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Abstract

This paperanalyzeshe complity of the contractionfixedpoint problem: computeane-approximation
to the fixed pointV* = " (V*) of a contractionmappingl’ that mapsa BanachspaceBy of continuous
functionsof d variablesinto itself. We focuson quasilinear contractionswhererl is a nonlinearfunc-
tional of a finite numberof conditionalexpectationoperators.This classincludescontractve Fredholm
integral equationghatarisein assefpricing applicationsandthe contractve Bellmanequationfrom dy-
namicprogrammingln theabsencef furtherrestrictionsonthedomainof I', thequasilinearfixedpoint
problemis subjectto the curseof dimensionalityi.e., in the worstcasethe minimal numberof function
evaluationsandarithmeticoperationgequiredto computean e-approximatiorto a fixed pointV* € By
increass exponentiallyin d. We shav thatthe curseof dimensionalitydisappearsf the domainof I
hasadditionalspecialstructure We identify a particulartype of specialstructurefor which the problem
is strongly tractableeven in the worstcase|.e., the numberof function evaluationsandarithmeticop-
erationsneededo computeane-approximatiorof V* is boundedoy Ce~P whereC and p areconstants
independentf d. We presentexamplesof economicproblemsthat have this type of specialstructure
includinga classof rationalexpectationsassepricing problemsfor which theoptimalexponentp = 1is
nearlyachieved.

1 Intr oduction

This paperanalyzes the compleity of the contraction fixed point problem: computean e-appraimation
to the fixed pointV* = I"(V*) of a contration mappingl” thatmapsa BanachspaceBy into itsdf where
By is a spaceof continuousfunctons definedon a compactSy € IRY. Theseproblemsarisefrequently
in economis, andincludeinfinite horizondynamicprogramming(DP) andassefpricing problemswhere
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V*(s) = V*(sy,...,S4) IS interpreted as a value funcion that dependson a vector of d state variables
(s1,...,S4) eachof which canassumea continuumof possibé values. Although the spaceBy is infinite-
dimensionhwe referto d asthe dimensionof the fixed point problem. Although Banachs theoem guar
anteeghata uniquefixed point exists it is only possiblein rarecasedo obtainanalytic expressonsfor V *
andit is usualy quite difficult evento charactrizegeneralpropetiesof V * (e.g.,monotonidty, concaity,
etc.).For thesereasos therehasbeenincreasingemphasi®n the useof numericalmethod¢o computeap-
proximatecontraction fixed pointsin virtually all fieldsin economicsindfinance,including microecmomic
modelsof interiemporaldecison makingunderuncetainty, Rust(1997),Judd(1998),economeics, Rust
(1994), macroeconomi, Stokey andLucas(1989),Cooper(1999), growth theory Kydlandand Prescat
(1982),andfinanceandassepricing, Lucas(1978) Rust(1985),Duffie (1988).

In mary applicaionswe wouldlik eto beableto computeapproxmationsto extremelyhighdimensiona
problems.In financethete is substatial interestin pricing index optiors thatarefunctionsof thousand of
individud secuities: calaulationof theoeticalvaluesof theseoptionsrequiressoluion of highdimensiona
optimal stopphg problemswhered is at leastaslarge asthe numberof secuities in the index, seeBolye,
BroadieandGlasseman(1997). It is increasinglycommonto seevery high dimensionaDP in economic
appliations.For example,modelsof optimalpricing andinvenbry decisonsof retdl or wholesalecompa-
niescaneasiy resut in DP problemsfor which d canbe mary thousads. Hall andRust(1999) modela
steelwholesagr thatcaries over 2,000individual steelproducts eachproductis descrbedby at leasttwo
continwousstat variables, namelythe currentspotprice andquantty on hand.Thus,to modelthefirm asa
wholewould potentally requirea DP problem with atleastd = 4,000continuousstat variabkes. Similarly,
Aguirregabiria (1999) developsa DP modelof a Spanistretail supermarkt chainthat cariies over 8,000
separte producs: mary U.S.retal outles carrymorethan75,000products.Thus,it is increasinglyimpor-
tantto find effective algorithmsfor approximating fixed pointsto high dimensionalbroblemswhered can
bearbitarily large.

Our analyss focuses on a subchssof quasilinear contraction mappingswhich canbe representedas
nonlinear functionalsof afinite numberof condiional expectaiton operatos:

F(V)(s) = f(mu(s) +BELV(S),. ... Tin(S) + BEmV(9)), 1)
wheref is acontiruousfunction mappingR™ into R, thet, i = 1,...,m, arefixedfunctionsin By, andthe
E,i=1,...,m, arelinearcondiional expectaton operatos on By, i.e.,

EV(s)= [ VOp s, @)

wherep; : S x & — R4, and pi(+|s) is a condtional probablity densiy functionon Sy for eachs € &;.
If f satsfiesthe quasilineaity propety descriled in Section2, thenTl is a contracton mappingon Bg.
Many of the fixed point problemsthat appearin economicapplicationsare quasilinear. This family in-
cludesFredholmintegral equationghatarisein rational expectdions modelsof assepricing (whenm=1



and f (x) = x) andthe Bellmanequaton for infinite horizon DP problems(whenm > 1 and f (x1,...,Xm) =
max(Xi, . .., Xm))-

At leastsinceBellman(1957),it hasbeenthoughtthatcontmactionfixed point problemsof the type we
areconsicering are subjectto an unavoidabk “curse of dimensiondity”. Subsequentievelopmentsn the
theoryof computatbnal compleity of continuousproblems seeTraubandWerschulz(1998)for a suney,
have formalizedthe conceptof curseof dimensiondty andhave succeedain detemining whetherawide
variety of continuousmathematicaproblems are subjectto this curse. The complity, comp(e,d), of a
d-dimensionhmathematial problemis definedasthe minimal costof computingan e-appoximationin
the worst caseusingdeterminstic algoithms?! If compe,d) dependgpolynomialy one~* andd, we say
the problemis tractabl, otherwiseit is intractable If compe,d) dependsxponentally on d, we saythe
problemsuffersthe curseof dimensionéty.

Chawv and Tsitsklis (1989) confirmedBellman’s conjectue by proving that the problemof approx
mating the fixed point to Bellmans equationV = I' (V) is subjectto the curseof dimensionaty. More
precsely they shaved thatwhendomainof I is sufiiciently large (e.g.,the setLy C By of all uniformly
bounded_ipschitz continuows functions); thenthe problemof finding ane-approimationto thefixed point
V =T (V) isintractabé. They consideeda geneal classof Markovian decison problemswith continwus
stateandactionspacesHowever their resultalsoimpliesthatthe problem of approximaing V * for a sub-
classof MDPswith only afinite numbemn of possibé actionsknown asdiscretedecisio proceses(DDPSs)
is alsointractable sinceits compleity is atleastof ordere ~24. However DDP problemsaremathematially
equvalentto computingthe fixed point of the Bellmanoperabr which is just a specid type of quasilinear
contraction mapping. Thus,the intradability of the DDP problemimpliesthatthe quasilinear contraction
problem(which includesthefinite actionMDP problemasa speci& case) mustbeintractableaswell.

Theobjedive of thispaperis to deteminecircumstacesunderwhichit is possibleo breakintractabiity
of the quasilinearcontraction fixed point problem. As discusedin TraubandWerschulz(1998),thereare
two mainwaysthis canbedone:

(a) by usingrandomizedlgorithms,suchasMonte Carlo,or

(b) by resticting attentionto problemsthathave somesortof “specid strucure”.

Stratgy (a) wasusedby Rust(1997)who shavedthata randommultigrid algoithm succedsin break
ing the curseof dimensiontity for asubclasof DDP problems? SinceDDPsarea subchssof quasilinear
contractions,Rustsresultsuggets thatit maybepossibleto userandomiationto breakthecurseof dimen-
sionalty for a larger classof quasilinear contiactionmappings. The mainwork involved in computinga
fixedpointin eithe of theseproblemsis the evaluaton of the multivariake integrals definingthe condiional
expectaionsE;V, i = 1,...,m. Althoughtheproblemof computingmultivariate integrals for integrandsthat

1compleity is alsodefinedfor averagecaseandrandomizedsettings SeeTraub,Wasilkowski andWozniakowski (1988).
2|t is possibé to checkthattheresultsof Rust(1997 arealsovalid for the classof problemsconsideredn this paper



arein sufiicienty largeclasssuchasl g is intractablein theworstcasedeterminstic settng, it is well known
thatmultivariak integrationis tractablewhenrandomizdalgoithmsareallowed. For exampletheclasscal
Monte Carlo methodcan be usedto approximag the integral E;V(s) asa sampleaveragel/ny! ,V(§)
where{§,...,5,} arellD draws from the condiional densityp;(t|s). The Law of Large Numbersimplies
thatE;V (s) corverges to E;V (s) atraten—/2 indepenlentof the numberof variables.3 The costof allowing
randomizéion is thatwe mustbe contentwith thewealer stochatic assuracethatthe expeced errorof the

approxmatesolution is lessthane.

Our paperis aboutstratay (b). Therearetwo main adwvantagesf this approab. First, unlike Monte
Carlomethodsthe algorthmswe considerdeliver a strongerdeteministic worst caseassuraceregarding
the approximatbn error. Second,we provide sufficient condiions underwhich thereis a deteministic
algorthmthatusesn quadratirepointsto approximatehe conditionalexpectaion operatosE;V in equaton
(1) andresuls in anapproximateixed point V,, that, regardlessof the dimensiond, corvergesto V* atrate
closeton—1.

We now descibe the type of specal structurewe exploit andhow it enablesus to breakthe curseof
dimensiondity. Our objediveis to approximagV* atanarbitrary points* € §. NotethatV* is animplicit
functionof theobjecs f, {p;} and{rg }, wheref is thefunction definingthequasilnearcontration operato
in equaton (1), the {r5} arethe payof functionsin (1), andthe {p;} arethe Markov transtion densiies
definingthe conditional expecationoperatos in (2). We assumehata feasibk algorithm for computingan
approximatesoluion V to V* canonly dependon the valuesof theseobjectsat a finite numberof points
{s1,...,sn} in thedomainS;. Our worst caseanalyss treatsthe objecs f and {p;} asfixed, but allows
{13} to be elemens of a setof functionsFy. For ary algoithm (which includes a specificchoicefor n
andthe samplepoints{si,...,S }) we candeterminegheworstcaseerror, i.e., the largestpossble value of
IV*(s*) —=V(s")| for {m;} in thesetFy. Thecompleity comp(e,d) is theminimum costof computingane-
approxmation,wheretheminimumis takenoverall feasibe algoiithms. Obviously, thecompleity depends
on the setof functions Fy. WhenFq = By, the (non-canpact)setof all continuous,uniformly bounded
functions,the complity is infinite, i.e., it is not possibleto computean e-approxmation for sufficiently
small € usingdeteministic algorthms. WhenFy = Lg4, the compactsetof uniformly boundedLipschitz-
continwus functons, the compleity is finite, but as notedabove, thete is a curseof dimensimality —
comp(e,d) is anexponental function of d. We will considerthe casewhereFy = Fyy, a compactsubsebf
uniformly boundedunctionsin aweightel Sobole spacehatwill bedescibedin moredetal later. We will
definea specificweightednorm|| - ||, onthefunctionsin Fy thatdepend®n a parametey = (yi,...,Yd)
thathasthe samedimensionasthe of agumens d of thefunctionsin Fq y. Thei component; is aweight
thatdeteminesfor ary function e Fqy, how sensitve thenorm|| 11, isto variaionsin s;, thei agument
of Tt If y; is smallthenormwill beverylargeif thefunction ttis highly variabke asa function of s;. Thus,in

3Notethatcomputeimplementationsf theMonte Carlomethodusepseudo-randm numbergeneratorshatattempto emulate
truly 11D draws from variousdistributions. The factthatthe obseredrate of convergenceof theseimplementation®f the Monte
Carlomethodsn=1/2 canbetakenasevidencethatpseudo-randm numbergeneratorsreableto successfullyemulatehebehaior
of truly IID sequencesThe problemof whenthe useof pseudo-ranoim samplepoints doesnot changethe errorof Monte Carlois
addresseth TraubandWozniakowski (1992)



orderfor Tt to have a smallweightednormwheny; is small,it mustbe the casethatt mustbe nearly“flat”
asafuncton of 5. We show thatthe quasilinear contradion fixed point problembecomedradablein the
worstcasesettngif Sg_1Yd < .

Tractaility is establshedby shaving thatcomp(e, d) takestheform

compe,d) = c(d)ny(g,d) + n(g,d), (3)

wheren; (g,d) is theminimal numberof function evaluatons,nz (g, d) is the minimal numberof arithmetic
operaionsrequredto computean e-appioximationto a d-dimensimal problem in theworstcaseandc(d)

representsthe costof a single function evaluationof 1. Clearly, the problemis tradableif n1, n, andc all
increasepolynomially in e~ andd. Werestict attenion to problemswherec(d) is boundedy apolynomid
in d, sinceif thisdoesnothold, theproblemis automattally intradable.In thequasilnearcontractproblem,
we have ny(g,d) = O(ny(g,d)?), sothekey to our argumentis to shav thatn; is apolynomia in in €~ and
d. We provide sufficient conditionsunderwhich the problemis strongly tractable, i.e.,where

m(e,d) <Ce P 4)

for constangé C andp which areindependenof d ande. Theminimal (or theinfimaof) valuesof p for which
theseinequaities hold is calledthe strong exponent seeWozniakowski (1994)for a precsedefinition. We
provide sufficient condiionsunderwhich the strongexponentis equalto p = 1 whichimpliesthatthe opti-
mal (uni-dimensionalorvergencerateof n—1 is nearlyachiesed regardlessof the problemdimensiond.

