifferent.In fact,it maybea tradeoff
betweenthe costof information andarithmeticoperations.That is, it may happenthat with the minimal numberof information
evaluationwemustperformsignificantlymorearithmetic operations,whereastheuseof moreinformationevaluationsmayallow to
reducethenumberof arithmeticoperations.Thereareexamplesof suchnonlinearproblems,seeNovakandWoźniakowski (1999).
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with C andp givenby (58),andCβ by (55). Thenthereexists Êk - j i of theform (47)suchthat

� Ek 
 Vi ��
 s�+* Êk - j i 
 Vi ��
 s�,�+6 Cβ
1 � β

2

i . Vi .
ln ε # 1

1
�

Hence(55) is satisfied.Wenow estimateN 
 ε � d � for j i givenby (59). Then

N 
 ε � d �F� O C max
i T q 1 - nr . Vi . Fd. Vi .

p

ε # 1
1 ln ε # 1

1
p �

Usingthedefinitionof ε1, see(42),wehave

N 
 ε � d �d� O C max
i T q 1 - nr . Vi . Fd. Vi . . V 
:.

max
:. V 
 . � . V 
 . Fd �
p

ε # 1 ln ε # 1 p

with the big O-factor dependingonly on β. Note that . V 
 . is of order . Vi . . Hence . V 
 .{$/. Vi . canbe
droppedfrom thelastmaximumat theexpenseof enlarging thefactor in thebig O notation.

We summarizethisaswell asthepreviousanalysis in

Theorem3 . Algorithm A computesan ε-approximation to the solution of the quasi linear contraction
problemat cost

cost
 A�F� O c
 d � mN 
 ε � d ��� c
 f � N 
 ε � d � ln ε # 1 � mN2 
 ε � d �
whereN 
 ε � d � is givenby (56). Supposethat

M � sup
d - i % 1 - 2 - M M M . Vi . Fd

max
,. V 
 . � . V 
 . Fd � (60)

is finite. Thenstrong tractability of the conditional expectation problem in Fd with (58) implies strong
tractability of thequasilinear contraction problem andthecostof thealgorithmA satisfies

cost
 A��� O c
 d � mCMp ε # p lnp ε # 1 � c
 f � CMp ε # p lnp� 1 ε # 1 � mC2M2p ε # 2p ln2p ε # 1

with thebig O-factordepending onlyon β.
Hence, the strong exponentof the quasi linear contraction problemis at mostequalto the strong ex-

ponentof theconditional expectation problemwhereasthestrong exponentof arithmetic operations of the
quasilinearcontractionproblemisat mosttwicethestrongexponentof theconditional expectationproblem.

Theorem3 relatesstrong tractability of theconditionalexpectation problemandthequasilinear contraction
problemaslong aswe know thatVi andV arein thespaceFd andtheboundM of (60) is finite. Sofar we
only know thatVi andV 
 belongto theBanachspaceBd of continuousfunctions.Let usthentakeFd � Bd.
As notedin theintroduction, if thefunctionsin Bd areonly continuous,theproblemis not only intractable,

23



it is insoluble for sufficiently small ε sincethe integrationerror en 
 Fd � do not converge to zeroasn � ∞
whenwe have thefreedom to choosea worstcaseintegrandfrom theclassof all continuousfunctions,see
e.g.,Traub,Wasilkowski andWoźniakowski (1988). If we want to usethespaceBd, onepossible solution
is to follow Rust(1997)andswitchto therandomizedsetting in which thebound(48) is understoodasthe
expectederror with respectto randomizedsamplepoints. In this paperwe staywith theworstcasesetting
anddeterministic algorithms. Therefore to obtainstrongtractability we mustexploreadditional properties
of thequasilinear contractionproblemsothat theapproximationsVi andthesolutionV 
 belongto spaces
Fd for which theconditionalexpectationproblemis strongly tractable.

5 The IID Case

It is easiest to explainourresultsby beginningwith thespecialcaseof Markov transition densitiespk 
 t � s���
pk 
 t � whichareindependentof thesecondarguments. Thisimpliesthattherealizationsfrom thesedensities,& si - k ' , i � 1� 2������� areindependentandidentically distributed(IID) sequences. The general Markov case,
wheretransition densitiesareallowedto dependon s, is considered in thenext section. For the IID caseit
is easier to specify thespacesFd for which theconditionalexpectation problem aswell asthequasilinear
contractionproblemarestrongly tractable.

For thedensities pk independent of s, theassumptionon thequality of thequadrature rules (48) simpli-
fies.We may, of course, assumenow thatai - j - k 
 s��� ai - j - k is alsoindependentof s, andwe have�

Sd

V 
 t � pk 
 t � dt * n

∑
i % 1

ai - j - kV 
 ti - j - k � 6 ε j 
 V � k � 1� 2��������� m� (61)

As in theprevioussection we take �C�i���R�i�C�U�n.u�G. Fd for somenormedspaceFd. We assumethatFd is a
Hilbert spacewith reproducingkernelKd : Sd � Sd � R. A reproducingkernelHilbert spaceis definedasone
wherethevalueof afunctionV atapointt is givenby theinnerproductof V andthekernelKd 
�� � t � evaluated
at t. Moreprecisely, theinnerproduct andnormin Fd aredenoted by �Y� � �i� and �]�]���k�i�C���_. �k. Fd �_�Y� � �i� 1( 2. For
V ! Fd we haveV 
 t �h�¡� V� Kd 
�� � t ��� . For thebasic theoryof suchspacesthereader is referredto Aronszajn
(1950)andWahba(1990)aswell asto Section9.1of theappendix.

For k � 1� 2��������� m, define

hk 
 x�F� �
Sd

Kd 
 x� t � pk 
 t � dt � x ! Sd � (62)

Assumingthathk ! Fd we have from (14)and(47)

Ek 
 V �d�e� V� hk � � Êk - j 
 V �d� V� j

∑
i % 1

ai - j - kKd 
�� � ti - j - k � �
It is easyto checkthat

. Ek . 2 �e. hk . 2
Fd

� �
Sd

hk 
 x� pk 
 x� dx � �
Sd ¢ Sd

Kd 
 x� t � pk 
 x� pk 
 t � dt dx�
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Fromthisweseethat(61)holdswith

ε j 
 V �d�e. V . Fd max
k T q 1 - mr hk * j

∑
i % 1

ai - j - kKd 
�� � ti - j - k �
Fd

�
Wenow takeai - j - k � 1$ j. Wehave

hk * 1
j

j

∑
i % 1

Kd 
�� � ti - j - k � 2

Fd

�e. hk . 2 * 2
j

j

∑
i % 1

hk 
 ti - j - k �+� 1
j2

j

∑
i - l % 1

Kd 
 ti - j - k � tl - j - k � �
Considerthesamplepointsti - j - k which areiid draws from themeasurewith thedensity pk. Integratingover
suchsamplepointswe get

E hk * 1
j

j

∑
i % 1

Kd 
�� � ti - j - k � 2

Fd

� ρd - k
j �

where
ρd - k � �

Sd

Kd 
 x� x� pk 
 x� dx * �
S2

d

Kd 
 x� t � pk 
 x� pk 
 t � dxdt � (63)

From the meanvalue theoremwe conclude that thereexist samplepoints t i - j - k suchthat the quadrature
formulaÊk - j of theform (47)satisfies

Ek 
 V ��* Êk - j 
 V � 6^. V . Fd

v ρd - kv
j � (64)

We stress thattheproof of (64) is non-constructivesincewe usethemeanvaluetheorem. This implies that
thealgorithm A with Êk - j is alsonon-constructive.