We verify thattheseratesof convergercecanbeattanedin thecontet of aspecfic rationalexpectdions
assetpricing example. In this casethe quasilinear contaction problemreducesto a Fredholmintegrd
equaton for V*, whereV*(s) repregntsthe value of the assefgiveninformations, wheres is a vectorin
a d-dimensonal statespaceSy. The dimensiond could be quite large, sinceit not only includesa vector
of variabkesthatrepresentthe stae of thefirm (i.e., its sales, costs,debt,wagecosts,market shae, andso
forth), but it alsoincludes a large numberof market-level variabkes summarizingthe staus of the firm’s
chief competibrs, anda large numberof economy-ével variables that affect the overall level of the stock
market (e.g.,interestrates,inflation rates unemplymentrates,andsoforth). Supposdhattheassepaysa
persharedividendof 1i(s) in stae s, andthatthe stak evolvesaccoding to a Markov transtion densiy p
andthereis a constat risk freeinterestrater > 0. Thenthe“fundamentalvalue” of the stockis givenby

V*(s) = T(S) + ﬁ/sjv*(t)p(ﬂs)dt. 5)

In Section5 we shav thatthe problem of approximatingV * is strongy tractbleif 1 satidies somemild
smoothnessondiionsandp is atrunatednormaldensiy for which cerain parametesrelaedto theeigen
valuesof its correhtion matrix tendto infinity at a suficienty fastrate. We prove that this problem is
strongy tractablewith strongexponentequalto 1. Thatis, the numberof function evaluatonsn(e,d) nec-
essay to computean e-appoximationto V* at a point satsfiesn; (€,d) < Cse 19 for all > 0. Thisis
substatially faser thanthe randomizd contracion operabr approachconsideed by Rust(1997) In that

5



algorithm ny(e,d) mustbe of ordere=2 in orderto achieve an expectederror of €. Thus, even though
V* is a non-tiivial function of all d stak varialdes, the numberof samplepoints necessar to find an -
approxmationis independat of d. The problem complity, compe,d), only dependsn d via the cost
c(d) of eachfunction evaluaton.* This givesusa double-win:

e convergences fasterthanMonte Carlo,
¢ with aworstcasedeterminstic guarante.

Although we do not do so here,our resuts on the tradability of pointwise approxmation of V* can
be extendedto enableusto prove the tracibility of uniform approximationof V*. Considera function Vi
constuctedfrom alinearcombinaton of k “basisfunctions” {p; x} whosecoeficierts arevaluesV evaluated
atanapproprate setof samplepoints{sy,...,s} in &

k
U(s) = 3 V(s)pin(s) ©)

Vk will beauniform e-approximationto V* provided |[V* — V| 1 < &[[V*||2 for somenorms|| - |1 and]| - ||2.

Thevalueof k for which thisis true obviously depend®n € andd. In orderfor the uniform approximatbn

problemto betractablewe mustguaranteethatk depend®nly polynomidly on1/¢ andd, andthatthetime

requiredto evaluateeachof the basisfunctionsdepend®nly polynomialy ond. This canbe achiesedfor

the sameconditionsunderwhich the pointwise approxmationproblem is tractale, i.e., whenthefunctions
V andV* have a partiaular type of specal structurerefleced by smallnormsin theweightedSobole space
Fay- Thus,it is sufficient to restict attenton to proving thatthe problemof pointwise approxmationof V *

is tradable.

Section2 introduceghe class of quasilinear contraction mappingswith examplesof how thesemap-
pingsarisein economicapplications Section3 reviews recentempiricd andtheoreical resuls on Quasi
Monte Carlo (QMC). This is relevantto our resuts sincewe shaov how a particular QMC algoiithm thatis
basedn anapproxmationalgorithm known astheweightedensorproductalgorithm (WTP) enablesisto
exploit thespeciastrudureof integrandsin the Sobole space-q y andbreakthe curseof dimensiondity. In
Section4 we presenfa classof iterative algorthmsfor computingapproxmatefixed pointsto quasilinear
contrations. Sectbn 5 outlines the structureof our algumentin the specal 1ID casewherethe transtion
densites p;j(t|s) do notdependons. Secton 6 applies thesealgoritimsto the problemof approximatng
fixed pointsto animportantsubclas of quasilinear mappings(contractive) Fredholmintegral equaions.
Theseproblemsarisein assefpricing appliationssuchasdiscusedabove, andalsoin the policy iteration

4Werschulz1991)andHeinrich(1998)analyzedheworstcasecompleity of Fredholmintegral equationgor smoothfunctions
andshaved thattheseproblemsare subjectto a curseof dimensionall. However their resultsdo not necessarilymply thatthe
quasilinearcontractionproblem suffers the curseof dimensionaly sincethe classof Fredholmintegral equationghey consider
includeproblemswith moregeneralkernels.Our analysisonly coversa subsebf contractive Fredholmintegral equationsvhere
thekerneltakestheform Bp(t|s) wherep € (0,1) andp(-|s) is a conditional probabiity densityfunctionwith specialstructure.



methodfor solving DDPs(i.e., Markov decigon processgwith afinite numberof possibé actions). Secton
7 verifiesthatundermild restictions, the multidimensionakational expectaions assetpricing problemis
tractablewith strongexponentequalto p = 1. Sectbn 8 providesa shortconclusionwhich disaussessome
of thelimitationsof ourresuts andoffers suggesbnsfor future reserchin thisarea Theappendk contans
themoretechntal definitonsandproofs

2 The Quasilinear Contraction Problem

Definition 1. Afuncion f : IR™ — IR is quasilinear if:

1. f is continuaisandnondecessingin eat argument,

2. For all a € Rwehavef (x+ag) = f(x)+awhee&=[11,....1T € R™ A
Examples:
1. Linearfunctions.Let f begivenby
m
fO) =3 e, (7)
K=1
wherec, > 0,andy ! ;o = 1.
2. Maxfunction. Let f begivenby
f(x) = max X. (8)
k=1,2,....m

3. Smoothed/iax funcion. Let f; begivenby

fo(x) = oln <§ exp(xk/0)> (9)
K=1

for anonnaative o.
Thedirect useof (9) is notrecommended computaion dueto overflon problemsor smallo. Note,

however, that
m
fo(X) = k:Tf?.(,ka +0oln <|Zl <exp <(xi - 1g1k3>r%xk)/o) >> .

Thisformulacanbeusedor computatbnof f(x) withoutproblemsof overflow sincexi —maXc_12. mXk <
0 andwe alwayscomputethe exponentid for a non-posiive agument.Obsene alsothat

0<fo(x)— max x <alnm (10)

andthereforelimg_,o f5(X) = Max <k<mX«.



4. “Social Surplusfuncions”. Let f; begivenby
fo(X) z/ max [Xx+0&k]q(&a,...,Em)dE - d&m, (11)
IRMk=12,....m

whereq(&1,...,&m) is a probabilty densiy over IR™ which hasfinite absoute first moments. This
class of funcions wasintroducedin McFadden(1981). The adjecive “Social Surplus”refleds the
interpretaion of f5(X) asthe expectedutility of a populaton of agentsindexedby & = (§1,...,&m)
who facem possiblechoices wherethe utility of choicek is xkx + o§x. The smoothednax function
(9) is aspecal caseof (11) whenq is the productof m appropiately standadizedunivariateTypelll
extremevaluedistributions i.e.,

.- ) = [ (- (&1-+)) &P (- p( (&1 )}

wherey~ .577216.. is Eulers constant
As notedin Sectbn 1, By denoteghe Banachspaceof continuousfunctionsV on a compactsetSy c IRY
with nonemptyinterior equippedwith thesup-nem, ||V || = sup,g, [V (s)|. Let
TwW. S — IR for k=12....m (12)
beelementof By, andlet
P S xS — IRy for k=1,2,....m (13)

be Markov transition densites which areweakly continuousin their secondargument Thatis, pk(-|s) is a
probabiity densityfor eachs € Sy andhasthepropery thatfor eachv € By we have E V € By, where

EWV(s) = /Sd V(©)pe(tls)dt. (14)

Definition 2. A mappingl : By — Bq is quasilinear if I' is givenby:
F(V)(s) = f(mu(s) +BELV(S),. ... Tin(S) + BEMV(9)), (15)
whee f : R™ — Ris a quasilinear funcion,and € (0,1).

Examples:



1. Fredholmintegral Equatians
Whenm= 1 andf(x) = x we have

r(V)(s) = m(s) + BEV(s), Vse &. (16)

ThusT is alinear operdor in this case.lt is easyto seethatthefixed point problemV = u+BEV is

equivalent to solving a Fredholmequaton of thesecondkind with kernelk(t, s) = Bp(t|s). Equatbns
of this form arisein rational expectatons theories of asseé pricing, see,for example,Lucas(1978)
or Tauchenand Hussg (1991). Much is known aboutthe compleity of computingapproximag
soluions to Fredhoin integral equaions with generé kernek, seeWersdulz (1991) and Heinrich

(1998)for suneys of deteministic andstochatic compleity boundsfor this problem. In the case
of generakernds, theresuts in Wersdulz (1991)shav thatthe problemis intractablein the worst
caseusingdeteministic algorithms. By exploiting the specia structire of the kernelfor the classof

Fredhoim integral equatonscombinedwith additional specialstructureon thefunctionstt; andp; (to
bedefinedshortly) we will beableto shav thatthefixedpoint problem, andthe assocatedFredholm
problem,is strongy tractable.

2. Bellmanopemtors.
Wetake f (X) = maxxy,...,Xm] andobtan

M(V)(s) = max(mu(s) + BE1V(S),...,Tin(S) + BEmV(9)].

The associged fixed point equation,V = I'(V) is known as Bellmans equaton, the fundamenth
equaion underying infinite horizon Markovian decison problems(see,e.g.,Blackwel (1965)and
Denardo(1967))

We stressthatthis function f correspondgo the caseof finitely mary choicesof actions,andthecase
of a contihuouschoiceof actionsis not addressed.But eventhis resticted caseposedifficulties for
our analysissinceour resuts dependon the ability to exploit smoothnesgropeties of the function
(V). Evenif the functions Ty and px are very smoothwith respet to s, the function I' (V) will
geneally only be a Lipschitz continwousfunctionof s dueto the presege of “kinks” inducedby the
maxoperator Onepossibé soluion to the problemis to approxima¢ V * via Howard's (1960)policy
iteration algorithm. The algolithm conssts of alternatihg policy improvementand policy valuaton
stes andis globaly convergent. Eachpolicy valuatbn stepis equivalentto thesolution of aFredholm
integral equation We provide sufficientconditionsfor thetracability of approxmatingthefixedpoint
to aclassof Fredhom integral equatonsin Secton 6. Assumingthatthe numberof policy iteraions
requredto convergegrowsonly polynomialy in d, it is possibleto useanapproximategolicy iteration
algoiithm to approximag the fixed pointV* to Bellman’s equation. This requres shaving thatthe
approxmatepolicy iterationalgoithm will corverge providedthevaluefunction ateachapproximag
policy valuaton stepis approxmatedsuficiently accuragly. Anotherpossibé solution is to smooth
theBellmanoperabr asdiscussd below.



3. SmoothedellmanOpermtors.
Wetake f5(x) = oln(3 -, exp(xk/0)) andobtain

: (17)

m 1
Ms(V)(s)=oln Lzlexp { 5 [Tk(S) + BEKV (9)] }

Thefunction I (V) is assmoothasty and px. From(10) we conclude
0<Tg(V)(S)—T(V)(s) <alnm, Vse Sy,

andtherebretheBellmanoperaor is auniformlimit of smoothedBellmanoperabrs: I =limg_olg.
Thisjustifiesthe nameof I' ; asthesmoothedellmanoperabr. Fixedpoint problemswith smoothed
Bellmanoperatos arisein economeic appliations,seee.g.,Rust(1994)

4. SmoothedellmanOperators via SocialSurplus Functions.
A wider classof smoothedellmanoperabrs canbe definedfor the classof socialsurplsfunctions

fs givenin equaton (11),

Fa(V)(8) = [ max [Tu(s) + BEV (8) + 08 A(Ea. - Gm) 0B . (18)

It is obviousfrom (18) thatl" = limy_.ol . While our analyss of the compleity of the quasilinear
fixed point problemexplicitly consides the numericalintegrationproblen underlying the evaluaton
of the conditional expectdion operabrs, Ey, it abstactsfrom the integration problen definingthe
guasilinearfunction in (18). Thus,we will assumeéhatthe function f in equatia (15) canbe eval-
uatal exactly, suchasin the caseof the smoothedBellmanoperabrs (neglecting potental errorsin
approxmating exp(x) andlog(x) which we presime are of secondorderreldive to errois in multi-
variae integraion). Otherwisethe anaysisbecomegvenmorecomplicdedsincewe needto contrd
theapproximaibn errorin the quasilinear function f in addition to theapproximaion errorin Ey.

Theorem1 Letl beaquasilinear mappinggivenin Definition2. Thenl is a contraction, andtheequatbon
vV =r(V)
hasa uniquesolutonV* in theballUr = {V € By : |[V| < R} withR> (1—B)~ Y| f(1u(-), ..., Ten()) |,

and
[f(ma(),-- - Tm()) [f(ma(),-- - Tm())
1+PB 1-B ’

Proof: . Thequasilineaiity propery of f impliesthatl” satsfiesBlackwell's (1965)suficient condifonsfor
acontraction mapping.However it is actualy easieito verify thatl™ is a contraction via adirect calailation.
We have ||[Ex(V)| < |[V]| and

FV)(s) =T(W+V -W)(s) <T(W+[V-W][E)(s) =T (W)(s)+ BV -W][,

< V7 <

10



usingthe propertes 1 and2 in Definition 1 above. Repeahng the sameargument,but interchangirg V and
W we get
FV)(s) =T (W)(s)| <BIV-W[, Vse&.

Sincef3 < 1, T is acontra¢ion mapping.
By Banachs theorem the uniquesoluion of V =T (V) in Ur existsif I'(Ur) C Ur. Thelastinclusion
holdssince

FV)(s)] < f(mu(s) +BIVI,....Tm(s) +BIVI)) = f(Tu(s)....,Tn(s)) + BIVI.
Hencefor V € Ugr we have
PO < [ mu), - T()l[ + BR< R
dueto thecondiion onR. Theboundsonthenormsof V* easiy follow from the pointwiseestimats
—BIVI(I+ f(mu(s),- -, Tn(s)) < V7(s) < BV + f(Tuls), ..., Tin(s))-

A
Quasilirrarmappingssimplify if all Markov transtion densitesarethe same,px = p. Thenthesecond
propery of thequasilinearfunciton f yields

r(v)(s) = m(s) + P /Sj V(t)p(t|s)dt, with Ti(s) = f (Tu(S), ..., Tin(S)). (19)

If we furtherassumehatthe Markov transtion densty doesnotdepencdons, p(t|s) = p(t), then

r(V)(e =mis) +B [ VOpWH. (20)
S
In thelater casethefixedpointV* = I (V*) differsfrom mtonly by aconstat, i.e.,
V*(s) =1(s)+ i Ti(t) p(t)dt. (21)
1-BJs

Hence,computatbn of V* reducego the computatbn of a single multivariate integral in this case This
indicaesthatquasilinearcontractionsarecomputatimally atleastashardasmultivariake integraion.

Definition 3. Thequasilinear contraction problemis definedastheproblemof computingane-approximation
toV*(s") ata givenpoints* € §; whereV* is theuniquesolution to the contraction fixedpoint problem

V=r(V), (22)

andl is aquasilinear contractionmappingsatisfyingDefinition 2.

11



More predsely, we wantto computean s—approXmationV(s*) suchthat
V¥ (s") =V (s")] < emax( IV, [[[V*]]])- (23)

Here||| - ||| is anormwhich maybebe differentthanthe usualsup-norm|| - || onthe spaceBy. As we shal
seelater, thechoiceof thenorm||| - ||| is veryimportantandour resuts on the strongtractbility of thequasi
linear contraction problemdependon this norm. The only restiction on thenorm ||| - ||| is that |||V *||| is
well defined.Note thatif we choosd||- ||| suchthat|||V*||| is muchlargerthan||V*| thenthe problemof
computingane-approxmationis easier

3 Strong Tractability of Multi variate Integration

As wewill seelatermultivariake integraion is thekey “subprobem” of the quasilinearcontractionproblem
andthe potental sourceof a curseof dimensionéty. In this sectionwe review whatis currently known
aboutthe compleity of multivariateintegration, summarizinghe circumstancesinderwhich the curseof
dimensiondity arisesandwhenit canbe“broken”. As alreadynotedin theintroduction,therearetwo main
waysthat this canbe done: a) via randomizel methodssuchasMonte Carlo, or b) by exploiting specia
strudure of paricular clasesof integrands.

Considetthe problemof computingtheintegral | () givenby

1(f) = /Sd £ (x)dx, (24)

wherefor concreenessve assumehatSy is thed-dimensionacubeSy = [0, 1]9. It haslongbeerknown that
multivariate integrationis subjec to a curseof dimensimality in the worstcasedeteministic setthg when
theintegrandsareallowedto be memberf asuficiently geneal normedspaceof functonsof d variabks,
Fa. Let the norm of the spaceFq be denotedby | - ||r,. The curseof dimensionaty canbe explained in
termsof theerror bounden(Fq) givenby

en(Fa) =inf  sup  [I(f)—In(F)]; (25)

I fefy,|fllry <1

wherel,(f) represats somealgorithm for computingan approximatentegral usingn evaluationsof the
integrand f.

We now preent an exampleof Fy for which the curseof dimensimality is presat. The spaceFy =
C'(]0,1]9) is the setof functions definedon Sy which arer-timesFrecheicontinuowsly differentiable That
is, we assumehat for ary multi-index a = [0 1,05, ...,04] with nonngative integersa;, suchthat|a| :=
O1+...+0q < r,wehavethat o

a a

DYf =
091X70%2Xy - - - 0%d Xy
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is continuous.Thenormof f in C'(]0,1]9) is definedasthe maximalvalueof derivativesof f upto orderr,

| = max max|D%f(x)|.
[ Fller (0,270 Ma‘grxe%\ (x)|

Bakhwalov (1959) shaved that for the spaceFy we have e,(Fq) = ©(n"/9) and the compleity of the

integrationproblemis givenby
d/r
compe,d) =0 (c(d) <%> > , (26)

wherec(d) is the costof a single evaluaton of f andthe notaton g = ©(h) meansthatthe functiong is
asymptottally proportonal to the function h ase tendsto zero,i.e.,g = O(h) andh = O(g).°

Bakhwalov's resultimpliesthatfor fixedr, the compleity dependsxponentialy ond, somultivariae
integrationis subjec¢ to anunavoidablecurse of dimensionaty usingdeteministic algorithms.We areinter
estedn the queston of whethertherearesmallerspace®f functionsfor which the curseof dimensionéty
disappars. For sufiicienty small spacessuchasthe class of all d-variatepolynomids of orderat most
k, thereareanalytc formulasfor the integral andthe complity of integrationis finite evenfor € = 0. In
fact, the compleity is proportonal to the numberof polynomialtermswhich is of orderd®. Obviously,
we would lik e to find non-trivial spacedy4 which arepractcally important areaslarge aspossible andfor
which the curseof dimensionaty for multivariae integration is not present We believe that an example
of suchspacess the caseof weightd Sobole spacs Fy , whichwill bediscusedbelow. For thesespaces
the curseof dimensiomlity is not presentandevensimplealgolithms, suchasQMC discusedbelaw, will
allow gooderrorboundswhich go to zeroasa low degreepolynomialin n—! indepementlyof d.

Considerthe clas of QuasiMonte Carlo (algolithms). Theseareintegration algoiithms for which the
numericalintegral I( f) canbewritten asa simpleweightedsumof theform

)= 3 waf 5 @)

where{w; ,} aren quadratue weightsand{s; »} aren samplepointsin . In the classical Monte Carlo
algorithm (MC) andin QuasiMonte Carlo algorithms(QMC), w; , = 1/n. The differencebetweenrQMC
andMC is thatin QMC thesamplepoints aredeterminsticdly choserby aformulawhile in MC thesample
points arerandom,indepenént and identically distributed (1ID) draws from the uniform distribution on
[0,1]9. It haslong beenknown thatthe classgcal Monte Carlo algorithm succedsin breakig the curseof
dimensiontity provided Fq is a setfor which theassocitedstandad deviationa(f) = (1(f2) —12(f))¥2is
polynomialy boundedn d. Thisfollows from thefactthat

- - Suprcr, o(f)
supEY2 ¢ JI( 1S f(E) B A 28
feuFE) {| Zi } \/ﬁ (28)

5Bakhwalov’s original article is in Russianhowever versionof his theoremand proof canbe alsofound in bookswritten in
English,seee.g.,Novak (1988) TraubandWerschulz(199B) or Traub,Wasilkowski andWozniakowski (1988.
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wherethe expectaton is takenwith respetto IID samplepoints {{;}.

QMC algorithms differ from the classcal Monte Carlo algorithm by attempting to deteministically
choosea setof n samplepoints{t;} which areascloseto beinguniform aspossble. By uniform we mean
thatthefracton of pointslying within ary rectangularsubregion (with sidesparalkl to the coordinde axes
andcontainig zerg of thed-dimensonalunit cubeis ascloseaspossibleo thevolume(Lebeguemeasurg
of thatsubregjion. Thediscrepancyof agivensetof n points {t4,...,t,} is ameasuref their deviation from
uniformity. Thediscrepangy canbe measuredh variousways,themostcommonlyusedarel »-disaepany
andL.-discrepang. Theformal definiton of theL-disaepany D, is givenby

Do (ta,... th) = SUQEJ\M(B) —A(B)] (29)

where B is the setof all closal subinenals of [0,1]¢ (i.e., setsof the form B = 1% ,[0,bi], bj € (0,1]),
A(B) = biby--- by is the Lebesgueneasuresf thesetB, andA,(B) is theempiricalmeasue of B:

1 N
MiB)= 1 5 To(t) (30)

wherelg is theindicaor function B. Thatis, 1g(t) = 1if t € B, and1g(t) = 0if t ¢ B. If insteadof taking
themaximumdifferencebetween\,(B) andA(B) overall B € B we computethedistanceusingtheL, or Ly
normswe obtan theL, andL discrepanciesD, andDy, p > 1, respetively. We cando this by notingthat
thereis aoneto onemappingbetweerthesetB andthepointb € [0,1]9 represating thevectorof endpoing
of B= % ,[0,bi]. Thenwe candefinetheL, discliepang Dy, as

1/p
Dp(ty,....tn) = [/[0 USRI (31)

As usual, the Lr-discepang is a specialcasewhen p = 2 andthe L,-discepany is the limit of L,-
discrepanciegsp — oo.

The Koksma-Hlawkanequalty allows usto boundthe error of the QMC algorithm by the discre@ngy
of thesamplepoints{t;}. It is usuallystaedin termsof the L., disclepanyg as

() =In(F)] <V(f)Da(ty, ... t), (32)

whereV () denote the variation of the functon f (for definiion seeNiedereiter, 1992). However in this
paper it is morecorvenientto work with a versionof the Koksma-Hlavka inequaity thatcanbe statedin
termsof the L,-disaepang:

H(F) =1Ia(F)] < [[fllFys D2(ta, .. tn), (33)

wherethenorm || f ||, is usedinstead of thevariationV (f).® More precsely, this boundappliesto f in the
Soboler spacefq ; of functionsthat areoncedifferentizble with respet to eachvariade. This is a specia

6The L,-discrepang is alsorelatedto the averagecaseerror of QMC for the classof contiruousfunctions equippedwith the
classicaMWienersheetmeasureseeWozniakowski (1997).
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caseof theweightedSoboler spaceqy y introducedin theappendixwith vy j = 1. Thenormin thespacerq 1
is denotel by | - [|r,,. Herewe only mentionthatfor d = 1 we have

2 2 ! 1(+)2
7B, = 702+ [ 't)2at (34)

whereador d > 2 we have

I, =y [ 19000k,
uc{1,2,....d} [0,2]1ul

wherefor u = {ur,Up,...,ux} with k = |u| the cardindity of the subsetu, xy = (Xy,,...,Xy) and f) =
Ul /(dxy, - - - 9%y, ) thepartial derivative with respet to Xy, - Finally, (xy, 0) is avectorwith the jth component
equalto x; if j isin u, andO otherwse’

The Koksma-Hlavka inequdity makesit clearwhy we are interestedin QMC algoiithms basedon
samplepointsthathave low discrepang. Formally, asequene {sin}, i =1,....,n,n=12,..., is saidto

have low disaepancyif D, satsfies

log®*(n
Dp(sl,na---asn,n) S a(d)gi()

- (35)

for someposiive a(d), andp =2 or p = co.

Low discrgpany sequenes(LDS) have beenextensvely studiedin thelast40years.Examplesof LDS
are Halton, Sobol, Faure,genealized Faure,and Niedereiter sequencg, seeNiederrdter (1992), Tezuka
(1995), and Drmotaand Tichy (1997). However QMC methodsbasedon LDS have beenthoughtto be
inapproriatefor high dimension&integration, sincefor large d log(n)9~1/n may be substarially larger
than1//n unlessn is huge. Therebre, up until recently it waswidely believed that QMC shouldnot be
usedfor, say d > 12. The only way to do very high dimensionalintegraion seemedo be via classcal
MonteCarlo.