Theestimate(64)provesthat(58)holdswith p � 2 and

C � sup
k T q 1 - mr�- d % 1 - 2 - M M M 
 1 � ρd - k � (65)

aslongasC is finite. We thushave

Theorem4 . SupposethatC givenby (65) is finite. Thentheconditional expectation problemis strongly
tractable with strong exponentat most2. Supposeadditionally that M givenby (60) is finite. Thenthe
quasi linear contraction problem is strongly tractable with strong exponentof informationat most2 and
strong exponentof arithmetic operations at most4. Furthermore, the algorithm A definedby (49) with
(non-constructive)Êk - j computesan ε-approximationat cost

cost
 A�F� O c
 d � mαε # 2 ln2 ε # 1 � c
 f � αε # 2 ln3ε # 1 � mα2 ε # 4 ln4 ε # 1

with α � CM2, andthebig O-factor dependingonlyon β.
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For many kernelsit is easyto checkstrongtractability of theconditionalexpectation problemindependently
of thetransitiondensities. Indeed,define

K � sup
d % 1 - 2 - M M M sup

x T Sd

Kd 
 x� x� � (66)

Thensincepk is thedensity of themeasurewehave

0 6 ρd - k 6 K
�

Sd

pk 
 x� dx � K �
Hence,C 6 1 � K. Wesummarizethis in

Corollary 1 . For uniformlyboundedkernels, K 5 ∞, theconditional expectationproblemfor anyMarkov
transition densities pk is strongly tractable with strongexponentat most2.

Theorem4 givessufficient conditionsfor strongtractability of theconditional expectation andquasilinear
contractionproblems.Still, it is notentirely satisfactorydueto thelackof constructivequadratureformulas.
Also, thestrongexponentmightbelessthan2.

Theproblemof how to construct goodquadrature formulaswith anoptimalexponentof ε # 1 hasbeen
addressedin Wasilkowski andWoźniakowski (1999).Webriefly summarizethisconstructionin asimplified
case.We assumethat the spaceFd is the weightedtensorproductof spacesof functionsof onevariable.
Thatis, thedomainSd is now equalto Dd with D beingasubsetof IR. A typical exampleis D ��H 0� 1J which
leadsto thed-dimensionalunit cubeSd �¡H 0� 1J d. Thereproducing kernelof Fd is now of theproductform

Kd 
 x� t �d� d

∏
k% 1


 1 � γd - kK 
 xk � tk ��� � (67)

whereK is a reproducingkernelof the spaceof univariatefunctions. We assumethat K 
�� � 0�7� 0. This
assumption impliesthattheconstantfunctionsbelongto Fd.

The weightsγd - k are nonnegative and moderate the behavior of functions for all variables. A small
weightγd - k meansthat thefunctionsdependonly slightly on thekth variable. Thesum-exponentpγ of the
sequenceγ �`& γd - k ' is definedin Wasilkowski andWoźniakowski (1999). Roughlyspeaking it is thelargest
positive numberfor which

sup
d

d

∑
k% 1

γpγ
d - k 5 ∞ � (68)

Weassumethat pγ existsandpγ 5 1.
We also needto assumethat integration is of the tensor product form, see(7) of Wasilkowski and

Woźniakowski (1999).Thismeansthatthetransition densitiesareof theform

pk 
 t �F� d

∏
j % 1

qk 
 t j � (69)
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for someonedimensional density qk : D � IR from the spaceL2 
 D � , andk � 1� 2��������� m. The essenceof
(69) is thatthed-dimensionaldensity pk is generatedby theproductof theonedimensional density qk taken
for thesuccessive componentsof thevectort.

Theweightedtensor productalgorithm,for brevity theWTPalgorithm, whichis definedin Wasilkowski
andWoźniakowski (1999), canbe usedto approximate linear tensorproductoperators, seethe appendix.
For theconditionalexpectationproblem,theWTPalgorithmis aquadratureformulaof theform (47)which
approximatesEk 
 V ��$/. Ek . .

Observe thatwenow have

. Ek . 2 �e. hk . 2 � d

∏
j % 1

1 � γd - j �
D2

K 
 x� t � qk 
 x� qk 
 t � dt dx �
Observethatsupd ∑∞

j % 1 γd - k j 5 ∞ impliesthatall . Ek . areof order1. Hence,theWTPalgorithm canbealso
usedto approximateEk 
 V � aseffectively asEk 
 V ��$�. Ek . .

TheWTP algorithm dependson a numberof parameters. We maychoosethemin sucha way that the
WTP algorithm integratestheconstantfunctionsexactly. Theerror formula of theWTP algorithm hasthe
following property. For any positive δ thereexistsa positive Cδ andthereis a WTP algorithm which is a
quadratureformulaof theform (47) for which theerror bound(48) is

ε j 
 V �d� Cδ j # 1( p£ min
c T IR

. V * c . Fd � with p
 � max p � δ � 2pγ

1 * pγ
� (70)

Here,p is theexponentof ε # 1 for theonedimensionalcase,d � 1. We stressthatneitherCδ nor p
 depend
ond. In particular, if

pγ 6 p
p � 2

(71)

then
p
 � p � δ �

In this casewe canachieve theexponentp 
 which is arbitrarily closeto theonedimensionalexponentp.
Hence,weobtain theconstructionof quadratureformulaswith thebestpossible exponentof ε # 1. Thiswith
Theorems3 and4 yield

Theorem5 . ConsiderthespacesFd with thereproducingkernel(67) andtheweightsγd - k satisfying(71).
Thentheconditional expectation problemis strongly tractablewith strongexponentp which is theexponent
of ε # 1 for theunivariatecase.

Supposethat

C � sup
d - i % 1 - 2 - M M M minc T R . Vi * c . Fd. V 
 . Fd

�
is finite. Thenthequasilinear contraction problem is strongly tractable. ThealgorithmA definedby (49)
with theWTPalgorithm asÊk - j computesan ε-approximationandits costsatisfies

cost
 A��� O c
 d � mαε # p£ lnp£ ε # 1 � c
 f � αε # p£ lnp£ � 1 ε # 1 � mα2 ε # 2p£ ln2p£ ε # 1 � (72)
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with α � CMp£ where p
 can be arbitrarily closeto the strong exponentof the conditional expectation
problem,andthebig O-factordependsonlyon β.

Wenow presenttheresultsonstrongtractability for theweightedSobolev spaceFd - γ definedin theappendix.
It is known thattheexponentp 
 whichappears in Theorem5 is 1, seeNovak (1998).

We first discuss strongtractability of theconditionalexpectation problem. Observe that

Kd 
 x� x��� d

∏
k% 1


 1 � γd - kxk � �
Themaximumof this function is attainedfor x �¡H R� R��������� RJ andK givenby (66) is K � ∏d

k % 1 
 1 � Rγd - k � .
This is finite iff supd ∑d

i % 1 γd - i 5 ∞.
Assumethenthat supd ∑d

i % 1 γd - i 5 ∞. In this casewe have pγ 6 1. Thenthe conditional expectation
problemfor any Markov densities is strongly tractableand the strong exponentis at most 2. With the
additionalassumption (71) that pγ 6 1$ 3 wecanapplyTheorem5 andthestrongexponentis 1.

We addthat it is known that the assumption pγ 6 1$ 3 is not sharpfor the Markov transition density
pk g 1. It is proved in HickernellandWoźniakowski (1999)thatwe canachieve thestrongexponentof 1
assumingthat pγ 6 1$ 2. Theproof is, however, not constructive.

Wenow turntostrongtractability of thequasilinear contractionproblem.Thisholdsundertheadditional
assumption that supi minc T R . Vi * c . Fd $�. V 
 . Fd 5 ∞. We now discuss when this assumptionholds. For
simplicity, weconsiderthecasewhenthetransition densitiesarethesame,pk 
 t � s� g p
 t � for sometransition
density p. As alreadymentionedin (20)and(21)wenow have

Γ 
 V ��
 s�F� π 
 s�)� β
�

Sd

V 
 t � p
 t � dt

andthesolution is

V 
 
 s�F� π 
 s�)� β
1 * β

�
Sd

π 
 t � p
 t � dt � X s ! Sd �
Observe thattheintegralsEk 
 V � in (14)aswell asquadratureformulas Êk - j in (47)donotnow dependonk
ands. Hence,Êk - j 
 V ��� Ê j 
 V � , andtheiteration(49) takesnow theform

Vi 
 s�F� π 
 s�+� β Ê j i � 1 
 Vi # 1 � �
ThefunctionsVi aswell asthesolutionV 
 differ from thefunction g only by constants.WealsohaveV0 � 0
andV1 � π, whereπ is definedby (19). ThereforeVi ! Fd for all i if f π ! Fd.

Assumethenthatπ ! Fd. ThenV 
 alsobelongsto Fd and

min
c T IR

. Vi * c . Fd g min
c T IR

. V1 * c . Fd 6e. V 
 . Fd �
ThisprovesthatTheorem5 holdswith M � 1.
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Notethatthealgorithm A maybeevenfurther simplifiedby theuseof theexplicit form of thesolution
V 
 . Thatis, wemaytake

A
 s�F� π 
 s��� β
1 * β

Ê 
 π �
with anappropriatequadratureÊ. Thenwedonotneedto iterateandtheboundof Theorem5 holdswithout
thelogarithmsof ln ε # 1.

6 GeneralMark ov transition densities

In this section we consider Markov transition densities pk 
 t � s� which maydependon thesecondargument
s. We relate strongtractability of theconditionalexpectation andquasilinear contractionproblems to the
approximationproblem.By theapproximationproblemin aspaceFd wemeanapproximationof elementsV
from Fd by usingfinitely many functionvaluesof V. Thatis,V 
 s� is approximatedby thelinear algorithm10

V̂j 
 s�F� j

∑
i % 1

bi - j 
 s� V 
 ti - j � (73)

for somesamplepointsti - j ! Sd andsomefunctionsbi - j FromthespaceL2 
 Sd � with thenorm . f . 2
L2

p Sd
s �¤

Sd
f 2 
 t � dt. Let

e
 V̂j �F� V * j

∑
i % 1

bi - j 
��]� V 
 ti - j �
L2

p Sd
s

be the error of the linear algorithm V̂j for V. As for the problems studied in the previous sections, let
napp
 ε � d � bethesmallest integern for which there exists V̂n suchthat

e
 V̂n �F6 ε . V . Fd � X V ! Fd �
We saythat theapproximation problemis strongly tractable in Fd if f thereexist nonnegativeC andp such
that

napp
 ε � d �d6 Cε # p � X ε !W
 0� 1� � d � 1� 2�������R� (74)

Thesmallest(or infimum of) suchp is calledthestrongexponentof approximation.11

10It is known thatmoregeneralalgorithmssuchasnonlinearalgorithmsusingadaptivechoiceof samplepointsarenotbetterthan
non-adaptive choiceof samplepoints andlinearalgorithmsconsideredin this section,seeTraub,Wasilkowski andWoźniakowski
(1988)andTraubandTraubandWerschulz(1998).

11Therearea numberof paperswherestrongtractability of approximationin variousclassesof function is considered,seee.g.,
Woźniakowski (1994), andWasilkowski andWoźniakowski (1999),anda survey canbefoundin TraubandWerschulz(1998). In
particular, for somecasesweknow necessaryandsufficientconditionsunderwhichstrongtractability of approximationholds.This
is sometimesachievedby assumingmoregeneralevaluationsof V thanfunction valuessuchasarbitrary linearfunctionalsbut we
donotpursuethispointhere.
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We now relatestrongtractability of approximation to strongtractability of theconditionalexpectation
andquasilinear contractionproblems.Assumethat(74)holdswith C � Capp andp � papp. Thismeansthat
for everyd and j thereexist samplepointst i - j andfunctionsbi - j suchthatthecorrespondingV̂j satisfies

e
 V̂j �d6 C
1( papp
app j # 1( papp . V . Fd � X V ! Fd �

Knowing V̂j we definethequadrature formula Êk - j as

Êk - j 
 V ��
 s�F� �
Sd

V̂j 
 t � pk 
 t � s� dt � j

∑
i % 1

�
Sd

bi - j 
 t � pk 
 t � s� dt V 
 ti - j � � (75)

Hence,Êk - j is of theform (47)with

ai - j - k 
 s�¥� �
Sd

bi - j 
 t � pk 
 t � s� dt and ti - j - k � ti - j � (76)

Note that in this casethesamplepointsdo not dependon k. Thecoefficientsai - j - k 
 s� canbeprecomputed
for s ! Tε - d � & s' with thesetTε - d givenby (53)with tp - j i � 1 - k � tp - j i � 1. Clearly,

Ek 
 V ��
 s�+* Êk - j 
 V ��
 s�F� �
Sd

V 
 t ��* V̂j 
 t � pk 
 t � s� dt

andtherefore
Ek 
 V ��
 s��* Êk - j 
 V ��
 s� 6 e
 V̂j �/. pk 
��V� s�,. L2

p Sd
s �

Let
P � sup

k T q 1 - mr�- sT Sd

. pk 
�� � s�,. L2
p Sd

s � (77)

If P is finite thentheupperboundε j 
 V � of thequadratureerrorgivenby (48) is givenby

ε j 
 V �d� C
1( papp
app j # 1( pappP . V . Fd �

Hence,ε j 
 V ��6 ε . V . Fd if
j � CappPpappε # papp �

Thisprovesthattheconditionalexpectation problemin Fd is strongly tractablewith atmostthesamestrong
exponentasfor approximation.ThisandTheorem3 yield

Theorem6 . If P given by (77) is finite then strong tractability of approximation in Fd implies strong
tractability of theconditional expectation problemin Fd with at mostthesamestrong exponent.