Then,in the mid-ninetes, computerexperimens on financial applicationswith d = 360 shaved that
QMC beatMC by factas of 10to 1000;seePaslov andTraub(1995),Papageagiou andTraub(1996),and
Paslov (1997). Generaked Faurepoints seemecdespecilly effective in theseproblems.Many numerica
experimens shaved that the corvergencerate in theseproblemswasroughly n—! indepenéntly of d. A
suney of computerexperimentson financid instrumens canbe foundin TraubandWersclulz (1998). In
mary economicandfinancialappliationslimited computingcapaciy andtheneedfor resulsin “real time”

"We stressthatthe spacefry 1 is oneof mary examplesof Sobokv spaces Evenassuminghe samesmoothnessf functions
onecandefineadifferentnormfor the Soboler space For instance onecantake for d = 1, insteadof (34),

1 1
Tk :/ F(t)2dt + / £(t)2dt,
0 0
andusethetensomproductnormfor generald. This probaby correspondso the mostpopubr Sobole spacewhichis oftenusein

the studyof differental equationsThe resultsfor multivariateintegrationin this latter Sobokv spacegwith weights)arebasically
thesameasfor thespacefy , asrecentlyshavn in SloanandWozniakowski (2000.
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limits the size of n to a few hundredor thousandyet aswe discusedin the introdudion, the problem
dimensiond may be in the hundred or thousandsThe (log n)9-1 factorin the error boundsuggestshat
MC shouldbeatQMC, yet preckelythe oppositehappenedn the computerexperiments.

The existing theory of QMC algorithmswasunableto explain theseexperimentalfindings. The chal
lengewasto develop a theorythat could explain why QMC corvergesasn—! independatly of d in these
financialapplicaions. This suggest the possibilty thatthe Koksma-Hlavka inequalty is too conserative,
andif thetype of problemsthathave beentestel have someform of speci& strucureit mightbe possibleto
derive atighter boundon theintegrationerror.

What specia strudure might theseproblemshave? In mary economicandfinancialproblemswe are
interestedn computingexpecteddisamuntedvaluesof future flows of dividendsor utilities. Dueto theeffect
of theadditive separaility andthediscouning of payofs or utilities, variables representing payofs in more
distant pointsin the future are lessimportantthanvariables repregnting nearterm payofs. Thatis, the
integrandsarenon-isotopic. Couldthis specialstructurebe usedto vanquishthe curseof dimensiontity
with aworstcaseguarante?

SloanandWozniakowski (SW,1998)formalized a paricular type of specal strucure of functions that
includes functonsthatcanberepregntedasdiscournied sumsandquantfied how muchit canhelp. They
analyzel the error of integration for functionsin the Soboler spaceFq, with a particular weightednorm,
| fllay, seethe appendix. The symboly refeis to a sequene of weights{yq;} whereyy; moderateshe
behaior of the functionsof d variables with respetto the ith variable. The weightyy; entersthe norm
inversely sothatif anelemenbf f hasweightel norm,say atmostl thensmallyy; meanghatthefunction
f is almost“‘flat” with respet to theith variade. If we reordertheargumentsof f(xi,...,Xq) to have non-
increasingweightsyy i, thenthis is equivalentto assuminghatargumens with succesisely higherindices
have monotonicdly declining effectson thevaluesof f. Onecanshav thatvariousparametic familiesof
functionscommonlyusedin economicse.g.,Cobb-Douglagroducton functions,belongto theclassFq y.

SW shavedthatther exist QMC algorithmsfor which the curseof dimensionéty is not preentin the
worst caseundercerin condiionson {yq;}. In orderto summarizetheir key resuls, which aredirectly
relevantfor our analyss in this paper we first recal the notionsof tractbility and strong tractability for
multivariate integraion (seeWoznigkowski (1994) for a more in-deph discusion). Tradability canbe
definedin termsof theerrorboundsen(Fq). For n = 0 we do not samplethe functions,andwe seteg(Fy) =
Il|| astheinitial error Supposeve wantto reducetheinitial errorby afacor € € (0,1). Letn=n(g,d) be
theminimal n for which

en(Fa) < eep(Fa).

We say that integrationis tractable in Fy iff n(e,d) canbe boundedby a polynomialin d ande~*, and
strongly tractabkiff n(e,d) canbeboundedy apolynomialonly in e ~1. Otherwis, we sayit is intraciable

For simplicity, we pres@t resuts by assuminghatyq; = y; for the weightedSobole spaceFyy. Then
integrationis strongy tradablein Fy  iff

-2“ < 0, (36)
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andintegrationis tractblein Fq  iff

i Vi
. g
“?_igp ogd < oo, (37)

SW provedthis resultfor QMC algorithms, and Novak and Wozniakowski (1999b)provedit for arbitrary
algorithms. Furthemore, if we considerthe classcal unweighteél Soboler spacefqy with y; = 1 thenthe
compl«ity of integrationdependsxponenially ond andthe curseof dimensiomility is preseh

If (36) holdsthenthe number n(g,d), of function evaluatians plus arithmetic operatons neededto
computeane-appoximationin theworstcaseseting satsfies

n(e,d) < Ce™P (38)

whereboth C and p areindepedentof d ande, and p € [1,2]. This resultshaws thatfor problemswith
this type of specia strudure, the curseof dimensimality is not preseh evenin the worst caseseting, and
the rate of corvergerceis at leastasfastasthe classcal Monte Carlo algorithm. It is alsoknown, dueto
Hickernel andWozniakowski (1999),that

[ee]

Zlyil/z < o implies p*=1, (39)

wherep* is the infimum of p satisking (38). Hence,with a morerestictive condiion ony; we have the
samerateof corvergenceasfor theone-dmensionatase.

Theproofsof theseresuls arenon-consructive andthey do not specify for which algoiithmsthebound
(38) holds.If condiion (39) ontheweightsis replaedby a strorgercondition,

[ee]

3 o0, 40
S (40)
thenanalgorithm satigying (38) with p almost1 hasbeenconstucted.Thisis theweightedtensorprodud
(WTP) algorithm of Wasilkowski andWozniakowski (1999). The WTP algoiithm is definedfor arbitrary
multivariae linearproblemsandits definition canbefoundin theappendk. We will usethe WTP algorithm
to approximag the condiional expecttion operdors E; enteing the quasilinear mappingl". We provide
sufficientconditionsunderwhichthecondiional expectdion operatos E; mapFy y into itself andthe condi-
tional expectaion problemis strongy tractable. Sectons4 and5 will usethisresultandthe WTP algorithm
asthebass for analgorithm for solvingthe quasilinear contradion fixed point problem.

4 Algorithms

In this sectonwe conside variousalgoithmsfor solvingthequasilinear contration problemn. We begin by
assumingor a momentthatwe canevaluatel’ (W)(s*) exactly for a givenfunction W. Thenwe cansolve
(22) by thesimpleiteration

Vi(s") = T (Vi_1)(s"), i=12..., (41)
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where\y is theinitial approxmationof the solution V. For simpliaty we take Vo = 0. Clearly,
M=V < BVl Vi
HenceV; converges to thefixedpointV*. Let

max( |[V*[], [[IV1])

(42)
IVl
We computeane-appoximationA(s) = Vi (s) if B" < €1 which holdsfor
~[Inl/eg
n_[lnl/B-" (43)

Obsene that the formula for the numberof stepsn is formaly not constuctive sinceit dependon the
normsof the unknavn soluion V*. However, we have €1 > € andwe may boundn by replacing €1 by €,
n<[In(1/¢)/In(1/B)]. Thelatter boundis constuctive.

If Bis nottoo closeto 1, thenumbern of stes is quitereasonhle. In this papemwe assumehatthisis
indeedthecase A numberof estmatespresergdin this papemave unspecifie factorswhich dependon 3.
Thesefactorsareof orderl if B is nottoo closeto 1. The caseof 3 close to 1 is alsoof interestalthough
it is not studiedin this paper For 3 closeto 1, theiteration (41) aswell asall its modificationsstudiedin
this papercanbe significantly improved for moderatevaluesof d ande 1, andthe numberof stepscanbe
proportonal to In 1/(1— B) asshavn in Sikorski and Wozniakowski (1987),and Huang,Khachiyah and
Sikorski(1999).

Thus,aslongasl (V,)(s") canbe computedexactly, the quasilinear contraction problemcanbe solved
quiteefficiently. However, theassumptioron theexactcomputatbn of ' (V) (s*) is notrealistic. Indeed the
computaton of I (V) (s*) requiresin paricularthecomputatbn of thed-dimensionalntegralswith weights
pk(-|s*). Thiscanbedone,in generalonly approxmately

Assumethenthatinsteal of (41) we cancomputethe perurbedsequene

Vi(s') = T(Viea)(8) +8i-4(s"),  with 3 4(S")| < &1Vl (44)

for somenonngjative d;_;. We will seelaterthatd;_; correspondgo thequadrdure errorandcanbe made
sufiicienty smallby taking sufficiently mary samplepointsin the quadratue formula Fori = 1, we have
Vp = 0 andthereis no errorin integration.Hence, 6 = 0.

It is naturd to askhow smalld; 1 shouldbeto preseve theglobalcorvergencepropety of thesequene
(41). In whatfollows, we assumehat

B+d 1<B<1  Vi=12.... (45)
We have

Vi =7 BIV-1 =V +8i-1[M-al < (B+8i-1) M1 =V + & a[V7|

<
< BV =V |+ V-
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Thisyields

IV —V*| < B ||V*\+<Z)B' s ) V-

If we set
B" <e&/2  whichholdsfor n= {%-‘ ,
" B e < i—o...n-1
S o 1,...,n—1,

thenA(s) = Vi (s) is ane-approxmationsince
Vo = V7| < & |[V7]| = e max([[V7[L, [[[V7]]])-

Obsere thatthenumbem of stepss still reasomableif we chooseB closeto B, andp is nottoo closeto
1. Thepertubationparametes §; canbedefinedas

BIn1/B g )
~In2/e1+1In 1/B Bn

Hence,d, may mildly dependon €;, andshoulddecreae geometrially with i. This meansthatwe need
moreaccuray aswe go along,andthisis quitenatural

Knowing how muchwe canpertuib theoriginal simpleiteration(41) we arereadyto replacemultivariae
integralsin " (V) by quadratire formulas. We approxmatethe conditional expectaion Ey givenby (14) by
quadratireformulas

Iék] Zlaijk t|Jk SIS Sﬂa (47)

which usethe j function valuesV. Here,a j «(s) arereal numbersandt; ; « are samplepointsfrom &.
For instance,we cantake a; j k(S) = pk(si|s)/j andt; jx = s for somesamplepointss;. For § = [0, 1]
we cantake s, asindepedentrandompointswhich areuniformly distributedover [0,1]9. In this case EkJ
correspondgo the classtal Monte Carlo algoithm. We may alsotake s; aslow discrepany deteministic
samplepoints. In this caseEkJ correspondgo a quasiMonte Carloalgorithm.

The quality of the quadratue formula ékyj will be measuredy its error. We assumethate;(V) is an
upperboundon thequadratue error,

IE(V)(s) —Ewj(V)(9)] < &(V), VseK, k=12..m (48)

We arereadyto modify thealgorithm (41) by replacingtheweightedintegrds E(V;)(s") by thequadra
turesky j, (Vi)(s*). Here,thenotyetspecifiel sequencd j; } tellsushow mary samplepointsareusedin the
quadratireformulas Thechoiceof { ji} will dependontheerrorse;(V).
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Themodifiedsequencé4l) is now formally givenby
Vi(s') = f(ma(S") +BEwj 4 (Vim1)(S), .., Thn(S") + BEmj , (Vii1)(s7)), Vi=12.... (49)
We arereadyto prove
Theorem 2 . Assumehatthe quadiature errors satidy
18\ | 2
1-p (%) it

’ 2 2
B (Ins—1+ln FB)

€j;(Vi) < min IV (50)

fori=1,2,... andn=[(In2/g1)/(In2/(1+B))].
ThenA(s*) = Vi(s") givenby (49)is an e-approximationto V *(s*).

Proof: It is easyto checkthat(49)is of theform (44) with

Sji—l(\/ifl).