If additionally M given by (60) is finite then the quasi linear contraction problemin Fd is strongly
tractable with at mostthesamestrongexponentof information andwith thestrongexponentof arithmetic
operationsat mosttwicethestrongexponentof approximation.
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Furthermore, thealgorithmA definedby (49) with Êk - j givenby (75) computesan ε-approximationat
cost

cost
 A��� O c
 d � mαε # papp lnpappε # 1 � c
 f � αε # papp lnpapp� 1 ε # 1 � mα2 ε # 2papp ln2papp ε # 1

with α � Capp
 MP� papp andthebig O-factordepending onlyon β.

We illustrateTheorem6 for the spaceFd which wasalready considered in Section 5. This is the Hilbert
weightedtensorproductspaceof functionsdefinedon Sd � Dd with the reproducing kernelKd given by
(67). Weassumethat �

D2
Kd 
 x� t � dt dx 5 ∞ �

Thentheoperator H 
 V ��
 s� � ¤
D Kd 
 x� s� V 
 x� dx is compactandnonnegativedefinite.Consideritseigenpairs
 λi � ηi � , Hηi � λiηi , with orthonormal ηi andorderedeigenvalues

λ1 L λ2 L ����� L 0�
Let pλ bethesum-exponentof thesequence& λi ' of eigenvaluesdefinedby (68). As in Section5, pγ is the
sum-exponentof thesequence& γd - k ' of weights. It is provenin Wasilkowski andWoźniakowski (1999)that
thenecessary condition on strongtractability of approximation in Fd is thatboth pλ and pγ arefinite, and
thenthestrongexponentof approximation is at least2max
 pλ � pγ � .

Assumethenthatpλ andpγ arefinite. In thiscase,theWTPalgorithmisalsoeffectivefor approximation,
seeWasilkowski andWoźniakowski (1999). Its construction is basedon algorithmsfor theunivariatecase,
d � 1. Let usassumethatfor d � 1 we know algorithmsthatusen function valueswith errorproportional
to n# 1( p1 for somepositive p1. It is known that p1 L 2pλ andfor somespaceswe canachieve p1 � 2pλ.
Theseunivariate algorithmsareusedasbuilding blocksfor theWTP algorithm for arbitrary d. TheWTP
algorithm is of theform (73)with thefunctionsbi - j whicharetheproductof functionsof onevariable.That
is, bi - j 
 s��� ∏d

k% 1bi - j - k 
 sk � for somefunctionsbi - j - k from thespaceL2 
 D � andsk is thekth componentof the
vectors. If we assumethat

pγ 6 p1

2 � 2p1
(78)

thentheWTP algorithm computesanε-approximationat costCδεp1 � δ. Here,δ is positive andcanbemade
arbitrarily smallandCδ is independentof d andmayonly dependon δ. This meansthatapproximationis
strongly tractablein Fd with strongexponentat mostp1. If p1 � 2pλ thenthestrongexponentof approxi-
mationis exactlyequalto 2pλ. ThisandTheorem6 yield

Corollary 2 . ConsiderthespacesFd with thereproducing kernel(67)andtheweightsγd - k satisfying(78).
Thenapproximationin Fd is strongly tractablewith strongexponentat mostp1, where p1 is theexponentof
ε # 1 for theunivariatecase.

If P givenby(77)is finitethentheconditional expectation problemin Fd is strongly tractablewith strong
exponentat mostp1.
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If additionally M given by (60) is finite then the quasi linear contraction problemin Fd is strongly
tractable with strong exponentof information at mostp1 and strong exponentof arithmeticoperationsat
most2p1.

Furthermore, thealgorithmA definedby (49) with theWTPalgorithmto obtain Êk - j by (75) computes
an ε-approximationandits costsatisfies

cost
 A��� O c
 d � mαε # p£ lnp£ ε # 1 � c
 f � αε # p£ lnp£ � 1 ε # 1 � mα2 ε # 2p£ ln2p£ ε # 1 �
with α � Cδ 
 MP� p£ where p
h� p1 � δ, andthebig O-factordependsonlyon β.

As in the previous section, we now specify the results for the weighted Sobolev spaceFd - γ definedin the
appendix.We now have p1 � 1 and(78)meansthat pγ 6 1$ 4.

Considerthe casewhenthe transition densitiesarethe samepk 
 t � s�7� p
 t � s� . Due to (19), the quasi
linear contraction problem takesnow theform

V 
 s�d� π 
 s�G� β
�
q 0 - Rr d V 
 t � p
 t � s� dt � π 
 s��� f 
 π1 
 s� ��������� πm 
 s��� � (79)

TheWTPalgorithm generatesthequadratureformulas Êk - j � Ê j whicharenow independenton k suchthat

Ê j 
 V ��
 s�F� j

∑
i % 1

ai - j 
 s� V 
 ti - j � with ai - j 
 s�¥� �
q 0 - Rr d bi - j 
 t � p
 t � s� dt �

Thecondition pγ 6 1$ 4 guaranteesthatfor any δ !¦
 0� 1� andapositive c thereexistsapositiveC suchthat
wecanchoosethesamplepointsti - j andthefunctionsbi - j for which

e
 V̂j �d6 min Cj # 1� δ � c . V . Fd 1 γ � (80)

seeTheorem5 of Wasilkowski andWoźniakowski (1999)appliedto theproblem of approximatingfunctions
V from Fd - γ. Theneedof theconstantc will besoonclear.

We want to checkwhenVi andV 
 belongto Fd - γ. Assumethat p
 t � �i� belongsto Fd - γ for all t !§H 0� RJ d,
andπ ! Fd - γ. Thenai - j , Ê j 
 Vi � aswell asVi belongto Fd - γ for all i. ThesolutionV 
 alsobelongsto Fd - γ since
p
 t � �i��! Fd - γ for all t !�H 0� RJ d and

V 
 
 s�¥� π 
 s��� β
�
q 0 - Rr d V 
 
 t � p
 t � s� dt

impliesthatall partial derivatives∂ o u oV 
 $ ∂xu belongto L2 
,H 0� RJ�o u o¨� .
Wenow estimatetheratios . Vi . Fd 1 γ $ max
,. V 
k. � . V 
k. Fd 1 γ � . For any u !�& 1� 2��������� d ' byVu wemeanV 
 0�

if u � /0 and∂ o u oV $ ∂xu otherwise.Similarly pu denotes ∂ o u o p
 t � �C��$ ∂xu. We have