O_1 =
1= B

Let B = (1+B)/2. From (50) we concludethat (45) aswell as (89) hold and therebre A(s*) is an ¢-
approxmation. A

We now disaussthe costof thealgoithm A(s*) = V,,(s*) givenby (49) andTheorem2 with

B In2/¢e1
”‘[mwu+m] (51)

We assumehatwe cancomputethe valuesof the functiors T, k=1,2,...,m, and f atary pointaswell
asthatwe canperform arithmetic operatons. Let the costof oneevaluaton of a function Ty be ¢(1%) and
let the costof one evaluaton of the function f bec(f). Obsere thatTy is a functon of d variabesand
therdore the costc(1,) may dependon d. Let c(d) = max—1,.mC(Tk). Similady, f is a function of m
variabkesandtherebrethecostc( f) maydependn m. We assumehatthe costof onearithmeticoperaton
is takenasunity. We alsoassumehatthesamplepointst; j, « aswell Ba; j; k(s) are“precompued”. Usuall,
theseprecompued numbergdependn the Markov transitiondensties pi(-|s) andmayrequire anumberof
evaluatimsof pg(-|s). Sincethis shouldbedoneoncefor agivene we do notincludethe costof geneating
theseprecanputednumbers.This is atypicd assumptia in complity analyss, seeTraub, Wasilkowski
andWozniakowski (1988)and Novak and Wozniakowski (1999a)wherethis pointis fully discused. We
alsostresghatprecomputig significanty simplifies whenwe usethe WTP algorithm, seetheappendix.
We now explain in detailhow A(s*) canbecomputedFori = 1,2,...,n, ands € S denote

ji-1 ji-1
V(8= 1 (7601 + 3 Pans a1l 22 T8+ 3 B am(Maltpjam) ). (52)
p=1 p=1
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Obserethatfor i = 1 we have Vo = 0 andthesamplepointst, j, k arenotneededThis correspadsformally
to jo=0. Let
T£7d = {tp,ji 1,k e [2 n]a pe [15 jifl]v ke [1v m] } (53)

denoteall integration samplepointsusedin (52), andlet | T¢ 4| denotethe cardnality of thesetT, 4. Clearly,
Teal < m(jat+ijz+-+in-a). (54)
Furthemore,if we usenestel integrationsamplepoints, {tp j, , k} C {tp,j x} then
ITed| < Mjn_1.
If thepoints{tp ; k} arethesamefor allk=1,...,m, then

|Ts,d| < jnfl-

In orderto computeA(s’) = Vn(s*) we needto computeV,_; at the samplepointstyj, , k. This canbe
achiered if we know V,,_» at the samplepointst, ;. ,x andso on. Therebre we computesuccessiely
V1, Vs, ..., Vq_1 atall thesamplepointsof thesetT, 4, andthenwe cancomputethe valueVy(s").

More specfically, we first computeri(x) for all x € Te g U {s*} andk € [1,m| at costat mostm(1+
|Te.a|) c(d). To computeV;(x) for all x € T 4, we perfom 2j;_ym arithmeticoperaions andoneevaluaton
of the function f at cost(2ji_1m+c(f))|Teq|. Finaly we computeVy(s*) at cost2j,_1m+c(f). Then
cos{A) of computingA(s') is

n
cos(A) = M(1+[Tedl)e(d) + (1+n|Teal)o(f) + 2m[Te | lei—l +2jn-1m
i=

This meansthat the costof the algorithm A crucialy dependson the cardindity of T, 4 andon the values
of j; which, in turn, dependon the efficiency of quadratire formulas (47). More precis¢y, the costof A
dependsor whichindicesj we canguaraneethattheintegrationerror € (V) satidies (50). Note that (50)
holdsif we set

1+ i Vi]]
e;(Vi) =Cg | —— 55
J|( |) < 2 > In SI]_ ( )
for someCg dependingonly on 3. Let
N(e,d) = ji+ja+-+jn-1 (56)

denotethetotal numberof integrationstepsneededo computedA(s*). Thenthecostof thealgorithm A can
berewrittenas

cos{A) = O(N(e,d) (me(d) + (Ine )c(f)) + N*(e.d)m) (57)

with thebig O-factordependag only on 3.
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The essene of (57) is thatthe costof the algorithm A dependgolynomidly on N(g,d). In fact, the
dependereis roughly linearin N(g,d) in termms of the costof ¢(d) andc(f) andquadrait in N(g,d) in
termsof the costof arithmeticoperdions. Typically, the costc(d) or ¢(f) is muchlarger thanunity and
therdore thetotal costcanbe propotionalto N(g,d). Hence,aslongasN(g,d) is nottoo large the costof
algorthm A is reasmable.

The quantiy N(g,d) measureshe difficulty of approxmating the conditional expecationsEy . From
the perspedte of computirg high dimensimal fixed points whered is large, the bestpossiblecases where
N(g,d) canbeboundedy apolynomialin e~* independentf d.

Supposeve wantto computeane-appoximationto E(V)(s) for all s€ S andfor all functionsV from
anormedspacery whichis asubsebf By. Let|||V||| = ||V ||r, bethenormof thespacerq. Letn = n(g,d)
bethe smallestintegerfor which thereexists Ekm of theform (47) suchthat

IEx(V)(S) — Exn(V)(9)| < €|V ]F,, Vse &,V e Ry, ke [1,m.

We saythatthe conditional expectaion problam is strongly tractablée® in Fy if thereexist nonngative C and
p suchthat
n(e,d) < Ce™ P, Vee (0,1),d=1,2,.... (58)

The smalles (or infimum of) exponentp in thelatter boundis calledthe the strong exponentof the condi-
tional expecttionproblem.

It seemaaturalto extendthis definitionto the quasilinear contactionproblem. We saythatthe quasi
linea contractionproblemis strongly tractableiff thereexist nonngative numbersC, p and p; suchthat
the costof computingane-approximationcanbe boundedby

C ([e(d)+c(f)]e P+e P).

Hence,p is the exponentof e~ which tells ushow mary evaluatonsof 1; and f areneededand p; is the
exponentof e~ whichtells how mary arithmeticoperatonsareneededo solve thequasilinear contraction
problem.The smalles (or infima of) exponentsp and p; arecalled the strongexponentof informationand
the strong exponentf arithmeticopemtionsof the quasilinear contradion problem.®

It is easyto checkthat strongtradability of the conditional expectaion problemin Fq implies strong
tractability of the quasilinear contraciton problen aslong asV; andthe soluion V* of the quasilinear
contraction problembelongto the spaceFy. Indeed define

i -P
oo il 1By 1
"C(Cﬁ Vs (2) Insﬁ) >

81t is alsoreasonabléo studythe caseof tractability in which we permitpolynomialdependencend. For simplicity thefocus
of our attentionin this paperis on strongtractabilty.

9For mary linear problemsye canguarante¢hatp; = p. Thisis dueto thefactthatthereexistsalinearoptimalerroralgorihm
thatrequiresthe sameorderof arithmett operationasthe numberof information evaluations seeTraubandWerschulz1998)for
asuney. In our case we have anoninearproblemfor whichit mayhapperthat p andp; aredifferent.In fact,it maybeatradeof
betweenthe costof information and arithmeticoperations.Thatis, it may happenthatwith the minimal numberof information
evaluationwe mustperformsignificantly morearithmett operationswhereashe useof moreinformationevaluationamayallow to
reducethenumberof arithmeticoperatims. Thereareexamplesof suchnonlinearproblems seeNovak andWozniakowski (1999).
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with C andp givenby (58),andCg by (55). Thenthereexists ékJi of theform (47) suchthat

148

[Ek(M)(9) — Eji (W) (8)| < Cg <T> il

-1
Ine;

Hence(55)is satsfied. We now estimae N(g,d) for j; givenby (59). Then

IViHFd>" I p)
N(g,d) = O C | max € Ing .
0= o(c (max ) et mer?

Usingthedefinitionof €1, see(42), we have

Vi IV P
N(e,d :O<C<max|' d geling?!
&4 MM max v VTR ) )

with the big O-facor dependingonly on 3. Note that||V*|| is of order||Vi||. Hence|V*|/|Vi| canbe
droppedrom thelastmaximumatthe expenseof enlaging thefacta in the big O notaton.
We summarizehis aswell asthe previousanalyssin

Theorem3 . Algorithm A computesan g-approximation to the solution of the quasilinear contraction
problemat cost
cos{A) = O(c(d)mN(e,d) + c(f)N(e,d) Ine™* + mN?(e,d))

whee N(g,d) is givenby (56). Supposehat

v s Ml

- - (60)
di=12,.. MaX([[V*[[, [V*[/r,)

is finite. Thenstrong tractablity of the conditional expectaion problem in F4 with (58) implies strong
tractablity of thequasilinear contraction problem andthe costof thealgorithm A satidies

cos{A) = O (c(d)mCMPe P InPe 1 +-c(f)CMPe PInPTe !+ mC?M2Pe 2P |n2Pg 1)

with thebig O-factordependng only on (3.

Hence the strong exponentof the quasilinear contraction problemis at mostequalto the strong ex-
ponentof the conditional expectaion problemwheleasthe strong exponentof arithmetc opemtions of the
guasilinear contraction problemis at mosttwicethestrongexponenbf thecondiional expectation problem.

Theorem3 relakesstrory tractability of thecondiional expectaiton problemandthequasilinear contraction
problemaslong aswe know thatV; andV arein the space~q andthe boundM of (60)is finite. Sofarwe
only know thatV; andV* belongto the BanachspaceBy of continuoudunctions. Let usthentake Fy = By.
As notedin theintrodudion, if thefunctionsin By areonly continuous the problemis notonly intractable,
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it is insoluble for sufiiciently smalle sincethe integrationerrore,(Fy) do not corverge to zeroasn —
whenwe have thefreedam to choosea worst caseintegrandfrom the classof all continuaisfunctions, see
e.g., Traub,Wasilkowski andWozniakowski (1988). If we wantto usethe spaceBy, onepossble solution
is to follow Rust(1997)andswitchto the randomizd settng in which thebound(48) is undersbod asthe
expectederror with respecto randomizedsamplepoints In this paperwe staywith the worstcasesetting
anddeterminstic algoiithms. Therebre to obtainstrongtractbility we mustexplore addiional propeties
of the quasilinear contractionproblemsothatthe approximationsV; andthe solution V* belongto spaces
Fq for which the condiional expectationproblemis strongly tractble.

5 ThellD Case

It is easiesto explain our resuts by beginningwith the specialcaseof Markov transtion densites pi(t|s) =
pk(t) whichareindependentof thesecondarguments. Thisimpliesthattherealzationsrom thesedensites,
{sk}, i=1,2,... areindepexdentandidentically distributed(llD) sequenes. The gener&Markov case,
wheretranstion densitesareallowedto dependon s, is consideedin the next secton. For the lID caseit
is easer to specfy the spaced4 for which the conditional expectaion problan aswell asthe quasilinear
contraction problemarestrongy tradable.

For the densites px independaet of s, theassumptioron the quality of the quadratue rules (48) simpli-
fies. We may, of course assumenow thata; j «(s) = & j « is alsoindepedentof s, andwe have

‘/%V(t)pk(t)dt - i_iai,j,kV(ti]j,k)

As in the previous secton we take ||| - ||| = || - || r, for somenormedspacefy. We assumehatFy is a
Hilbert spacewith reproduangkernelKq : § x § — R. A repraducingkernelHilbert spaceds definedasone
wherethevalueof afunctionV atapointt is givenby theinnerproductof V andthekernelK4(-,t) evaluated
att. More preciséy, theinnerprodud¢ andnormin Fy aredenote by (-,-) and||| ||| = || - ||, = (-, ->1/2. For
V € Ry wehaveV(t) = (V,Kq(-,1)). For thebast theoryof suchspaceshereade is referredto Aronszan
(1950)andWahba(1990)aswell asto Section9.1 of theappendk.

Fork=12,...,m, define

< g(V) k=12,....,m (61)

(x) = /Sd Ka(xOpe(t)dt,  xe S (62)

Assumingthathy € Fqy we have from (14)and(47)

Ex(V) = (V,hq), Ek] <V7 Zlal i kKa (i, k)>
|
It is easyto checkthat

IElI® = Inl[E, = /hk Pk(X / 4 (1) Pre(X) pr(t) dt dx.



Fromthis we seethat(61) holdswith

j
&(V) = [V llr max hk—ziaa,j,de(-,ti,j,k)
i=

c[1,m|

Fq

Wenow takea; jx = 1/j. We have

Considerthe samplepointst; j « which areiid draws from the measuravith thedensty py. Integratingover
suchsamplepointswe get
2
E ‘ — Pak
Fy l

Pdk = /SjKd(x,x)pk(x)dx/SZKd(x,t)pk(x)pk(t)dxdt. (63)

From the meanvalue theoremwe conclide that there exist samplepointst; j « suchthat the quadraure
formulaEy j of theform (47) satsfies

2 J 1 J
=y h(tiju)+= > Kaltijwbjk)-
"2 i+ Y Kalhiet

2
2
= [[hw[*—
Fd

1 j
hk—Ti;Kd('ati,j,k)

1 ]
hk—Ti;Kd('ati,j,k)

where

2 v/Pd k
Ex(V) —Bj(V)| < [IVIF =
(V) — B (V)] < | Hd\/T
We stres thatthe proof of (64) is non-castructive sincewe usethe meanvaluetheoem. This implies that
thealgoiithm A with Ey j is alsonon-castrucive.
Theestimatg64) provesthat(58) holdswith p=2 and

(64)

C= sup (1+ pd7k) (65)
ke[1,m],d=1,2,...

aslongasC is finite. We thushave

Theorem4 . SupposehatC givenby (65) is finite. Thenthe conditional expectaton problemis strongly
tractabk with strong exponentat most2. Supposeadditiondly that M givenby (60) is finite. Thenthe
guasilinear contraction problem is strongly tractable with strong exponentof informationat most2 and
strong exponentof arithmeic opemtions at most4. Furthermoe, the algorithm A definedby (49) with
(non-canstructive) EK j computesin e-approximationat cost

cos{A) = O(c(d)mae?Ine™ + ¢(f)ae ?Ine™! + ma?e~*In*e™t)

with o = CM?, andthebig O-facor dependingonly on .
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For mary kernelsit is easyto checkstrongtractbility of theconditional expectaion problemindepemently
of thetransitiondensites. Indeed define

K = sup supKq(x,X). (66)
d=12,... xey

Thensincepy is thedensiy of themeasurave have
0 < pgk < K/ Pk(X) dx = K.
S
HenceC < 1+ K. We summarizehisin

Corollary 1 . For uniformlyboundedkernels, K < o, thecondiional expectaton problemfor any Markov
transiion densites py is strongly tractabk with strongexponentat most2.

Theorem4 givessufiicient conditionsfor strongtractbility of the condiional expectaton andquasilinear
contraction problems.Still, it is notentirely satisactorydueto thelack of constuctive quadratue formulas.
Also, the strongexponentmight belessthan2.

The problemof how to constuct good quadratire formulaswith an optimal exponentof £~ hasbeen
addresedin Wasilkowski andWozniakowski (1999).We briefly summarizehis constuctionin a simplified
case.We assumehat the spacefy is the weightedtensorproductof spaceof functionsof onevariable.
Thatis, thedomainS; is now equalto D9 with D beingasubsebf IR. A typicad exampleis D = [0, 1] which
leadsto the d-dimensonalunit cubeSy = [0,1]9. Thereproduing kernelof Fy is now of the productform

d
Ka(X,t) = I_l (14 Ya kK (X t) ) » (67)
k=1
whereK is a repraducingkernelof the spaceof univariatefuncions. We assumehatK(-,0) = 0. This
assumptia impliesthatthe consantfunctionsbelongto Fq.

The weightsyq x are nonngative and modera¢ the behaior of functions for all variables. A small
weightyq x meanghatthe functionsdependonly slightly on the kth variable The sum-e&ponentpy, of the
sequencq = {yqk} is definedin Wasilkowski andWoZzniskowski (1999) Roughlyspeakngit is thelargest
positive numberfor which

d
sup z ygj’k < oo, (68)
d k=1
We assumethat py existsandpy < 1.

We also needto assumethat integration is of the tensa productform, see(7) of Wasilkowski and
Wozniakowski (1999). This meanghatthetranstion denstiesareof theform

d
t) = t 69
Pr(t) J|:|1qk( i) (69)
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for someonedimensionadensiy gk : D — IR from the spacel>(D), andk = 1,2,...,m. The essencef
(69)is thatthed-dimensimal densiy py is generagdby theproductof theonedimensioml densiy gy taken
for thesuccesye component®f thevectort.

Theweighteden®r productalgorithm, for brevity theWTP algoiithm, whichis definedin Wasilkowski
andWozniakowski (1999) canbe usedto approximag linear tensorproductoperatos, seethe appendix.
For theconditionalexpecttionproblem,the WTP algorihmis a quadraureformula of theform (47) which
approxmatesky (V) /|| Ex/|.

Obsene thatwe now have

d

JEl? = I = T (1+¥0s | K(xORaU(0 chox).

Obserethatsup; 371 Yakj < « impliesthatall ||[Ex| areof orderl. Hencethe WTP algoiithm canbealso
usedto approximateEy (V) aseffectively asEy(V)/||Ex||.

The WTP algorithm dependsn a numberof parametes. We may choosethemin sucha way thatthe
WTP algoithm integratesthe constanfunctionsexactly. The errorformula of the WTP algorithm hasthe
following propery. For ary positve o thereexists a posiive C5 andthereis a WTP algoithm which is a
quadratireformulaof theform (47) for whichtheerra bound(48)is

K 2
, — C i YP mi _ : x _ <Py
(V) = Goj VP minlv -l with mw<p+a1_m>. (70)
Here, p is theexponentof £~1 for theonedimensionatased = 1. We stressthatneitherCs nor p* depend
ond. In partiaular, if

p
NS s (71)
then
p* = p+0.

In this casewe canachiare the exponentp* which is arbitrarily closeto the one dimensionakxponentp.
Hence we obtan the constuctionof quadraure formulaswith the bestpossilte exponentof € ~1. Thiswith
Theorems3 and4 yield

Theorem5 . Considerthe spacedy with thereproducingkernel (67) and the weightsyy « satisfying(71).
Thenthe condiional expectaion problemis strongly tractablke with strongexponentp which is theexponent
of 1 for theunivariate case

Supposehat _
mincer |[Vi — ¢llr,

C p—
di=12,... IV*[lry

is finite. Thenthe quasilineAar contraction problem is strongly tractabke. Thealgorithm A definedby (49)
with the WTPalgorithm as E, ; computesan e-approximationandits costsatidies

costA) =0 (c(d) mae P InP et 4 c(f)ae P InP el 4 ma?e 2P In?F s*1> : (72)
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with a = CMP" whete p* can be arbitrarily closeto the strong exponentof the conditional expectaton
problem,andthebig O-factordepend®nly on 3.

We now presentheresutsonstrongtractbility for theweightedSobole spaced-q , definedin theappendix.
It is known thatthe exponentp* which appeasin Theoremb is 1, seeNovak (1998)
We first discus strongtractabiity of theconditionalexpectaion problen. Obsere that

d
Ka(X,X) = rl (14 Yo kX) -
K—

Themaximumof this functionis attanedfor x= [R,R,...,R] andK givenby (66)is K = HE:1(1+ Ryd k).
Thisis finite iff sugy 39 yaj < .

Assumethenthatsug T¢ ;g < . In this casewe have py < 1. Thenthe conditinal expecttion
problemfor ary Markov densitesis strongly tractable and the strorg exponentis at most2. With the
additonalassumptin (71) that p, < 1/3 we canapply Theoremb andthe strongexponentis 1.

We addthatit is known that the assumptia py < 1/3 is not sharpfor the Markov transtion densiy
px = 1. It is provedin HickernellandWozniakowski (1999)thatwe canachieve the strongexponentof 1
assuminghatpy < 1/2. Theproofis, however, not constuctive.

Wenow turnto strangtractbility of thequasilinear contractionproblem.Thisholdsundertheaddiional
assumptia that supmineer |[Vi — ¢||g,/[IV*||r, < . We now discuss when this assumptiorholds. For
simplidty, we consicerthecasewhenthetranstion denstiesarethesame pi(t|s) = p(t) for sometranstion
densiy p. As alreadymentionedn (20) and(21) we now have

F(V)(s) = T(s) + B /Sd V() p(t)

andthesoluion is

V*(s) = 1(s) + 1—[313 Sj1T(t)p(t)dt, Vse .

Obser‘ethatthAeintegraIsAEk(V) in (14) aswell asquadraureformulas Ek,j in (47)donotnow depenconk
ands. Hence E j(V) = Ej(V), andtheiteration (49) takesnow theform

Vi(s) = 1(s) +BE;,, (Vi-1).

ThefunctionsV; aswell asthesoluion V* differ from thefunction g only by consaints.We alsohaveVy = 0
andVi = 11, whererttis definedby (19). TherebreV, € F4 for all i iff Tte Fy.
Assumethenthattt € Fy. ThenV* alsobelongso Fy and

min||V, —cllg, = min||Vi—c|lg, < |IV*|E..
0V —cllr, = min|Vi —clle, < [V*r,

cel

This provesthatTheoremb holdswith M = 1.
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Notethatthe algorithm A maybe evenfurther simplified by the useof the explicit form of the solution
V*. Thatis, we maytake
B -

15 E(m)

with anappropiatequadraure E. Thenwe do notneedto iterate andtheboundof Theorenb holdswithout
thelogaithmsof In €.

A(s) = 1(s) +

6 General Mark ov transition densities

In this secton we conside Markov transtion densites pk(t|s) which may dependon the secondargument
s. We relate strongtractbility of the conditional expectaton andquasilinear contiactionproblensto the
approximationproblem.By theapproximatbn problemin aspacd-4 we meanapproxmationof elements/
from Fy by usingfinitely mary functionvaluesof V. Thatis, V(s) is approxmatedby thelinear algoiithm?*©

i
Vi(s) = _;bi,j (SV (L) (73)

for somesamplepointst; j € S andsomefunctionsb; j Fromthe spacel>(S;) with thenorm HfHEz(sd) =
Jg, FA()dt. Let

e(Vj) = HV—ilbi,j(')V(ti,j)

Lo(%)
be the error of the linear algoiithm \7j for V. As for the problems studied in the previous sectobns, let
Napp(€,d) bethesmalles integern for which there exists V, suchthat

eVn) < €|V|g, VVEFR.

We saythatthe approximaibn problemis strongly tractable in Fy iff thereexist nonngjative C and p such
that
Napp(€.d) < Ce™P, Vee (0,1),d=12,.... (74)

Thesmallestor infimum of) suchp is calledthe strongexponentf approximaion.t!

101t is known thatmoregenerahlgorihmssuchasnonlinearalgorihmsusingadaptie choiceof samplepointsarenotbetterthan
non-adaptie choiceof samplepoints andlinearalgorithmsconsideredn this section,seeTraub, Wasilkowski and Wozniakowski
(1988)andTraubandTraubandWerschulz(1998.

11Therearea numberof paperswherestrongtractabilty of approximationin variousclassef function is consideredseee.g.,
Wozniakowski (1994) andWasilkowski andWozniakowski (1999),anda suney canbe foundin TraubandWerschulz(1998).In
particular for somecase we know necessargndsufficientcondiionsunderwhich strongtractabilty of approximatbnholds. This
is sometimesachieved by assumingnoregenerakvaluationsof V thanfunction valuessuchasarbitary linear functionalsbut we
do not pursuethis pointhere.
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We now relate strongtractbility of approximaibon to strongtradability of the conditional expecttion
andquasilinear contactionproblems.Assumethat(74) holdswith C = Cappandp = papp This meanghat
for every d andj thereexist samplepointst; ; andfunctionsb; j suchthatthe corresponding/; satidies

o(V)) < Capp™ | VP |V g, WV eFs
Knowing V; we definethe quadratue formula By ; as
A ) j
Eei(V)(9) = / Vi(t) pe(t]s) dt = Z(/ bi(t) pk(t\s)dt>V(ti,,-). (75)
S i= S
Hence Ey  is of theform (47) with
a;mk(s) = /Sdb”(t) pk(t\s)dt and ti7j,k = ti7j. (76)

Note thatin this casethe samplepointsdo not dependon k. The coeficientsa; ; «(s) canbe precompugd
for se Tg g U {s} with thesetT, 4 givenby (53)with t, j, , k =tp j; ,. Clearl,

EV)(9) ~ Bes(V)(8) = [ (V(O) V(1) peltis)c

S
andtherdore
BV)(9)— B (V)(9)] < eW) P19 Loy
Let
P= sup Pl s 7
ke[1,m],scSy

If Pis finite thentheupperbounde; (V) of thequadratireerrorgivenby (48) is givenby
1/ Papp : —
(V) = Capp™ | /PP |V g,

Henceg;(V) < eg||V||r, if
j = Cappppappgfpapp‘

This provesthatthe conditionalexpectdion problemin Fy is strondy tractablewith at mostthe samestrong
exponentasfor approximation. This andTheorem3 yield

Theorem6 . If P givenby (77) is finite then strong tractability of approximationin Fyq implies strong
tractablity of the conditianal expectaion problemin Fy4 with at mostthe samestrong exponent

If additionally M given by (60) is finite thenthe quasilinear contraction problemin Fq4 is strongly
tractabk with at mostthe samestrong exponentof informaion and with the strong exponentof arithmetic
opeiations at mosttwice the strongexponentof approximaton.
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Furthermoe, the algorithm A definedby (49) with EK j givenby (75) computesan e-approxmation at
cost

cos{A) = O (c(d) more Per InPerrg 1 4 () ot Pare InParet L1 | m2 g~ 2Pere [n2Perr g~ 1)

with o = Capp(MP)Pare and the big O-factordependag only on 3.

We illustrate Theorem6 for the spaceFy which wasalready consideed in Sectbn 5. This is the Hilbert
weightedtensorproductspaceof functions definedon Sy = DY with the reproduing kernelKy given by
(67). We assumehat

/ Ka(x,t)dtdx < co.
D2

ThentheoperaorH(V)(s) = J; Ka(X,S)V () dx is compactndnonnegative definite. Consideiits eigengirs
(Ai,ni), HNi = Aini, with orthonomal n; andordeedeigervalues

M >Ap > >0

Let p) bethesum-exponentof thesequencdgA;} of eigervaluesdefinedby (68). As in Section5, py is the
sum-e&ponentof thesequencgyqy « } of weights It is provenin Wasilkowski andWozniakowski (1999)that
the necessar condition on strongtradability of approxmationin Fq is thatboth p, and py arefinite, and
thenthe strongexponentof approximatbnis atleast2max(pj, py).