Vu
i 
 s� � πu 
 s��� β Êu

j i � 1

 Vi # 1 ��
 s� �


 V 
 � u 
 s� � πu 
 s��� β
�
q 0 - Rr d V 
 
 t � pu 
 t � s� dt �
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RecallthatE 
 V ��
 s� � ¤ q 0 - Rr d V 
 t � p
 t � s� dt is theintegralof V with respectto thetransitiondensityp. Observe

thatthequadrature Êu
j is theusualquadratureappliedto theintegrationproblemEu 
 V � . Clearly,

� Eu 
 V ��
 s��* Êu
j 
 V ��
 s�,�+6 e
 V̂j �f. pu 
��j� s�:. L2

pCq 0 - Rr d s
and . E 
 V �+* Ê j 
 V �:. Fd 1 γ 6 e
 V̂j ��. p . L2

pCq 0 - Rr d s ¢ Fd 1 γ �
where

. p . L2
pCq 0 - Rr d s ¢ Fd 1 γ � �

q 0 - Rr d . p
 t � �i�:. 2
Fd 1 γ dt

1( 2 �
SinceVi * V 
 � β 
 Ê j i � 1 
 Vi # 1 �+* E 
 V 
 ����� β 
 Ê j i � 1 
 Vi # 1 ��* E 
 Vi # 1 ��� E 
 Vi # 1 * V 
 ��� wehave

. Vi * V 
 . Fd 1 γ 6 β e
�
 V̂i # 1 � j i # 1 ���§. Vi # 1 * V 
 . . p . L2
pCq 0 - Rr d s ¢ Fd 1 γ � (81)

From(80)wehave e
 V̂j ��6 c
:. V * V 
k. Fd 1 γ �`. V 
k. Fd 1 γ � . Since . Vi # 1 * V 
k. is of order . V 
k. , wehave

. Vi * V 
 . Fd 1 γ 6 βc . p . L2
pCq 0 - Rr d s ¢ Fd 1 γ . Vi # 1 * V 
 . Fd 1 γ � K . p . L2

pCq 0 - Rr d s ¢ Fd 1 γ . V 
 .
for someK dependentonly on β.

Choosec suchthatβc . p . L2
pCq 0 - Rr d s ¢ Fd 1 γ 6 1$ 2, say. Observe thataslong as . p . L2

pCq 0 - Rr d s ¢ Fd 1 γ is uniformly
boundedin d thenc is uniformly boundedfrom below andthepresenceof c in (80) is not really essential.
Fromthiswehave . Vi * V 
 . Fd 1 γ � O max
,. V 
 . Fd 1 γ � . p . L2

pCq 0 - Rr d s ¢ Fd 1 γ . V 
 .{� �
Thisprovesthat . Vi . Fd 1 γ $ max
,. V 
 . � . V 
 . Fd 1 γ � is of order1 aslongas . p . L2

pCq 0 - Rr d s ¢ Fd 1 γ is uniformly bounded
in d.

Wesummarizetheresultsof thissection. For theweightedSobolev spaceFd consider thesetof transition
densities

PL � p : sup
sT q 0 - Rr d . p
��j� s�:. L2

pCq 0 - Rr d s 6 L and . p . L2
pCq 0 - Rr d s ¢ Fd 1 γ 6 L

with aconstant L L 1, aswell asthesetof functions

U � 
 π1 � π2 ��������� πm� : f 
 π1 
��C� � π2 
��]� ��������� πm 
��C����! Fd - γ �
ThenTheorem5 andtheresultsof thissection yield

Theorem7 . If pγ 6 1$ 4 thentheconditional expectation andquasilinear contraction problemswith data
fromP andU are strongly tractable with strongexponent1. For anypositive δ, thealgorithmA definedby
(49)with anappropriatelychosenWTPalgorithmcomputesan ε-approximation with

cost
 A�F� O c
 d � mL2p 1� δ s ε # 1 # δ ln1� δ ε # 1 � c
 f � mL2p 1� δ s ε # 1 # δ ln2� δ ε # 1

� mL4p 1� δ s ε # 2p 1� δ s ln2p 1� δ s ε # 1
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with thebig O-factordepending onlyon β, δ andR.

7 Example: The Rational ExpectationsPricing Model

In this section we provide an exampleof how specialstructure can arisein an economicproblem. We
show how this structureenablesus to designanalgorithm thatnearly attains theoptimalunivariaterate of
convergenceof n # 1, in multivariate problemswherethedimensiond maybearbitrarily large. We consider
aspecial caseof therationalexpectationsassetpricingmodel,whereV 
 
 s� denotes theexpecteddiscounted
valueof anassetgiveninformationsandis theuniquesolution to theFredholm integral equationgivenby

V 
 s�d� π 
 s�)� β
�
q 0 - Rr d V 
 t � p
 t � s� dt � s !�H 0� RJ d � (82)

where

p
 t � s�d� d

∏
i % 1

exp *Q
 ti * αd - i * bdsi � 2 $0
 2λd - i �¤ R
0 exp 
�*\
 t * αd - i * bdsi � 2 $R
 2λd - i ��� dt

� (83)

with αd � Qdad �©
 1 * bd ��$ 2 ER, whereQd is a d � d orthogonal matrix, λd - i " 0, ad is an elementof Rd,
bd !¦
 0� 1� for all d, and ER �IH R��������� RJ . Theinterpretation of this problemis thatπ 
 s� representsthepayoff
of theassetin states, andp
 t � s� is theMarkov transitionprobability governingtheevolutionof information.
Thetransition density (83) is a truncatednormalapproximationto thevectorAR
 1� processgivenby:

ln 
 sj � 1 ��� ad � bd ln 
 sj ��� ε j (84)

where& ε j ' isanIID Gaussianprocesswith marginal distributionN 
 0� Ωd � whereΩd isapositivedefiniteco-
variancematrix. WecanwriteΩd � Q}dDdQd, whereQd isanorthogonalmatrix andDd � diag
 λd - 1 ��������� λd - d �
is adiagonal matrixcontaining theeigenvaluesof Ωd. Formula(83) results from truncatingthenormalpro-
cessto thecube H 0� RJ d.

We considerthe Fredholm integral problem (82) for the weightedSobolev spaceFd � Fd - γ which is
definedin theappendix.We take thevectorγ of theweightsgivenby γd - i � i # 4.

Theorem8 . Assumethatπ belongsto Fd - γ,
b : � sup

d
bd 5 1 and a : � sup

d

d

∑
i % 1

a2
d - i 1( 2 5 ∞

and

λ : � sup
d

d

∑
i % 1

i4λ # 2
d - i 5 ∞ �
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Thenthere exists R0 dependingonly on a andb such that therational expectationspricing model(82) with
R L R0 is strongly tractable. More precisely, for anypositiveδ there existsa positiveC dependingonly on
δ � a� b� λ andRsuch that thealgorithmA computesan ε-approximationwith

cost
 A�F6 C c
 d � ε # p 1� δ s ln1� δ ε # 1 � ε # p 2� δ s ln2p 1� δ s ε # 1 �
Hence, thestrong exponentof therational expectationspricing modelis at most1, andthestrongexponent
of arithmetic operationsis at most2.

The proof of Theorem8 is presented in the appendix. Notice that if condition (8) holds the parameters& λd - i ' tendto ∞ asi � d andd � ∞. Formula(83) impliesthatfor i closeto d, thecorrespondingmarginal
densitiesof p
 t � s� arecloseto a uniform density over H 0� RJ independent of thevaluesi . This implies that
even thoughπ 
 s� dependson potentially all of the statevariables s, if it belongsto the weighted Sobolev
spaceFd - γ thentheconditional expectation Eπ andtheassetvalueV 
 will only effectively dependon only
a relatively small numberof thesi variables. Theeconomicinterpretation of thespecialstructureembod-
ied by this exampleis that in problemswheretheresufficient uncertainty aboutthe future valuesof many
of the statevariables affecting asset payoffs, asset priceswill effectively dependonly on a finite number
of statevariablesfor which thereis a sufficiently strong link betweencurrent realizedvaluesand future
expectations. The implied restrictions on thedependence of V 
 on s makesthecalculation of assetprices
strongly tractable,andthenumberof samplepointsn necessaryto computeanε-approximationto V 
 
 s� is
independent of d.

Observethatwedid notassumethatthenormin thespaceFd - γ of thefunctionπ is uniformly boundedin
d. However, thenormof π directly affects thenormof thesolutionV 
 which, in turn,affectsthedefinition
of anε-approximation.

8 Conclusion

In this paperwe have identified a generaltypeof “special structure” andhave introducedanalgorithm that
enablesus to exploit this specialstructure andbreakthe curseof dimensionality associatedwith approxi-
matingthefixedpointV � Γ 
 V � for a classof quasilinearcontraction mappingsΓ thatarisefrequently in
economicapplications. Weshowedthatthereis adeterministic,successiveapproximationsalgorithm which
convergesat a faster ratethantherandomsuccessive approximationsandrandommultigrid algorithmsthat
wereusedby Rust(1997)to breakthe curseof dimensionality for theseproblemsin the randomizedset-
ting. In addition to showing thata deterministic algorithm canbreakthecurseof dimensionality, we have
establishedthesurprisingresult thateventhoughthefunction V candependon anarbitrarily largenumber
of continuous-valuedarguments 
 s1 ��������� sd � , our algorithm canapproximateV to within anerrorof ε using
only roughly O
 ε # 1 � function evaluationsandO
 ε # 2 � arithmetic operations, independent of d. In the ter-
minologyof computerscience,wehaveshown thatthequasilinearcontractionproblemis strongly tractable

35



with strongexponentequalto 1: usingn functionevaluationsandO
 n2 � arithmeticoperations,ouralgorithm
producesanapproximation to thetruefixedpointV with anerrorboundedbyCn # p, wherep is closeto one
andC is an absolute constant that doesnot dependon d. Thus,we have identified a classof multivariate
problemswith arbitrarily large d for which our algorithm attainsnearly thesamerateof convergencethat
canbeattainedfor theuni-dimensionalproblems,d � 1. However, for multi-dimensionalproblemswith d
continuousvariables, the methodof successive approximationsusingmulti-dimensionalinterpolation and
standard product-rule quadraturesto perform thenumericalintegrationsrequires O
 nd � pointsandO
 n2d �
arithmeticoperations to attain an error of orderO
 1$ n� . For thesemethodsthe curseof dimensionality
is present. We usean alternative linear approximation algorithm known as the weighted tensor product
algorithm to achieve anerrorroughlyof C $ n usingonly n points(function evaluations).

Theothercontributionof thispaperis to identify aneconomically meaningfultypeof “special structure”
for theprofit, utility, or valuefunctionsentering thefixedpoint problemfor which it is possibleto nearly
achievethisoptimaluni-dimensionalrateof convergence.Thespecialstructurecanbedescribedintuitively:
it occurswhenthedependenceof afunctionontheithvariablesdecreaseswith increasing i. Thisdependence
is controlled by a sequenceof positive weightsγ i . We have provided a criterion on γi that enablesus to
breakthe curseof dimensionality. A sufficient condition for strongtractability is that the weightssatisfy
∑∞

i % 1 γi 5 ∞. Theboundednessof thissumimpliesthattheweightsγi go to zero.Whenγi is small,thenorm
of the function is very sensitive to changesin the ith variable. Thus,if our functionsareto have bounded
weightednorm,they mustessentially be“flat” with respectto variableswith large i. If we require that the
γi weightsapproachzeroat a sufficiently rapidrate, so that thesumof theweightssatisfies ∑∞

i % 1 γ1( 4
i 5 ∞,

thenthe strong exponentof our algorithm is p � 1, i.e., it comesarbitrarily closeto attaining theoptimal
uni-dimensionalrateof convergencerateof Cn # p with p � 1.

We notetwo important caveatsaboutour results. First, althoughour algorithm is constructive, we do
not yet feel thatit is “practical” for usein realproblems.Theweightedtensorproductalgorithm is difficult
to implementwhich may imply that its advantagesover simpleralgorithmssuchasRust’s (1997)random
multigrid methodwill only becomeobviousfor larged. A relatedproblemis thatouranalysisalsoassumes
thatthequadratureweightsthatareusedto approximatetheconditionalexpectationsof thevaluefunctions
are“precomputed”(seeformula(76) in Section6). However, computingtheseweightsthemselvesinvolve
computingmultivariateintegrals.Ouranalysis hasassumedthattheseintegrals arecomputedexactly, but in
practice they would have to becomputednumerically andthis would bea substantial additional computa-
tionalburden.

Second,althoughtheBellmanequation of dynamicprogrammingis a special typeof quasi-linear con-
traction mapping,we do not yet know whetherour result applies to this case. The reasonis that our
result requires sufficient smoothnessof both the profit/utilit y functions & πk ' and the sequenceof value
functions & Vj ' generatedby our successive approximationsalgorithm. Theassumptionin Theorem7 that
f 
 π1 
��]� ��������� πm 
��C���)! Fd - γ doesnot generally hold whenthequasilinear function f is non-differentiableas
in theBellmancasewhere f is themaxfunction. Further, the & V j ' sequencemusthave boundedweighted
norm for strongtractability to hold and the strongexponentto be equalto 1. However, in the Bellman
case,themaxoperator mayintroduceenoughkinks in the & V j ' functionssothattheweightednormof this
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sequencemay not be uniformly bounded.Oneway to get aroundtheproblemis by “addingsomenoise”
to smoothout thekinks: thus,the“smoothedBellmanoperators” Γσ with smoothingparametersσ " 0 do
have sufficient smoothnessfor our results to applyprovided σ is sufficiently large. However, asσ � 0, the
normof thecorrespondingsmoothedquasi-linearfunction fσ 
 π1 
��]� ��������� πm
��]��� tendsto infinity, andfor this
reasonwe cannotusetheresults for thestrongtractability of thesmoothedBellmanproblemto arguethat
theoriginalunsmoothedBellmanproblem is alsostrongly tractable.