Assumehenthatp, andpy arefinite. In thiscasetheWTP algorithmis alsoeffective for approxmation,
seeWasilkowski andWozniakowski (1999) Its constrution is basedn algorthmsfor the univariatecase,
d = 1. Letusassumehatfor d = 1 we know algotithmsthatusen function valueswith errorproportonal
to n—1/P1 for somepositive p;. It is known that p; > 2p, andfor somespacesve canachieve p; = 2p,.
Theseunivariake algorthmsareusedasbuilding blocksfor the WTP algorithm for arbitrary d. The WTP
algorithmis of theform (73) with thefunctionsb; ; which arethe productof functionsof onevariable. That
is, bi j(s) = M., bi j k(s¢) for somefunctionsby; j x from thespace.,(D) ands is thekth componenbf the
vectors. If we assumehat o1

Py = 24+2pm
thenthe WTP algorithm computesane-approximationat costCseP: 2. Here,d is positive andcanbe made
arbitrarily smallandC; is indepemlentof d andmay only dependon 8. This meanghatapproximationis
strongly tradablein Fyq with strongexponentat mostp;. If p; = 2p, thenthe strongexponentof approxi
mationis exactly equalto 2p,. ThisandTheoremb yield

(78)

Corollary 2 . Considerthespaced with thereproducing kernel (67) andtheweightsyq k satisfying(78).
Thenapproximationin Fy is strongy tractablewith strongexponentat mostp1, whele p; is theexponentof
g1 for theunivariate case

If P givenby (77)is finite thenthecondiional expectaion problemin F4 is strongly tractable with strong
exponentat mostp;.
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If additonally M given by (60) is finite then the quasilinear contraction problemin Fy is strongly
tractabk with strong exponentof information at mostp; and strong exponentof arithmeticopemationsat
most2p;.

Furthermoge, the algorithm A definedby (49) with the WTPalgorithmto obtain EKJ- by (75) computes
an e-approximationandits costsatisfies

cos(A):O(c(d)maa*p* InP e+ c(f)ag P InP+legl 4 ma2e 2P In?P g~ ),

with o = C5(MP)P" wheee p* = p; + 8, andthebig O-factordepend®nly on .

As in the previous secton, we now specif/ the resuts for the weighted Soboler spacefq y definedin the
appendix We now have p; = 1 and(78) meanghatpy < 1/4.

Considerthe casewhenthe transtion densitesarethe samep(t|s) = p(t|s). Dueto (19), the quasi
linear contracikon problem takesnow theform

9B [ NVOPUS S = F(ru(S), .. To(9) 79)

TheWTP algorthm geneatesthe quadratireformulas Ey j = E; which arenow independenon k suchthat

07R]d

Thecondition py < 1/4 guarangesthatfor ary 6 € (0,1) anda positive c thereexistsa positive C suchthat
we canchoosehesamplepointst; ; andthefunctionsb; ; for which

Zﬁl Vi) with  ag(s) = /[ by j (1) p(t]s) dit

&(V;) < min(Cj~*.c) |V, (80)

seeTheorenb of Wasilkowski andWozniakowski (1999)appliedto the problem of approxmatingfunctions
V from Fyy. Theneedof theconsantc will besoonclea.

We wantto checkwhenV; andV* belongto Fyy. Assumethatp(t|-) belongsto Fq, for all t € [0,R]Y,
andme Fyy. Thena; j, Ej(Vi) aswell asV; belongto Fy for all i. ThesoluionV* alsobelongsto Fy since

p(t|-) € Fqyforallt € [0,R]4 and
+B/ p(t|s)dt

impliesthatall partid derivativesd!'V* /ax, belongto L»([0,R]")).
We now estimatetheratios ||Vi||g,,/ max(|[V* ||, [[V*[|r,). Foranyue {1,2,...,d} by V" wemearV (0)
if u=0andd“V /dx, othemwise. Similarly p" denote 0! p(t|-)/dx,. We have

V) = ()+BE,,1(Vi 1><>
VO = OB [ VRS
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RecallthatE(V)(s) = [jo g V (t) p(t|s) dt is theintegral of V with resgectto thetranstion densityp. Obsere
thatthe quadratire E}‘ is theusualquadratire appliedto theintegrationproblemEY(V). Clearl,

[EY(V)(s) —E['(V)(9)] < e(V) P19l (0m0)
and
IENV) —Ej(V)[lrsy < V) [[PllLy0Re)xFay-
where

1/2
IPllsarsreen, = (IR, )
SinceVi —V* = B(Ej , (Vi 1) —E(V")) = B(Ej 4 (Vi 1) —E(Vi 1)+ E(Vi 1 —V*)) we have
Vi =V Iy, < B (e((Vima)ji—1) + Vit = V7| ) 1Pl Lyo.r0) iy (81)
From(80) we have e(V;) < ¢(||V —VH|ry, +IV*Ry,)- Since||Vi_1 —V*|| is of order||V*||, we have

IV =V IRy, < BellPllyo R, V-1 =V IR, + KIIPlLyoRE) <, V7l

for someK dependenbnly on 3.

Choosec suchthatBcl| |0 re)xFy, < 1/2, say Obserethataslongas||p|[L,orq)xr,, iS uniformly
boundedn d thenc is uniformly boundedrom belov andthe preseceof ¢ in (80)is notrealy essentl.
Fromthiswe have

IVi V7, = O (Max( IV [y IPlagomeysey, V1D -

This provesthat [ Vi|r,,/ max([[V*[], [V*[|r,) is of orderl aslongas||pl|.(o,re) <, is uniformly bounded
ind.

We summarizeéheresuls of thissectbn. FortheweightedSobole spacd-4 conside thesetof transtion
densites

sc[o,Rd
with aconstat L > 1, aswell asthesetof functions

R = {pi sup [|p(:Is)[lL,(jo,rey < L and||plli,ord)xFy, < L}

U={(mm,.. . M fm),m),. .. mm) Ry}
ThenTheoremb andtheresuts of this sectonyield

Theorem?7 . If py < 1/4 thenthe conditional expectdion andquasilinear contraction problemswith data
fromP andU are strongly tractabke with strongexponentl. For any positive 8, the algorithm A definedby
(49) with an appmopriately chosenWTPalgorithm computesn e-approximatian with

COS(A) =0 (C(d) mL2(1+5) 8_1_6 |n1+5 8_1 + C(f) mL2(1+5) 8_1_6 In2+5 8_1

L mLALEE) g2(148) |p2(1+) s*1>
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with thebig O-factordependngonlyon 3, d andR.

7 Example: The Rational ExpectationsPricing Model

In this secton we provide an example of how specialstructire canarisein an economicproblem. We
shav how this structureenableausto designanalgoilithm thatnear attans the optimal univariaterate of
corvergenceof n~1, in multivariaie problemswherethe dimensiond may be arbitrarily large. We conside
aspecidcaseof therationalexpecttionsassepricing model,whereV *(s) denotes the expeceddiscouned
valueof anassegiveninformations andis the uniquesoluion to the Fredhoi integrd equationgivenby

V(s) = m(s) + B [OR]dV(t)P(t\S)dt, se[0,R", (82)

where
o(t]s) = A exp(—(t —0ag;j —bys)?/(2Ag;))
il:! Jotexp(—(t—ag; —bgs)?/(2\q,)) dt’
with ag = Qgaq + (1 — bd)/2l?2, whereQq is ad x d orthogonamatrix, Aq; > 0, a4 is an elementof R,
bg € (0,1) for all d, andR = [R,...,R. Theinterpretaton of this problemis thatTi(s) representsthe payof

of theassetn state s, andp(t|s) is the Markov trarsition probabilty governingtheevolution of information.
Thetranstion densty (83) is atruncatednormalapproxmationto thevectorAR(1) procesgjivenby:

(83)

In(sj+1) = ag+bgIn(sj) +€; (84)

where{g;} isanlID Gaussiaprocessvith mamgind distibutionN(0, Q4) whereQyq is aposiive definiteco-
variancematrix. We canwrite Qg = Q;Dy4Qq, WwhereQy is anorthogonamatrix andDg = diag(Aq,1, - - ., Ad d)
is adiagon& matrix contaning the eigawaluesof Q4. Formula(83) resuts from truncatingthe normalpro-
cessto thecube|0, R]¢.

We considerthe Fredhom integral problem (82) for the weightedSoboler spaceFy = Fyy which is
definedin the appendix We take the vectory of theweightsgivenby yg; = i~%.

Theorem8 . Assuméhattbelongsto Fy.y,

1/2

d

b:=supbg <1 and a:= sup(Zﬁ,i) <o
d d \i&

and

d
: 4\ -2
A= s(Lij_ I"AgT < oo
=
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Thenthere exists Ry dependingonly on a and b sud that the rational expectatonspricing model(82) with
R > Ry is strongly tractabk. More precisely for any positive d there existsa positive C dependingpnly on
0,a,b,A andR sud that thealgorithm A computesn e-approximationwith

costA) < C (c(d) g=(140) |nl+0g=1 | ¢=(2+0) |n2(1+3) s‘l) .

Hence the strong exponentof therationd expecationspricing modelis at mostl, andthe strongexponent
of arithmetc operationsis at most2.

The proof of Theorem8 is preseted in the appendix. Notice thatif condition (8) holdsthe parametes
{Aq,i} tendto w0 asi — d andd — . Formula(83)impliesthatfor i closeto d, thecorrespondingmamgind

densites of p(t|s) arecloseto a uniform densty over [0,R] independenof the values;. This implies that
eventhoughTi(s) dependsn potentally all of the statevarialdess, if it belongsto the weightel Soboler

spaceFq y thenthe conditonal expectaion Emtandthe assetvalueV * will only effectively dependon only
arelaively smallnumberof the s; variabks. The economicinterpretaion of the specialstrudure embod-
ied by this exampleis thatin problemswheretheresuficient uncertanty aboutthe future valuesof mary

of the statevarialles affecting ass¢ payofs, asse priceswill effectively dependonly on a finite number
of statevariablesfor which thereis a sufficienty strong link betweencurrent realzed valuesand future

expectaions. Theimplied restictions on the dependeneof V* on s makesthe calculdion of assetprices
strongy tractble,andthe numberof samplepointsn necesaryto computean-appioximationto V *(s) is
independaet of d.

Obsenrethatwe did notassumehatthenormin thespacerq , of thefunctionTtis uniformly boundedn
d. However, thenorm of mtdirecty affects the norm of the solutionV * which, in turn, affectsthe definition
of ane-appoximation.

8 Conclusion

In this paperwe have identified a generakype of “specid strudure” andhave introducedanalgorithm that
enableaus to exploit this specialstructre and breakthe curseof dimensimality asso@tedwith approxi
matingthefixed pointV = (V) for a classof quasilnearcontrat¢ion mappingd™ thatarisefrequently in
economicapplications We shavedthatthereis a determinstic, succesive approximationsalgoiithm which
convergesat afaserratethantherandomsuccessie approxmationsandrandommultigrid algorthmsthat
wereusedby Rust(1997)to breakthe curseof dimensionaty for theseproblemsin the randomizedset-
ting. In addiion to shawing thata determinstic algorithm canbreakthe curseof dimensonality, we have
estabikshedthe surpriing resut thateventhoughthefunction V candependon anarbitrarily large number
of continuous-aluedargumens (sy, ..., Sq), ouralgorithm canapproxmateV to within anerrorof € using
only roughly O(g~1) function evaluatonsand O(e~?) arithmeic operatons,independet of d. In theter-
minology of computerscierce,we have shovn thatthequasilnearcontraction problemis strorgly tractble
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with strongexponentequatto 1: usingn functionevaluationsandO(n?) arithmeticoperatons,ouralgorithm
producesanapproximaion to thetruefixedpointV with anerrorboundedoy Cn—P, wherep is closeto one
andC is an absoute constat that doesnot dependon d. Thus,we have idenified a classof multivariate
problemswith arbitrarily large d for which our algorithm attans neary the samerate of cornvergencethat
canbe attainedfor the uni-dimensionaproblemsd = 1. However, for multi-dimensionaproblemswith d

continwousvariables, the methodof successie approximationsusing multi-dimensionaintermpolation and
standad productrule quadratiresto perfom the numericalintegrationsrequires O(n?) pointsand O(n??)
arithmetic operdions to attan an errar of orderO(1/n). For thesemethodsthe curseof dimensionéty

is presat. We usean altemative linea approximaibn algorithm known asthe weightel tensa produd
algorithmto achieve anerrorroughlyof C/n usingonly n points(funcion evaluatons).

Theothercontritution of this papelis to idenify aneconomiclly meaningfukypeof “spedal structire”
for the profit, utility, or valuefunctionsenteing the fixed point problemfor which it is possibleto neary
achieve this optimaluni-dimensionatateof corvergence.Thespecialstrudurecanbedescibedintuitively:
it occuswhenthedependencef afunctionontheith variablesdecrasewwith increagngi. Thisdependene
is controled by a sequencef positive weightsy;. We have provided a criterion on y; that enablesus to
breakthe curseof dimensionéity. A sufficient condition for strongtractability is thatthe weightssatisf
Yie1Yi < . Theboundednessf this sumimpliesthattheweightsy; goto zero.Wheny; is small,thenorm
of the function is very sensiive to changesn theith varialde. Thus,if our functionsareto have bounded
weightednorm, they mustessenglly be“flat” with respecto variabkeswith largei. If we require thatthe
Yi weightsapproaclzeroat a sufiiciently rapidrate sothatthe sumof the weightssatidies zf;lyi‘u‘l < o,
thenthe strong exponentof our algorthmis p = 1, i.e., it comesarbitrarily closeto attaining the optimal
uni-dimensionarateof corvemgencerateof Cn—P with p = 1.