We areoptimistic that it will be possible to extendour results to the important caseof Bellmanoper-
ators, but we leave this asanopenconjectureanda topic for future research. Onepossibledirection is to
consider policy iterationalgorithmsfor solvingtheBellmanequation andto notethateachpolicy valuation
stepinvolvesa solution to a contractive Fredholm integral equation, andour results have shown thatunder
appropriateconditions,thecontractiveFredholmproblem is strongly tractablewith strongexponentequalto
1. Weconcludeby notingthatour theoretical resultshavealreadystimulatednew investigationsthatattempt
to uselinear algorithmssimilar to theWTP algorithm to breakthecurseof dimensionality of dynamicpro-
grammingproblems. Computational experimentssuchasin Beńıtez-Silva et. al. (2000)suggeststhat the
strategy of usinglinear algorithmsin conjunction with policy iteration couldbehighly effective for solving
highdimensionaldynamicprogrammingproblems.

9 Appendix

9.1 Weighted Sobolev spaceFd A γ.
ThespaceFd - γ is aHilbert spaceof functionsdefinedon thed-dimensionalcubeSd �IH 0� RJ d, seeSloanand
Woźniakowski (1998)wherethecaseR � 1 is considered.This is aHilbert spacewith a reproducingkernel.
For thebasictheory of suchspacesthereaderis referredto e.g.,Aronszajn(1950)andWahba(1990).The
mostimportantproperty of areproducingkernelHilbert spaceis thatthereexistsafunction Kd : Sd � Sd � R
suchthatKd 
�� � x��! H for any x ! Sd and

f 
 x�F�e� f � Kd 
�� � x��� X f ! H �
where �Z� � � � � is theinnerproductof H.

ThefunctionKd is called a reproducingkernelof theHilbert spaceH. Sometimeswewrite H � H 
 Kd �
to indicate thereproducing kernelof H. Thereproducingkernelhasthefollowing properties.For any x and
t from Sd, we have

. Kd 
�� � x�U.@� K1( 2
d 
 x� x� and Kd 
 t � x�F6 K1( 2

d 
 t � t � K1( 2
d 
 x� x� �

For any integern andpointsti ! Sd for i � 1��������� n, then � n matrix 
 Kd 
 ti � t j ��� is non-negative definite. In
fact, for any function Kd with the lastproperty thereexistsa Hilbert spacefor which Kd is its reproducing
kernel.Therefore,it is enoughto present a reproducing kernelin orderto definetheHilbert spacewith this
kernel.
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That is the approachwe take for introducing the weightedSobolev spaceFd - γ. Its reproducing kernel
Kd - γ is

Kd 
 x� t �d� d

∏
i % 1


 1 � γd - i min
 xi � ti ��� �
Here,γd - i L 0. For γd - i g 1, we obtainthereproducing kernelof theclassical (unweighted)Sobolev space
Fd - 1 � W1 - 1 - M M M - 1 
,H 0� RJ d � .

For d � 1, the spaceF1 - γ consists of absolutely continuous functions whosefirst derivatives are in
L2 
,H 0� 1Jj� with theinnerproductof V� W ! F1 - γ givenby12

� V� W �F� V 
 0� W 
 0�)� γ # 1
1 - 1 � 1

0
V }Y
 x� W}Y
 x� dx�

For d L 2, thespaceFd - γ is the tensorproductof F1 - γd 1 1 ª F1 - γd 1 2 ª ����� ª F1 - γd 1 d andcorrespondsto functions
whichareoncedifferentiablewith respect to eachvariable.

Wedenotetheinnerproductandnormin Fd - γ by �Y� � �i� Fd 1 γ and . �k. Fd 1 γ ���Y� � �i� 1( 2. Theinnerproductof Fd - γ
is � V� W �F� ∑

u ~7� 1 - 2 - M M M - d � γ # 1
d - u �

q 0 - RrZ� u � ∂ o u o
∂xu

V 
 xu � 0� ∂ o u o
∂xu

W 
 xu � 0� dxu � (85)

Here, � u � is thecardinality of u. For thevectorx !«H 0� RJ d, wedenotexu asthevectorFrom H 0� RJ�o u o containing
thecomponentsof xwhoseindicesarein u, anddxu � ∏ j T udx j . By 
 xu � 0� wemeanthevectorx from H 0� RJ d,
with all componentswhoseindicesarenot in u replacedby 0.

For u � /0 we have γd - /0 � 1, andfor u ¬� /0 we have γd - u � ∏ j T u γd - j . If theweight γd - j is zerothenall
γd - u � 0 with j ! u. In this case,we assumethat the functionsdo not dependon the jth variable, andwe
have0$ 0 � 0 in theinnerproductformula.Observe thatthesumin theinnerproducthas2d terms.

The norms . V . Fd 1 γ and . V .F� maxx T q 0 - Rr d �V 
 x�U� may be quite different. Indeed,take R � 1 and the
functionV 
 x���2
 1 * x1 � ����� 
 1 * xd � . Then . V .�� 1 andfor positive γd - j wehave

. V . Fd 1 γ � ∑
u

γ # 1
u � d

∏
j % 1


 1 � γ # 1
d - j � �

Hence,for γd - j g 1 we have . V . Fd 1 γ � 2d.
12For theinnerproduct ­

VA W ®|� � 1

0
V < x> W < x> dx � γ 3 1 � 1

0
V � < x> W� < x> dx ¯

we obtain theSobolev spacewith thereproducingkernel

K1 < x A t >u� ° γ
sinh ° γ

cosh< ° γ < 1 ± max< x A t >�>�> cosh< ° γ min < xA t >�>UA7² xA t ?@³ 0A 1́i¯
asshown by Thomas-Agnan(1996).
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We now considertheCobb-Douglas function,

π 
 x�F� d

∏
k% 1


 xk � ak � αk � xk !�H 0� RJ �
wherex �IH x1 � x2 ��������� xd J with nonnegative ak andαk suchthat∑d

k% 1 αk � 1.
Theweightednormof π wasestimatedin Wasilkowski andWoźniakowski (1999)for γd - k � αk. Then

π ! Fd - γ if f a : � min j a j " 0. If sothen

. π . Fd 1 γ 6 b2 � b2R
a2 exp R$ a2 � X d � (86)

whereb � maxj a j . In particular, for a j g 1 we have . π . Fd 1 γ 6 1 � Rexp
 R� .
9.2 Weighted TensorProduct Algorithm

The WTP algorithm is definedas a linear algorithm to approximatelinear multivariate weighted tensor
productproblems,seeWasilkowski and Woźniakowski (1999). The essence of this algorithm is that it
requiresonly theknowledgeof linearalgorithmsfor thesolution of thecorrespondingunivariateproblem.
Thisis usuallyrelatively easyto achieve. For themultivariatecase,theWTPalgorithm takesaspecial tensor
productof theknown univariatealgorithmsin suchawaythatthetotalnumberof informationandarithmetic
operationsis strictly controlled. Thisnumberdependsontheweightsof thetensorproductproblem. For the
weightswhichgosufficiently fastto zero,thetotal numberof informationandarithmeticoperationsneeded
to guaranteethattheerror of theWTPalgorithm is atmostε is independent of thedimensiond and,roughly
speaking, is thesameasfor d � 1.