We notetwo important caveatsaboutour resuls. First, althoughour algorithm is construtive, we do
notyetfeelthatit is “practical’ for usein realproblems.Theweightedtensomproductalgorithm is difficult
to implementwhich may imply thatits advantagesver simpleralgoithms suchasRust’s (1997)random
multigrid methodwill only becomeobviousfor large d. A relaiedproblemis thatour analyss alsoassumes
thatthe quadratire weightsthatareusedto approximatehe condiional expectaions of the valuefunctions
are“precomputed”(seeformula(76) in Section6). However, computingtheseweightsthemselesinvolve
computingmultivariateintegrals. Our analy$s hasassumedhatthesentegrds arecomputedexactly, butin
practce they would have to be computedhumerially andthis would be a substatial additioral computa-
tional burden.

Secondalthoughthe Bellmanequatia of dynamicprogrammings a speciatype of quasilinear con-
tracion mapping,we do not yet know whetherour result applies to this case. The reasonis that our
resut requires sufficient smoothnes®f both the profit/utility functions {1} andthe sequenceof value
functions{V;} generaéd by our succesive approximaibns algoithm. The assumptiorin Theorem?7 that
f(m(-),...,Tm(-)) € Fq,y doesnotgenerdly hold whenthe quasilinearfunction f is non-diferentableas
in the Bellmancasewheref is themaxfunction. Furthe, the {V;} sequencenusthave boundedweighted
norm for strongtractbility to hold and the strongexponentto be equalto 1. However, in the Bellman
casethe maxoperdor may introduceenoughkinksin the {V;} functionssothattheweightednormof this
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sequencenay not be uniformly bounded.Oneway to getaroundthe problemis by “adding somenoise”
to smoothout the kinks: thus,the“smoothedBellmanoperaors” I ; with smoothingparametrsc > 0 do
have sufficient smoothnesgor our resuts to apply provided o is suficiently large. However, aso — 0, the
normof the correspondingsmoothedjuasitinearfunction fs (T4 (-),...,Tim(+)) tendsto infinity, andfor this
reasonwe cannotusethe resuls for the strongtractbility of the smoothedellmanproblemto aguethat
theoriginal unsmoothedellmanproblan is alsostrongy tractable.

We areoptimisic thatit will be possibé to extendour resuts to the important caseof Bellmanoper
ators but we leave this asan openconjectire anda topic for future reseach. Onepossibledirecion is to
conside policy iterationalgoithmsfor solvingthe Bellmanequatim andto notethateachpolicy valuaton
stepinvolvesa soluion to a contractive Fredhoim integral equaton, andour resuls have shavn thatunder
approprateconditions,thecontractive Fredholmproblam is strondy tractablewith strongexponentequalto
1. We concludeby notingthatourtheoreical resuls have alreadystimuladed new investgationsthatatempt
to uselinea algorthmssimilarto the WTP algorithm to breakthe curseof dimensiondty of dynamicpro-
grammingproblems. Computationhexperimentssuchasin BernitezSilva et. al. (2000)suggestshatthe
strakgy of usinglinear algorthmsin conjuncton with policy iteraion couldbe highly effective for solving
high dimensimal dynamicprogranming problems.

9 Appendix

9.1 Weighted Soboley spacekyy.

ThespaceF,, is aHilbert spaceof functionsdefinedon the d-dimensonalcubeSy = [0,R|¢, seeSloanand
Wozniakowski (1998)wherethecaseR = 1is consideed. Thisis a Hilbert spacewith areproducing kernel
For the basictheol of suchspaceshereaderis refaredto e.g.,Aronszajn(1950)andWahba(1990). The
mostimportantpropery of areprodicingkernelHilbert spacds thatthereexistsafuncion Ky : xS — R
suchthatKq(-,x) € H for ary x € § and

£(x) = (f,Kg(-,x)) VfeH,

where(-,-,) is theinnerproductof H.

Thefunction Ky is called areproducing kernelof the Hilbert spaceH. Sometimesve write H = H(Kq)
to indicae thereproduing kernelof H. Thereproducingkernelhasthefollowing propertes. For arny x and
t from &, we have

IKa(-x)| = Ki%(xx) and Kq(t,x) < K2t 0)K2(x,x).
For ary integern andpointst; € §; fori =1,...,n, then x n matrix (Kq(t;,tj)) is non-ngatve definite. In
fact, for ary function Ky with thelastpropery thereexists a Hilbert spacefor which Ky is its reproducing

kernel. Therebre, it is enoughto presehareproduing kernelin orderto definethe Hilbert spacewith this
kernel.
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Thatis the approachwe take for introducing the weightedSoboles spaceFg . Its reproduang kernel
d
Ka(xt) = r!(l‘l‘yd,imin(xiati))-
i=

Here,yq; > 0. For yyj = 1, we obtainthe reproduang kernelof the classcal (unweighed) Soboler space
Fd,l — Wl7l""71([0, R}d).

For d = 1, the spaceF;, consiss of absoluely continwous functions whosefirst derivatives are in
L2([0,1]) with theinnerproductof V,W € F, givenby?

V) = VOW(O) + vid [ VW (x

Ford > 2, thespacery,y is thetensorproductof Fyy,, ® F1y,, ® --- ® F1y,, @andcorrespondgo functions
which areoncedifferentiabk with respetto eachvariabk.
_ We denotetheinnerproductandnormin Fyy by (-, ->Fd‘y and| - ||ry, = (-, ->1/2. Theinnerproductof Fgq
is
VW)= 5 v / ﬂV(><u O)aM W(xy,0) dxq. (85)
’ uc{iz..d} M JoRu Xy oxy ’

Here,|u| is thecardinaity of u. For thevectorx € [0, R|¢, we denotex, asthevectorFrom [0, R|'Y/ containing
thecomponentsf xwhoseindices arein u, anddxy = [1;, dX;. By (X, 0) wemearthevectorx from [0, R|,
with all componentsvhoseindicesarenotin u replaedby O.

For u= 0 we have yypo = 1, andfor u # 0 we have Yy u = [jcuYa,j- If theweightyq j is zerothenall
Ya,u = O with j € u. In this case we assumehatthe functions do not dependon the jth variable andwe
have 0/0 = 0 in theinnerproductformula. Obsere thatthe sumin theinnerproducthas29 terms.

The norms ||V ||g,, and ||Vl = maxoge [V (X)| may be quite different. Indeed,take R= 1 andthe
functionV (x) = (1—X1)...(1—Xq). Then||V| = 1 andfor positveyq ; we have

d
MlFey = Y V™ = |1(1+vaj)-
u =

Hence for yg j = 1 we have |V ||g,, = 2¢.

12For theinnerproduct
(V,W) /V X)dx +y~ /V (X)W () dx.

we obtan the Sobokv spacewith thereproducingkernel

Ki(x,t) = sin\ﬁv\ﬁ cosh(/y(1—max(x,t))) cosh(,/ymin(x,t)), Vxte[0,1].

asshavn by Thomas-Agnar1996).
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We now consderthe Cobb-Dougla function,
d
m(x) = [1«+ad™ x<[OR]
k=1

wherex = [x1,Xo, ..., Xq] With nonngatve a, anday suchthatzﬂzlo(k =1.
The weightednorm of twasestmatedin Wasilkowski andWozniakowski (1999)for yq x = ak. Then
ne Fyy iff a:=minja; > 0. If sothen
, PR 2
e, < b*+ 5 ep(R/a),  vd, (86)

whereb = max; a;. In partiaular, for a; = 1 we have ||m|r, , < 1+ Rexp(R).

9.2 Weighted TensorProduct Algorithm

The WTP algorithm is definedas a linear algoiithm to approximate linear multivariate weighted tensa
productproblems,seeWasikowski and Wozniakowski (1999). The essene of this algorithm is that it
requiresonly the knowledgeof linearalgorithmsfor the solution of the correpondingunivariateproblem.
Thisis usuallyrelatively easyto achiere. For themultivariatecasethe WTP algoiithm takesa specal tensa
productof theknown univariake algorthmsin suchaway thatthetotalnumberof informationandarithmetic
operaionsis strictly contolled. This numberdepend®ntheweightsof thetensomproductproblem. For the
weightswhich go sufficiently fastto zero,thetotd numberof informationandarithmeticoperatonsneeded
to guarante thattheerror of the WTP algoiithm is at moste is independat of thedimensiond and,roughly
speakimy, is thesameasfor d = 1.
We briefly descibe the WTP algorithm for multivariae integration

Let{l,y} beasequeneof algorithmsof theform (27)for approxmationof theintegrd | ( f) in theunivariae
cased = 1. Thatis,

Iny(f) = _;Wn,wf (Sniy) (87)

wherethe quadratue weights{w,;} andsamplepoints{s,iy} may dependon the weighty definingthe
weightednormfor F;,. Obsenre thatthe costof I, is c(d)n. We assumehatthe quadraure weightsand
samplepointsarechosersothattheerrors, e, (Fq,y) corvergeto 0 asn — . For eachweighty, we assume
thatthereis anincreasingsequene of integers

My =0<my=1<my <--- <my, (88)
anddefine

Diy(f) = Tmyy(f) =Im_y,y(f)  for i>1. (89)

39



Obserethaty! ;Ajy=lm,yandly,y(f) convemesto | (f) forevery f € Fyy. LetIN? bethesetof vectos
T=/i1,....ig] with positiveintegercoeficientsiy. To strestheirrole,we shallreferto themasmulti-indices.
By |i| wemeany{ ;ix. Let {P,q} beasequencef subset®f IN¢ suchthatP, 4 consistof n multi-indices,
Pnd C Pay1,d @andU,Pra = INS’r. EachsetP, 4 maydependonall weighsy; fori =1,2,...,d.

Theweightedensorproduct(WTP)algoithm is definedasthe sequencgUy 4} givenby

Un d7y z <®Alk,yk) (90)

IGPnd k=1

wherethetensorproductf = f1®---® fg = ®E:1 fi in thecaseof scahrs fy isjusttheproduct|‘|‘|3:l fi. In
the casewherethe f, arescalarfunctions, f = @, fi is afunction of d variables givenby f(ty,...,tq) =

M9_, fk(t). In the caseof linear operatos Ty, T = ®¢_, Ty is alinear operato suchthat T <®E:1 fk) =

®E:1Tk(fk). The WTP algoiithm dependon a numberof parametes. First of all, it dependon the se-
quenceof weights{yq}, the sequencef cardnaliies m; y,, aswell asthe sequenc®f setsP, 4. It also
dependson the one-dmensionalquadratire algorihmsl, . By varying theseparaneterswe obtainthe
classof WTP algorithms.

Sincelimj_. zij:lAm_v(f) =I(f) for every f € Fyy, we have

z (@Alkﬁd k> ) vfe Fd,v (91)
ieINd

Thisyields

d
®Aik,Vd,k ( f)

(1)~ Unay(f)] = H
TeINI\P, g k=1 TeINI\P, 4

®Alk;Vd k H

Therefae theerrorof Uy g is boundedoy

®Alk,\/d k

e(Un,d,ya 1) < z

T€ING\Py g

> H (e (92)

TeINg\P, 4 k=

This formula sugged that a good choicefor Py 4 is the setof n multi-indicesi which correspad to the
n largestnormsof ®E:1Aik,yk. We refea the readerto Wasikowski andWozniakowski (1999)for further
discus#n of the WTP andits rateof cornvergence.
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9.3 Proofof Theorem8

We prove Theoren8 by applying Theoreni’. Firstof all, notethatfor yq j = i~* we have p, = 1/4 asneeded
in Theorem?7. We now checkthe othertwo assumptionsf Theorem? that
IPCIS)Lyorey  and  [PlliyoRre)xFy,

areuniformly boundedn d ands.
To prove that | p(-|s)(|L,(o,r0) is uniformly boundedn d ands, obsere thatdueto (83) andthe condi-
tionsonAgjj, it is enoughto shaw thatfor A > 1 andc = ag i + bys we have

2
/ORexp((uc)Z/)\) du < </0Rexp((uc)2/(2)\)) du> .
This holdsif we shaw that .
/o exp(—(u—c)?/(21)) du > 1.
We have

1-b R R 1+b
—_a+-—_—"R<c< — —— | < —R
a-+ > _c_a+2+bd<s 2>_a+ >

Therefoae —c <a— (1—b)R/2andR—c > —a+ (1—b)R/2 and

/ORexp(—(u—c)Z/(Z)\)) du = /

R—c —a+(1-b)R/2

exp (—x2/(2\)) dx > /a(lb)R/2 exp (—x%/2) dx.

Sincethelastintegrd is abouty/2m > 1 for large R, there exists Ry dependingnly on a andb suchthatthe
lastintegral is indeedat leastl, asclaimed.
We now estmate|| p[|,(o,r¢)xF,,» Dueto theproductform of p in (83) we first considetthefunction

exp (—(t — otg,j —bas)?/(2\g,))
Jotexp(—(t —agj —bas )2/ (2Aq))) dt

/OR/OR (%(t\s))zdtds: o(%)

with thefactorin the big O-notaton dependag ontheglobalparametesa, b andR. Thisyieldsthat

h(tils) =

It is easyto checkthat

b2
2 2 d
= -0 + @]
HpHLz([QR]d)de,V g )|‘Lz([07R]d) o7éuc{zl,...,d} <JI;IJ yd,i>\d,i>

o)

for someC. Thisis uniformly boundedn d dueto thecondiion onAq4; which complets the proof.
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