We briefly describe theWTPalgorithm for multivariate integration

I 
 f �F� �
Sd

f 
 x� dx�
Let & In - γ ' beasequenceof algorithmsof theform(27)for approximationof theintegral I 
 f � in theunivariate
cased � 1. Thatis,

In - γ 
 f �F� n

∑
i % 1

wn - i - γ f 
 sn - i - γ � (87)

wherethequadrature weights & wn - i - γ ' andsamplepoints & sn - i - γ ' may dependon the weight γ definingthe
weightednormfor F1 - γ. Observe that thecostof In - γ is c
 d � n. We assumethat thequadratureweightsand
samplepointsarechosensothattheerrors,en 
 Fd - γ � convergeto 0 asn � ∞. For eachweightγ, we assume
thatthereis anincreasingsequenceof integers

m0 - γ � 0 5 m1 - γ � 1 5 m2 - γ 5 ����� 5 mi - γ � (88)

anddefine
∆i - γ 
 f �F� Imi 1 γ - γ 
 f ��* Imi � 1 1 γ - γ 
 f � for i L 1� (89)
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Observethat∑ j
i % 1 ∆i - γ � Imj 1 γ - γ andImj 1 γ - γ 
 f � convergesto I 
 f � for every f ! Fd - γ. Let INd� bethesetof vectorsE i ��H i1 ��������� idJ with positiveintegercoefficientsik. To stresstheirrole,weshallreferto themasmulti-indices.

By � E i � wemean∑d
k% 1 ik. Let & Pn - d ' beasequenceof subsetsof INd� suchthatPn - d consistsof n multi-indices,

Pn - d � Pn� 1 - d and µ nPn - d � INd� . EachsetPn - d maydependonall weights γi for i � 1� 2��������� d.

Theweightedtensorproduct(WTP)algorithm is definedasthesequence& Un - d - γ ' givenby

Un - d - γ 
 f �F� ∑¶
i T Pn 1 d

d·
k% 1

∆ik - γk 
 f � � (90)

wherethetensorproduct f � f1 ª ����� ª fd �2¸ d
k% 1 fk in thecaseof scalars fk is just theproduct∏d

k% 1 fk. In
thecasewherethe fk arescalarfunctions, f ��¸ d

k% 1 fk is a function of d variables givenby f 
 t1 ��������� td ���
∏d

k % 1 fk 
 tk � . In thecaseof linearoperators Tk, T �l¸ d
k% 1Tk is a linearoperator suchthatT ¸ d

k% 1 fk �¸ d
k% 1Tk 
 fk � . The WTP algorithm dependson a numberof parameters. First of all, it dependson the se-

quenceof weights & γd - k ' , the sequenceof cardinalities mi - γk, aswell asthe sequenceof setsPn - d. It also
dependson the one-dimensionalquadrature algorithms In - γd 1 k. By varying theseparameterswe obtainthe
classof WTPalgorithms.

Sincelim j O ∞ ∑ j
i % 1 ∆mi 1 γ 
 f ��� I 
 f � for every f ! Fd - γ, wehave

I 
 f �F� ∑¶
i T INd¹

d·
k% 1

∆ik - γd 1 k 
 f � � X f ! Fd - γ (91)

Thisyields

� I 
 f �+* Un - d - γ 
 f �U�+� ∑¶
i T INd¹aº Pn 1 d

d·
k% 1

∆ik - γd 1 k 
 f � 6 ∑¶
i T INd¹aº Pn 1 d

d·
k % 1

∆ik - γd 1 k 
 f � �
Therefore theerrorof Un - d - γ is boundedby

e
 Un - d - γ � I ��6 ∑¶
i T INd¹aº Pn 1 d

d·
k% 1

∆ik - γd 1 k � ∑¶
i T INd¹Uº Pn 1 d

d

∏
k% 1

∆ik - γd 1 k � (92)

This formula suggests that a goodchoicefor Pn - d is the setof n multi-indicesE i which correspond to the
n largestnormsof ¸ d

k% 1 ∆ik - γk. We refer the readerto Wasilkowski andWoźniakowski (1999)for further
discussion of theWTPandits rateof convergence.
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9.3 Proof of Theorem 8

WeproveTheorem8 by applying Theorem7. Firstof all, notethatfor γd - i � i # 4 wehave pγ � 1$ 4 asneeded
in Theorem7. We now checktheothertwo assumptionsof Theorem7 that

. p
��j� s�,. L2
pCq 0 - Rr d s and . p . L2

pCq 0 - Rr d s ¢ Fd 1 γ
areuniformly boundedin d ands.

To prove that . p
��V� s�,. L2
pCq 0 - Rr d s is uniformly boundedin d ands, observe thatdueto (83) andthecondi-

tionson λd - i , it is enoughto show thatfor λ L 1 andc � αd - i � bdsi wehave� R

0
exp *Q
 u * c� 2 $ λ du 6 � R

0
exp *Q
 u * c� 2 $R
 2λ � du

2 �
Thisholdsif weshow that � R

0
exp *Q
 u * c� 2 $R
 2λ � du L 1�

Wehave * a � 1 * b
2

R 6 c 6 a � R
2

� bd si * R
2

6 a � 1 � b
2

R�
Therefore * c 6 a *�
 1 * b� R$ 2 andR * c L * a ��
 1 * b� R$ 2 and� R

0
exp *Q
 u * c� 2 $R
 2λ � du � � R# c

# c
exp * x2 $R
 2λ � dx L � # a� p 1 # bs R( 2

a # p 1 # bs R( 2
exp * x2 $ 2 dx�

Sincethelastintegral is about
v

2π " 1 for largeR, there existsR0 dependingonly on a andb suchthatthe
lastintegral is indeedat least1, asclaimed.

We now estimate . p . L2
pCq 0 - Rr d s ¢ Fd 1 γ , Dueto theproductform of p in (83)wefirst considerthefunction

h
 ti � si �d� exp *Q
 ti * αd - i * bdsi � 2 $R
 2λd - i �¤ R
0 exp 
�*Q
 t * αd - i * bdsi � 2 $R
 2λd - i ��� dt

�
It is easyto checkthat � R

0

� R

0

∂h
∂s


 t � s� 2

dt ds � O
b2

d

λ2
d - i

with thefactorin thebig O-notation depending on theglobalparametersa� b andR. Thisyieldsthat

. p . 2
L2

pCq 0 - Rr d s ¢ Fd 1 γ � . p
��V� 0�,. 2
L2

pCq 0 - Rr d s � ∑
/0 »% u ~/� 1 - M M M - d � O ∏

j T u

b2
d

γd - iλd - i
� O

d

∏
j % 1

1 � i4bC
λd - i

for someC. This is uniformly boundedin d dueto thecondition on λd - i whichcompletes theproof.
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